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This thesis develops a comprehensive framework for fair sequential resource allocation in

multi-agent systems where a centralized allocator coordinates actions under global feasibil-

ity constraints, while satisfying preferences of different agents. Ranging from ridesharing

platforms and homelessness intervention programs to power grid management, such systems

play a critical role in shaping access to essential resources. Yet, existing approaches to re-

source allocation often prioritize aggregate utility, leading to systematic inequities across

individuals and groups, particularly in sequential settings where decisions unfold over time.

To address this challenge, we introduce the Distributed Evaluation, Centralized Allocation

(DECA) framework, which unifies a broad class of real-world allocation problems. DECA

separates agent-side evaluation from a central allocator that must satisfy feasibility con-

straints while also respecting agents’ preferences. Building on this framework, we develop

methods to (i) detect and quantify temporal inequities through empirical studies and visual-

ization tools, and (ii) design interventions that balance fairness and efficiency with control-

lable trade-offs. These interventions span post-processing corrections for deployed systems,

learning-based in-processing methods that incorporate fairness during training, and data-

centric pre-processing approaches that reduce downstream bias.
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Our contributions include fairness analyses of real-world domains such as ridesharing, home-

lessness services, and power grid operations, as well as algorithmic methods that opera-

tionalize fairness under centralized feasibility constraints. Viewing online data collection

as a resource allocation problem, we also develop methods to improve fairness in mobility

prediction through equitable online data collection. We further extend fairness audits to

contemporary AI systems by detecting biases in reward models used in reinforcement learn-

ing from human feedback (RLHF) for large language models, connecting classical fairness

concerns to modern AI training pipelines.

Together, these frameworks, methodologies, and empirical studies advance the design of AI

systems that allocate resources not only efficiently but also equitably. By integrating fairness

into sequential resource allocation, this work contributes toward building AI systems that

are more accountable, trustworthy, and socially responsible.
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Chapter 1

Introduction

Artificial Intelligence (AI) has become deeply embedded in decision-making processes that
profoundly impact human lives. From healthcare diagnosis and criminal justice to financial
lending and resource allocation, AI systems increasingly determine who receives what re-
sources, when, and how. The global AI market, projected to reach $3.68 trillion by 2034,
reflects not just economic growth but the expanding scope of AI’s influence on society’s most
critical decisions.1

However, as AI systems become more sophisticated and consequential, AI algorithms are
used to make decisions that impact millions of people. In such resource allocation prob-
lems, a fundamental challenge emerges: ensuring that these systems allocate resources fairly
across different groups and individuals. There is substantial evidence that AI systems, if not
carefully designed, can inadvertently perpetuate or even exacerbate existing societal biases
and inequities [8, 102]. There is a growing body of work studying fairness in AI, particularly
in the context of machine learning predictions [58, 35]. In this dissertation, we study the
field of resource allocation, a setting where a pool of resources must be allocated among
multiple individuals or groups. Typically, these decisions are optimized for overall system
utility (e.g., maximizing total profit or efficiency). However, this utilitarian approach can
introduce biases, making fairness an important consideration in AI-driven decision-making.

This challenge is particularly acute in sequential resource allocation problems, where decisions
unfold over time and past allocations influence future opportunities. Consider ridesharing
platforms that repeatedly match drivers with passengers, homelessness services that contin-
uously assign housing resources, or energy grids that dynamically distribute power during
crises. In each case, short-term efficiency optimizations can compound into long-term in-
equities, systematically disadvantaging certain groups while benefiting others.

1https://www.precedenceresearch.com/artificial-intelligence-market
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Existing fairness research has approached fair allocation from two main angles: (1) one-shot
allocation problems, where resources are allocated in a single decision round [119, 132, 126],
developing ideas like maximin fairness, envy-freeness, and Nash social welfare; and (2) fair
Machine Learning (ML) predictions, where models are trained to make fair predictions based
on historical data [58, 35]. However, these approaches often fall short in addressing the unique
challenges posed by sequential allocation problems. There is a small body of work studying
fairness in multi-agent reinforcement learning (MARL) settings [138, 66], but these meth-
ods typically assume fully decentralized execution, where each agent independently selects
actions. This assumption does not hold in many real-world resource allocation problems,
where a central authority enforces global constraints and coordinates agent actions.

The problem of fair sequential resource allocation represents a critical gap in current AI
research. While substantial work exists on fairness in one-shot ML predictions and static
resource allocation problems, the temporal dynamics inherent in many real-world systems
introduce complexities that existing approaches fail to address. Sequential allocation prob-
lems require reasoning about fairness across time horizons, balancing immediate needs with
long-term equity, and accounting for how past decisions should affect present resource dis-
tributions. Moreover, these systems often involve multiple stakeholders with competing
interests, uncertain future demands, and evolving environmental conditions—all of which
traditional fairness frameworks struggle to handle.

1.1 Problem Statement and Significance

This thesis addresses the fundamental question: How can we design AI systems that allocate
indivisible resources fairly in sequential, multi-agent environments while maintaining system
efficiency and adaptability? This problem is both technically challenging and socially urgent
for several reasons.

First, sequential resource allocation problems are ubiquitous in high-stakes domains. Trans-
portation networks, healthcare systems, social services, and energy infrastructure all involve
repeated allocation decisions that accumulate into patterns of advantage or disadvantage.
When these systems operate without explicit fairness considerations, they often perpetu-
ate or amplify existing societal inequities. For instance, algorithmic hiring systems can
systematically exclude certain demographic groups, while emergency response systems may
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inadvertently provide slower service to underserved communities. Recognizing that biases
exist in such systems is the first step, so that we can work towards mitigating them. Fairness
in multi-step resource allocation is critical, as algorithmic biases can lead to disparities and
decreased trust in automated systems [102]. Beyond ethical considerations, fair resource
allocation may also be desirable from the perspective of the central controller; for example,
governments may want to ensure welfare programs equally benefit all communities, or com-
panies may wish to maintain diversity in their service or conform to regulatory requirements.

Second, the temporal nature of these problems creates unique fairness challenges. Unlike
static scenarios where fairness can be evaluated at a single point in time, sequential allocation
requires reasoning about fairness trajectories—how equitable treatment evolves over multiple
decision rounds. A system might make decisions that appear fair at any given moment but
lead to systematically biased outcomes over time, or conversely, might temporarily violate
fairness constraints to achieve better long-term equity. This temporal complexity demands
new theoretical frameworks and algorithmic approaches.

Finally, the multi-agent nature of these systems combined with the need to enforce global
resource constraints introduces a structure that existing multi-agent techniques in sequen-
tial decision-making are unable to support. Ensuring fairness while maintaining efficiency
requires designing new frameworks for learning and adaptation in this setting that support
centralized allocations while considering diverse preferences from the agents involved in such
systems.

1.2 Limitations of Existing Approaches

Current approaches to fairness in AI systems suffer from several key limitations when applied
to sequential resource allocation problems.

Static Fairness Metrics: Most existing ML fairness research focuses on one-shot decisions
using metrics like demographic parity, equalized odds, or individual fairness. These met-
rics, while valuable, fail to capture the cumulative effects of repeated decisions. A system
achieving optimal demographic parity at each time step might still generate unfair long-term
outcomes if it systematically assigns lower-quality resources to certain groups.
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Limited Temporal Reasoning: Few existing frameworks explicitly model how fairness
constraints should evolve over time. Should fairness be evaluated at each decision point,
over fixed time windows, or across entire interaction histories? How should systems trade off
short-term fairness violations against long-term equity goals? Current approaches provide
little guidance on these critical temporal considerations. The few approaches that attempt
to tackle fair behavior in sequential decision-making tasks often struggle to model fairness
over long time horizons properly. Typical approaches optimize for fairness over the entire
history, or aim to maximize fairness at a terminal time step. However, these approaches fail
to account for long-horizon settings or continous tasks where there is no terminal time step,
which is common in many real-world resource allocation problems.

Expectation of Decentralized Execution: Existing methods for learning long-term fair
behavior in sequential decision-making tasks [66, 138, 176] assume full decentralizability;
i.e., each agent is independently able to execute actions of their choice. This is not possible
in resource allocation domains where global constraints necessitate coordination. In many
such domains, this coordination is centrally enforced (e.g. by an authority). This breaks the
learning algorithms used in most state-of-the-art fair MARL methods, especially algorithms
based on policy optimization methods like PPO [131]. This is because the trajectories
generated by the agents during training do not reflect their policy distribution, as the actions
are orchestrated by a central controller.

Lack of Controllable Fairness-Utility Tradeoffs: Methods for fair resource allocation
often optimize a singular objective, with limited or no flexibility in the fairness-utility trade-
off. This makes it difficult to adapt these methods for use in domains where online control
of these tradeoffs is a desirable property.

Lack of Cross-Domain Generality: Many fairness interventions are highly domain-
specific, relying on particular assumptions about agent preferences, resource types, or en-
vironmental dynamics. This limits their applicability across different sequential allocation
problems. A more general framework is needed to systematically study fairness interventions
across diverse domains.
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1.3 Contributions and Approach

Thesis claim. Fair sequential allocation of indivisible resources under centralized exe-
cution and global feasibility constraints can be advanced by (i) a unifying modeling lens,
(ii) case studies and evaluations that reveal temporal inequities in deployed systems, and
(iii) interventions with controllable fairness–utility trade-offs at post-, in-, and pre-processing
stages—together with audits for modern AI components that influence allocation.

C1. A unifying modeling lens: DECA. We formalize the Distributed Evaluation,
Centralized Allocation (DECA) framework for sequential allocation under system-level con-
straints. DECA separates heterogeneous, agent-side evaluation from a centralized allocator
that must satisfy feasibility (capacity, coupling, and policy) constraints each round, enabling
trajectory-level fairness objectives while reflecting centralized execution in practice (Part I,
Chapter 2).

C2. Case studies and evaluations of temporal inequity. We present empirical stud-
ies that surface disparities accumulating over time in real systems: (i) a user study showing
visual explanations improve comprehension [79]; (ii) an analysis of Winter Storm Uri that
quantifies group-level disparities induced by operational policies [81]; and (iii) FairVizARD,
an interactive visualization system for examining fairness in ridesharing allocations [83]
(Part II, Chapters 3, 4, 5). We also present similar evaluations in later parts: (iv) a case
study of homelessness resource allocation that surfaces inequities in existing policies [73]
(Part III, Chapter 7); (v) an observational analysis of geolocation prediction models that
reveals demographic disparities [84] (Part IV, Chapter 11); and (vi) an audit of LLM reward
models that detects prefix bias in RLHF training data [82] (Part V, Chapter 12).

C3. Interventions across the pipeline with controllable trade-offs. We design
allocation mechanisms that expose explicit, monotone parameters for fairness–utility control
and preserve centralized feasibility:
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• Post-processing (deployment-time) corrections: We develop the SI and GIFF algo-
rithms. SI shows that simple incentives can improve matching fairness in rideshar-
ing [80] and extend to homelessness resource allocation [73]; GIFF generalizes SI to
diverse fairness functions and problem settings [74] (Part III, Chapters 6, 7, 8).

• In-processing (learning-time) methods: We formalize past-discounting of collected
utilities to make infinite-horizon fairness tractable [77] and introduce DECAF, which
incorporates long-term fairness in multi-agent learning while respecting centralized
feasibility [76] (Part IV, Chapters 9, 10).

• Pre-processing (data-time) interventions: Fairness-aware sampling for location pre-
diction reduces downstream allocation bias [84] (Part IV: Chapter 11).

C4. Auditing modern AI components that affect allocation. We detect prefix bias
in LLM reward models used in RLHF, connecting classical fairness concerns to contemporary
training pipelines that influence sequential decision systems [82] (Part V, Chapter 12).

Approach and validation. The workflow proceeds from case studies/evaluations→mod-
eling→ intervention (post/in/pre)→ modern-AI auditing. Validation combines user studies
and system demonstrations (C2), simulation and ablation under feasibility constraints (C3),
and observational analyses of real events (C2). Claims are calibrated to these modalities.

Assumptions and scope. We focus on indivisible resources, centralized execution with
enforceable global constraints, and truthful, non-strategic or externally validated agents.
Strategic manipulation and incentive compatibility are not the primary focus; extensions are
discussed in the conclusion.

1.4 Thesis Organization

This thesis contains content that has been presented in two ICAPS papers [79, 80], one FAccT
paper [82], one AAMAS extended abstract [75, 76], one ICAPS system demonstration [78,
83], two AASG workshop papers [73, 77] and one journal perspective [81]. It also contains
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content from three conference papers currently under submission [84, 74, 76]. The thesis is
divided into six parts, with each part encapsulating thematically related chapters.

1.4.1 Outline

This thesis develops and evaluates computational approaches for detecting, measuring, and
mitigating unfairness across AI systems. The work is organized into six parts:

• Part I: Introduction: Establishes foundational concepts and motivation. Chapter 1
presents the problem scope and thesis contributions. Chapter 2 introduces resource allo-
cation theory, fairness metrics, and the DECA framework that underlies our multi-agent
approaches.

• Part II: Identifying Fairness Concerns: Demonstrates bias detection in real-world
systems through two case studies. First, Chapter 3 describes a user study establishing that
users understand explanations better through visualizations, motivating their use [79].
Given this context, Chapter 4 analyzes the disproportionate impacts of power outages
during the winter storm Uri [81], while Chapter 5 presents FairVizARD, an interactive
visualization system for studying fairness in ridesharing [83].

• Part III: Incentive-Based Fair Allocation: Develops post-processing methods for
fairness improvement. Chapter 6 introduces Simple Incentives (SI) for improving matching
fairness in ridesharing systems [80], Chapter 7 applies these methods to homelessness
resource allocation [73], and Chapter 8 presents GIFF, a generalized framework capable
of handling diverse fairness functions [74].

• Part IV: Learning and Sampling for Fairness: Addresses fairness during model
training and data collection. Chapter 9 examines temporal considerations in fairness learn-
ing [77], Chapter 10 presents DECAF for fair multi-agent learning [76], and Chapter 11
demonstrates fairness-aware data sampling in location prediction [84].

• Part V: Bias in Language Models: Extends fairness analysis to modern AI systems,
developing methods for detecting and quantifying bias in reward models used for LLM
training. Chapter 12 presents techniques for identifying prefix bias in LLM-based reward
models [82].
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• Part VI: Conclusion: Chapter 13 concludes with our contributions and broader impli-
cations, wrapping up with a discussion on potential extensions, future research directions,
and ethical considerations.
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Chapter 2

Background

The primary goal of this chapter is to establish notation and core concepts used throughout
the thesis and to situate our setting relative to adjacent formalisms.

2.1 Preliminaries

2.1.1 Notation

We denote vectors in bold (z,w), and discount factors are γ ∈ [0, 1). For a vector z ∈ Rn,
zi denotes its i-th component and z(i) denotes the i-th order statistic (ascending). Agents
are indexed by i ∈ α = {1, . . . , n}. We will use E[·] for expectations under the appropriate
distribution, made explicit when needed.

2.1.2 Markov Decision Processes and Sequential Decision Making

A (discounted, infinite-horizon) Markov Decision Process (MDP) is defined as a tuple [144]
〈S,A, P, r, γ〉 with state space S, action space A, transition probabilities P (s′ | s, a), reward
function r(s, a), and discount factor γ ∈ [0, 1). A policy π(a | s) maps states to distributions
over actions. The (state) value and action-value functions are:

V π(s) = Eπ

[ ∞∑
t=0

γtr(St, At)
∣∣S0 = s

]
, Qπ(s, a) = r(s, a) + γ Es′∼P (·|s,a)

[
V π(s′)

]
. (2.1)

Under standard assumptions, an optimal stationary policy π? exists and can be characterized
via the Bellman optimality operator.
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Partial observability. In many applications, the agent receives an observation o ∈ O
generated from the latent state s by an observation function Ω(o | s). We will use oi to
denote the (possibly partial) information available to agent i.

Multi-agent settings. A cooperative multi-agent MDP specifies a joint action space∏
i Ai, a shared transition model, and (depending on the setting) either individual utilities ri

or a team utility [143, 43, 125]. Policies may be centralized or factorized into per-agent poli-
cies with varying information structures [4]. We return to decentralized versus centralized
execution below when introducing DECA.

2.1.3 Resource Allocation Problems

A one-step (static) resource allocation problem takes as input a set of agents α, a set of
resources or actions with resource requirements, and an objective. The allocator selects an
assignment x from a feasibility region X (e.g., matching, knapsack, or packing constraints)
to maximize a welfare objective constructed from agent utilities ui:

max
x∈X

W (x; {ui}i∈α). (2.2)

When resources are indivisible, X often yields an integer program (e.g., bipartite matching
or multiple knapsack). In the sequential setting, the allocator repeats this decision at each
epoch with evolving states, supplies, and demands, so that allocations accumulate over time;
modeling this accumulation is central to our fairness treatment.

2.1.4 Fairness

Two traditions inform fairness in allocation and decision-making: (i) social choice and welfare
economics, and (ii) fairness in machine learning.

(i) Fairness via social welfare. Classical approaches embed equity into the objective, e.g.,
Rawlsian (leximin/maximin) priorities [126], α-fair utilities and related Nash social welfare
variants, or Generalized Gini Functions. These choices are principled joint measures of equity
and efficiency; we formalize some of them in Section 2.5.
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(ii) Fairness in prediction and classification. In supervised learning, group metrics such as
statistical parity and equality of opportunity constrain predictive behavior across sensitive
groups [35, 58]. While our focus is allocation under constraints rather than classification,
these metrics will inform evaluation when allocations depend on learned predictions. This is
often studied through the lens of pre- [65, 168], in- [176, 66], and post-processing interven-
tions [118, 102].

Scope for this thesis. Our primary interest is sequential or repeated allocation of in-
divisible resources under centralized feasibility and resource constraints, where fairness is
evaluated on accumulated outcomes across time (Section 2.5). Unless noted, we assume
agents provide truthful signals/utilities or externally validated estimates.2

2.1.5 Fairness in (Multi-Agent) Reinforcement Learning

A common way to impose fairness in Reinforcement Learning (RL) is to optimize a scalarized
social welfare over per-agent returns (e.g., α-fair or Gini-weighted sums), leading to multi-
objective MDP formulations with a chosen scalarization [138, 176]. Recent (fair) Multi-Agent
RL (MARL) methods typically assume fully decentralized execution: each agent selects and
executes its own action, and coordination emerges via learning, often supported by a mixing
architecture for team rewards.

This assumption, however, does not fit many real deployments where a central authority must
enforce global feasibility (capacity, coupling, policy) at each decision point. The commonly
used alternative to this is fully centralized execution, where a single policy selects joint
actions for all agents. This is often impractical due to exponential action spaces and lack of
agent autonomy. Practically, many systems lie between these extremes: agents may evaluate
options locally, but a central controller enforces global constraints and selects the final actions
conditioned on agent preferences and predicted utilities. This decouples preference evaluation
(by agents) from resource allocation (by a central allocator). This execution structure is
orthogonal to “centralized training, decentralized execution (CTDE)”, a commonly used

2A systematic treatment of incentives and strategic behavior is an important extension; we discuss it in
the conclusion.
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paradigm in MARL where agents are trained with access to global information but execute
independently.

Motivated by this gap between fully decentralized execution and intractable fully centralized
control, we introduce our first contribution: a general execution abstraction we call Dis-
tributed Evaluation, Centralized Allocation (DECA). In DECA, agents produce local utility
evaluations of their candidate actions, while a central allocator—constrained by capacity,
coupling, or policy rules—selects the single feasible joint action. This abstraction matches
how many deployed systems actually operate. The separation it enforces—evaluation on the
per-agent interface, allocation at the system interface—lets us capture indivisible resources
under global feasibility, avoid exponential joint-action enumeration, and cleanly define fair-
ness on accumulated outcomes over time. We next formalize DECA and use it as the common
substrate for modeling, learning, and fair allocation throughout the thesis.

2.2 Distributed Evaluation, Centralized Allocation
(DECA)

Most multi-agent RL approaches assume agents can act independently, maximizing their
respective utility [43, 4]. This overlooks many real-world settings where actions must be
coordinated to enforce global constraints like limited resources, rendering existing methods
inapplicable and fairness difficult to enforce. We address this gap by studying fairness in a
distinct paradigm: Distributed Evaluation, Centralized Allocation (DECA).

DECA captures a broad class of problems where agents compute local utility estimates, but
do not independently execute actions. Instead, a central allocator makes final decisions over
which actions are taken, subject to global constraints. This problem has been independently
studied in various domains under different names, from ridesharing [135] and social resource
allocation [70, 71] to satellite scheduling [110] and network routing [165]. However, prior
work has been domain-specific, with different assumptions and solution methods. For the
first time, we present a single unifying framework that encapsulates all these
settings under a single DECA formulation. Further, we are the first to study
fairness in this general DECA setting.
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Figure 2.1: An outline of the DECA pipeline. Each agent evaluates its available actions in a
decentralized manner (DE), and the ILP finds the best joint action A using these evaluations
and resource constraints (CA).

In the context of cooperative multi-agent learning, DECA differs from the well-known Cen-
tralized Training with Decentralized Execution (CTDE) paradigm. While CTDE governs
how agents learn, DECA describes how decisions are executed: agent policies evaluate can-
didate actions locally (Distributed Evaluation, DE), but a central module aggregates these
evaluations and selects actions under resource constraints (Centralized Allocation, CA).
MARL methods designed for decentralized execution struggle in this setting, motivating
new approaches tailored to DECA.

We model DECA as a constrained multi-agent Markov decision process (CMMDP) [30] with
partial observability, defined by the tuple:

M = 〈α, S,O, {Ai}, T, Ru, γ, c〉 (2.3)

where α is the set of agents, S is the global state space, and O : S →
∏

i Oi maps states
to agent observations. Each agent i has action space Ai, and T : S ×

∏
iAi × S → [0, 1]

defines joint transitions. The reward function Ru : S×
∏

i Ai → Rn returns a vector of agent
utilities, and γ is the discount factor. The resource map c :

⋃
i Ai → RK gives per-action

consumption across K resource types.
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In a DECA problem, illustrated by Figure 2.1, agents independently evaluate actions based
on their local observations (DE), while a central controller aggregates these evaluations and
optimizes resource allocation subject to constraints (CA). Agent actions include the null
action and may have other effects apart from allocation of resources (e.g., moving in an
environment), but only actions which consume resources are constrained.

2.2.1 Optimization Framework

The distributed evaluation (DE) step involves agents learning to predict the utilities of
observation-action pairs using approaches such as Deep Q-learning [106, 59]. The utility
estimates are computed using partially-observable post-decision states, which are estimated
locally, ignoring other agents’ actions due to the infeasibility of exploring the joint state
space.

The central allocation (CA) step solves an integer linear program (ILP) that combines pre-
dicted utilities with resource constraints. Let xi(a) ∈ {0, 1} be a binary decision variable
that indicates whether agent i is assigned action a ∈ Ai. Let R ∈ RK denote the vector of
available resources, with Rk representing the quantity of resource type k ∈ {1, 2, . . . , K}.
Let c(a) ∈ RK denote the resource consumption vector for action a, where c(a)k is the
amount of resource k consumed by action a. The objective of the ILP is to select one action
per agent that maximizes the total predicted utility Q(oi, a), subject to resource constraints.
The optimization problem is defined as:

max
xi(a)∈{0,1}

∑
i∈α

∑
a∈Ai

xi(a) ·Q(oi, a) (2.4)

subject to
∑
a∈Ai

xi(a) = 1, ∀i ∈ α (2.5)∑
i∈α

∑
a∈Ai

xi(a) · c(a)k ≤ Rk, ∀k ∈ {1, . . . , K} (2.6)

The first constraint ensures that exactly one action is selected for each agent. The sec-
ond constraint ensures that the total resource consumption across all selected actions does
not exceed the available amount of any resource. This ILP defines the central allocation
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mechanism, while the predicted Q-values Q(oi, a) are learned by each agent, enabling dis-
tributed evaluation. This offers benefits over completely distributed approaches by encap-
sulating resource constraints, and over completely centralized approaches by reducing the
complexity of the learning objective. This setup is seen in many resource allocation prob-
lems [70, 7, 135, 110, 165].

While DECA has not been formalized in prior work, it has seen application in many domains.
From optimizing passenger-driver matches in ridesharing [135, 120] to efficient allocation of
homelessness resources [70, 71], many real-world applications follow this general structure. It
is also analogous to the predict-then-optimize (P+O) approach [159, 37], where a predictive
model estimates unknown parameters that are subsequently used in optimization. However,
unlike P+O, which may not specifically address resource allocation or multi-agent systems,
DECA explicitly focuses on these complexities. This distinction is crucial as it allows us to
restrict the problem space and tailor our research towards enhancing fairness within multi-
agent resource allocation.

2.2.2 Distinguishing DECA from Dec-POMDP

Decentralized Partially Observable Markov Decision Processes (Dec-POMDPs) are a widely
used formalism for modeling cooperative multi-agent systems under partial observability [59,
43]. Dec-POMDPs model cooperative decision-making in which agents execute their own
policies in a fully decentralized manner. In contrast, DECA separates decision evaluation
from allocation: agents independently predict the utility of their potential actions, but a
central allocator determines which actions are ultimately executed. This central allocation
step distinguishes DECA from Dec-POMDPs by shifting action selection from the agents
to the allocator. This also prevents many popular algorithms for Dec-POMDPs from being
used to solve DECA problems.
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2.3 Solving DECA Problems

Solving DECA problems requires addressing two coupled challenges: (i) acquiring utilities for
agent-action matches, and (ii) allocating resources subject to global constraints and reported
agent utilities.

2.3.1 Predicting Utilities in DECA

Agents may have heterogeneous valuations of available resources, expressed through utility
estimates Q(oi, a). These utilities may come from different sources: in some cases, they
reflect inherent black-box preferences (e.g., human-provided rankings), while in others they
are learned through interaction with the environment.

When utilities are learned, several approaches are possible:

• Independent learning: Agents may estimate utilities via Independent Q-Learning
(IQL) [43], treating other agents as part of the environment.

• Team-based learning: When a shared team reward is used, cooperative multi-agent
reinforcement learning methods such as Value Decomposition Networks (VDN) and
QMIX can be employed [4].

• Model-based learning: Approximate Dynamic Programming techniques can incor-
porate post-decision states to guide learning more efficiently [135].

2.3.2 Allocation Step

The allocator combines the agents’ predicted utilities with global resource constraints to de-
termine the final resource allocation. The optimization problem in Eq. 2.4 takes the form of
an integer linear program (ILP). While general-purpose ILP solvers are a common solution
approach, other methods such as heuristics, relaxations, or decomposition techniques may
be appropriate depending on problem scale and structure. Additionally, more efficient algo-
rithms and distributed approaches exist for allocation problems with stricter constraints. For
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instance, if the constraints boil down to a bipartite matching between agents and resources,
the Hungarian algorithm [72] can solve the allocation problem in polynomial time.

2.4 Payoff-vector (Z): Modeling Resource Distribution
over Time

We are interested in resource allocation problems that have a temporal aspect to them, i.e.,
after each allocation, new resources may arrive in the system, and resources and agents may
enter or exit the allocation pool. We consider two cases: 1) A fixed number of agents, and
2) An arbitrary number of agents that belong to a fixed number of groups. In both cases,
we consider a total of n groups or agents. Given this, we can construct a vector of payoffs
Z = [z1, z2, . . . , zn] that captures the accumulated value of all resources allocated to each
agent/group over time.

Unless specified otherwise, we use zi to denote the cumulative payoff for agent or group i at
the current time-step. When referring to a specific time, we will write z

(t)
i to indicate the

value at time-step t. The cumulative reward is given by:

zi =
t∑

τ=0

r
(τ)
i , (2.7)

where r
(τ)
i is the reward received by agent i at time-step τ . In some settings, an average

payoff is used instead:

z̄i =
1

t+ 1

t∑
τ=0

r
(τ)
i . (2.8)

This payoff vector serves as a temporal record of how resources have been distributed across
agents and provides a foundation for incorporating fairness criteria into future allocation
decisions.
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2.5 Fairness Concepts Used

To capture fairness, we consider a fairness function F : Rn → R, which maps any payoff
vector Z = [z1, . . . , zn] to a numerical value such that larger values correspond to fairer
distributions. In other words, for any two payoff vectors Z1 and Z2, we say that Z1 is fairer
than Z2 if and only if F (Z1) > F (Z2).

In the literature on fair multi-agent resource allocation, two main schools of thought emerge:

• Social Welfare Function Approaches. In these methods, fairness is directly em-
bedded into a social welfare function that aggregates individual utilities [138, 176].
Such functions may be designed to satisfy three desirable properties: They exhibit
impartiality, remaining invariant under any permutation of agents to ensure equal
treatment; they promote equity by rewarding reallocations that transfer resources
from better-off agents to those worse-off, consistent with the Pigou-Dalton principle;
and they ensure efficiency by assigning a higher value to allocations in which every
agent receives higher or equal utility compared to alternative allocations.

These metrics usually take the form of a summation over transformations of agent
utilities, for example:

– α-Fairness: For a given payoff vector Z = [z1, . . . , zn], define the per-agent α-fair
utility as:

Uα(z) =

 z 1−α

1−α
if α 6= 1,

log(z) if α = 1,
(2.9)

and the overall fairness measure as: Fα(Z) =
∑n

i=1 Uα(zi).

– Generalized Gini Function (GGF): Order the components of Z as z(1) ≤
z(2) ≤ · · · ≤ z(n). Then, the GGF function is defined as:

FGGF (Z) =
n∑

i=1

wi z(i), (2.10)

with weights satisfying w1 ≥ w2 ≥ · · · ≥ wn and
∑n

i=1wi = 1.
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By varying α or wi, these metrics can transition between utilitarian and egalitarian
fairness. Specifically, α-fairness with α = 1 is equivalent to the popular log Nash
Welfare metric. [108]

• Distributional Approaches. Alternatively, fairness may be measured separately via
distributional metrics—such as variance, the Gini index, or Jain’s fairness index—and
then combined with total utility [80, 124]. These metrics can capture non-linear rela-
tionships among agents’ utilities and provide a distinct measure of fairness that is later
interpolated with the overall efficiency. Often, these capture the notion of disparity or
inequality in the distribution of utilities, which we denote as D(Z), with larger values
indicating greater disparity and lower fairness. Let Z = [z1, . . . , zn] with zi ≥ 0 and
z̄ = 1

n

∑
i zi. Then, common disparity measures include:

– Variance / Coefficient of Variation (CV).

Var(Z) = 1

n

n∑
i=1

(zi − z̄)2, CV(Z) =
√

Var(Z)
z̄

(z̄ > 0). (2.11)

Variance penalizes dispersion but is not scale-invariant; CV is scale-invariant and
equals 0 iff all zi are equal.

– Gini index. Using either the pairwise form or the Lorenz-sorted form (with
z(1) ≤ · · · ≤ z(n)):

Gini(Z) =
∑n

i=1

∑n
j=1 |zi − zj|

2n
∑n

i=1 zi
=

2
∑n

i=1 i z(i)
n
∑n

j=1 zj
− n+ 1

n
. (2.12)

Gini ∈ [0, 1) for nonnegative Z; 0 iff all zi are equal.

– Jain’s fairness index.

J(Z) =
(
∑n

i=1 zi)
2

n
∑n

i=1 z
2
i

, (2.13)

with J ∈ [1/n, 1], attaining 1 iff all zi are equal and invariant to common scaling.
A convenient disparity measure is DJ(Z) := 1− J(Z).

These dispersion metrics are permutation-invariant and quantify inequality indepen-
dently of the total utility. They are typically combined with efficiency via either a
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penalized objective, for example:

max
π

λ
( n∑

i=1

zπi

)
− (1− λ)D(Zπ), λ ∈ [0, 1], (2.14)

where D can be Var, Gini, or DJ , or via a constrained form, such as:

max
π

n∑
i=1

zπi s.t. D(Zπ) ≤ τ. (2.15)
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Part II

Identifying Fairness Concerns
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Chapter 3

A Planning-based Visualization
Framework for Communicating
Explanations to Human Users

3.1 Introduction & Contribution

Before diving into our exploration of fairness in AI systems, we take a step back to address
a fundamental challenge that underlies all AI research: how do we effectively communicate
complex algorithmic decisions to human users? This question becomes particularly critical
in fairness applications, where affected stakeholders must understand not just what decisions
were made, but why certain allocations or policies were chosen. While the focus will soon shift
to fairness and resource allocation, this chapter develops essential methodological foundations
by exploring visualizations as a medium for communicating explanations to human users.
In this work, we explore the field of explainable AI planning (XAIP) [24] and propose a
visualization framework that informs how we communicate fairness-related decisions in later
chapters.

Generally, communicating information to human users can be typically achieved through four
mediums: Verbal, non-verbal, text-based, and visual. One of the most common computer
interfaces to communicate information is the graphical user interface, where information
is presented graphically through a combination of visualizations and text [99]. From the
perspective of communicating explanations, although text can be a natural representation
for an explanation, when presented alone, it may require increased cognitive effort and
possibly increase the likelihood of misunderstanding the task, especially for novice users.
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In contrast, a well-established educational principle, called the multimedia learning principle,
posits that humans learn better from visuals and words, than from words alone [100]. For
example, Clark et al. [27] showed that accompanying text-based instructions with visuals
improved students’ performance on a test by a median amount of 89%. Interestingly, students
got around 65% of answers correct after seeing a combination of text and visuals, compared
to less than 40% of answers correct after reading a text comprised of words alone. Similar
results have also been obtained in object assembly tasks [14]. Thus, there is strong evidence
within the psychology community that the use of visual content has a profound effect on
increasing retention and comprehension when compared to text alone.

In this chapter, we turn to the multimedia learning principle and explore the effectiveness
of visualizations in conveying explanations to human users. Drawing inspiration from work
on visualizing classical planning problems, we propose a visualization framework that can
represent the action-space and state-space of planning problems, serving as a medium for
communicating explanations between an AI agent and a human user. We introduce two
taxonomies of explanations that our framework can visualize: (1) Domain-based explanations,
addressing discrepancies in action models, and (2) Problem-based explanations, arising from
differences in initial or goal states. Our proposed framework is agnostic to the method of
explanation generation.

Contributions: The main contributions of this chapter are:

1. A visualization system for explanations in planning settings.

2. A taxonomy of explanations: domain-based and problem-based.

3. An empirical demonstration of our system’s efficacy through a comprehensive user
study, comparing it against a text-based baseline.

By developing this visualization framework, we aim to bridge the gap between the generation
of logical explanations and their effective communication to users, potentially enhancing
understanding and reducing misinterpretations in human-AI interactions.
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3.2 Background

3.2.1 Related Work

The fundamental problem we addressed in this chapter is formulated around the model rec-
onciliation problem (MRP) [22]. Existing work has mostly focused on developing algorithms
for generating explanations [157, 156, 158], and not on how they are to be conveyed to a
human user; a common thread is that the explanations are communicated to users through
text messages.

There has been some effort by the planning and scheduling community to create user in-
terfaces for planning and scheduling problems [46]. While some work aims to show users
the space of alternate plans [54, 97, 23], others aim to create systems to aid users in the
creation of plans (e.g., Planimation [26]) or for assistance with domain modeling (e.g., Con-
ductor [16]).3 These kinds of systems are essential steps towards the creation of a unified
planning interface, especially when humans are involved in the loop. For a system aiming to
provide the complete planning pipeline to a user, a key requirement for the XAIP commu-
nity is the creation of systems to deliver explanations to users in an interactive and intuitive
manner.

Towards this goal, researchers have created systems using explanations for human-in-the-loop
planning. For example, RADAR [133, 56] and RADAR-X [154] make use of contrastive ex-
planations in addition to plan suggestions to develop decision-support systems for interactive
explanatory dialogue with users.

Another recent system [36] discusses the design of an iterative planning interface that takes
user preferences into account while helping them create plans via plan property dependencies.
While these systems make use of interactive user interfaces, and the latter system uses a
visualization to show plan execution, they all present explanations in text, and do not focus
on how effectively the explanations are delivered. To the best of our knowledge, this work
is the first attempt to investigate to what extent visualizations are an effective medium for
conveying explanations to users in an MRP setting.

3We use both Planimation and Conductor as inspiration for the VizXP framework and discuss the details
in a later section.
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3.2.2 Classical Planning

A classical planning problem, typically represented in PDDL [52], is a tuple Π = 〈D, I,G〉,
which consists of the domain D = 〈F,A〉 – where F is a finite set of fluents representing the
world states (s ∈ F ) and A a set of actions – and the initial and goal states I,G ⊆ F . An
action a is a tuple 〈prea, eff ±a 〉, where prea are the preconditions of a – conditions that must
hold for the action to be applied; and eff ±a are the addition (+) and deletion (−) effects of a
– conditions that must hold after the action is applied. The solution to a planning problem
Π is a plan π = 〈a1, . . . , an〉 such that δΠ(I, π) = G, where δΠ(·) is the transition function
of problem Π. The cost of a plan π is given by C(π,Π) = |π|. Finally, a cost-minimal plan
π∗ = argminπ∈{π′|δΠ(I,π′)=G}C(π,Π) is called an optimal plan.

3.2.3 Model Reconciliation Problem

A model reconciliation problem (MRP) [22] is defined by the tuple Ψ = 〈Φ, π〉, where
Φ = 〈MR,MR

H〉 is a tuple of the agent’s model MR = 〈DR, IR, GR〉 and the human’s approx-
imation of the agent’s model MR

H = 〈DR
H , I

R
H , G

R
H〉 , and π is the optimal plan in MR. For

brevity, we will refer to MR and MR
H as the “agent” and “human”, respectively. A solution

to an MRP is an explanation ε (e.g., a set of model information) such that when it is used
to update the human’s model MR

H to M̂R,ε
H , the plan π is optimal in both the agent’s model

MR and the updated human model M̂R,ε
H . The goal is to find a cost-minimal explanation,

where the cost of an explanation is defined as the length of the explanation.

In addition to adding information to the user’s model, an explanation might also involve
the removal of information from a user’s model such that it is consistent with the agent’s
explanation [155]. Therefore, our notion of explanation is defined as follows:

Definition 1 (Explanation). Given an agent MR, a user MR
H , and an optimal plan π,

assume that π is only optimal in MR. Then, ε = {ε+, ε−} is an explanation from MR to MR
H

for π if π is optimal in M̂R,ε
H = (MR

H ∪ ε+) \ ε−, where ε+ ⊆MR and ε− ⊆MR
H ,

As such, ε+ is the addition of model information to the user’s model from the agent’s model
and ε− is the removal of information from the user’s model. The latter is important in order
to account for any inconsistencies arising when adding new information to the human’s
model.
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3.3 Taxonomy of Explanations

Most MRP algorithms look at explaining either optimal or valid plans to human users [22].
Towards that end, such explanations, using insights from social sciences [103], are consid-
ered according to three main properties: Social explanations for modeling the expectations of
the explainee; selective explanations for choosing the explanations among several competing
hypotheses; and contrastive explanations for differentiating the properties of two compet-
ing hypotheses. Among these properties, contrastive explanations have received a lot of
attention [60]. However, all explanations share two common elements; They either express
discrepancies between the domain-action models of the agent and the user (i.e., domain-
based explanations) or involve differences in the initial and/or goal state assumptions of the
planning problems of the agent and the user (i.e., problem-based explanations). Below, we
formalize these two notions as characteristics of explanations stemming from MRP scenarios.

Domain-based Explanations: Assume an agent MR, a user MR
H , and a plan π that

is optimal in MR but not MR
H . We say that an explanation from MR to MR

H for π is a
domain-based explanation, denoted by εd, if all of its elements involve the action dynamics
in MR and/or MR

H . In other words, the elements of the explanation must involve addition
(or removal) of actions, preconditions of actions, or effects of actions to (or from) MR

H . Note
that we make the assumption that explanations involving the addition or removal of an entire
action can be specified as a set of preconditions and/or effects accompanied by the name of
the action.

Problem-based Explanations: Assume an agent MR, a user MR
H , and a plan π that is

optimal only in MR but not MR
H . We say that an explanation is a problem-based explanation,

denoted by εp, if all of its elements involve the addition (or removal) of initial and/or goal
states to (or from) MR

H .

These categories make intuitive sense as any planner takes, as input, a domain file and a
problem file, which fully specify the planning problem Π. We will utilize these two types
of explanations while evaluating our visualization framework. The information conveyed in
domain-based explanations would translate across problem instances and would be some-
thing more commonly needed for novices learning about the domain, while problem-based
explanations could arise regardless of expertise level due to misunderstanding the problem.
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We also note that these two kinds of explanations are not isolated, and some MRPs can have
solutions that include both types of explanations.

There is one other scenario in which explanations are needed: when the user makes mistakes
in creating the plan even after having knowledge of the model. We posit our visualization
framework to be able to aid humans in this regard as well, but for the purpose of analysis,
we focus on the two categories discussed above.

Further, the information provided in all explanations discussed above falls into one of the
following two categories:

• Action-Space Information: Given a planning problem Π, and an associated domain
D containing actions A = 〈preA, eff ±A〉, the action-space information corresponds to
information about the preconditions and effects for each action in D. Domain-based
explanations will contain this kind of information.

• State-Space Information: Given a planning problem Π, a plan π, and a sequence
of states S involved in the execution of π, the state-space information corresponds
to information about the predicates in each state in S. Problem-based explanations,
which address errors in the initial and goal state, contain this kind of information.

It is easy to see the parallels between the two kinds of explanations and the two kinds of
information discussed above. These categories are also interlinked vis-a-vis the fact that the
state influences what actions are possible, and the action dynamics decide what the next
state will be. Thus, an ideal system for presenting explanations should be able to convey
both types of information to the users, while maintaining the link between them. In the
next section, we discuss two existing visualization systems that present action-space and
state-space information and use those ideas to motivate the design of a framework capable
of visualizing plans and their execution as well as presenting explanations, using both state-
space and action-space information.

28



Figure 3.1: Illustration of Conductor, one of the approaches used as an inspiration for the
action space visualization [16].

3.4 Visualization Framework

In this section, we describe a framework that can be utilized to design and deploy visualiza-
tions for presenting explanations to users. Borrowing elements from existing work in plan
visualization, such a framework should be able to show all kinds of explanations discussed
in the previous section. Given an explanation based on the user’s plan and the agent’s plan,
it should support the visualization of the following information for the human user’s model:
(1) Plan length; (2) Wrong/missing initial/goal state; (3) Wrong/missing preconditions;
(4) Wrong/missing effects; and (5) Wrong/missing actions.

As noted earlier, most MRP-based explanations are contrastive and, typically, involve a foil
provided by the human user in terms of an alternative plan [141]. In addition, the context of
the user’s own plan may help them in better understanding the agent’s explanation. Hence,
the user’s plan provides an excellent window for presenting explanations, a fact that is useful
for the visualization techniques proposed in the following sections.
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Action-Space Visualization: Fact Flows

“Fact routes” from Conductor [16] provide an easy way to visually represent preconditions
as “stations” on each action that need to be filled, and effects as routes originating from that
action. Conductor, combined with Marshal [15], is aimed at helping users create domains
and plans concurrently. Using fact routes to show the evolution of facts over time, it aims
to use interactions with users to facilitate creating correct plans and domains. We found
that Conductor’s framework was limited by the fact that the length of the plan, as well as
the number of predicates involved, increases the number of fact routes to the extent that it
might overwhelm users (see Figure 3.1). This makes it unsuitable for all but the simplest of
domains that contain few predicates and have short plans.

To remedy this, we introduce a simplification to Conductor. Instead of tracking all fact
routes as individual columns, we visualize just the routes moving into and going out of each
action as fact flows. Optionally, a user interaction like a click may show the history of the
fact route for any particular action, thus retaining all relevant information for users who
require it. This reduces clutter and allows us to present longer plans with domains that can
contain larger number of predicates within a limited space. For example, consider a fact
flow in(truck1, city2), and an action that does not use truck location as precondition;
Conductor would show this fact flow before the action, while in our simplification, this
unnecessary fact flow would be hidden.

In order to visualize explanations, we propose two methods: (1) Highlight-based and (2) Port-
based methods. Using the former, the precondition/effect flows are highlighted based on
whether they are unaffected (colored grey), wrong (colored red), required/missing (colored
yellow), or required/present (colored green). The latter method employs “ports” for the
preconditions and effect of each action, an extension of the “stations” used in Conductor.
Ports can be colored based on whether they are unaffected (colored blue), wrong (colored
red) or required (colored green), and fact flows can be either missing (not plugged in) or
present (plugged in). Figure 3.2 shows an example of the same information conveyed using
both methods. Note that we present this just as a stylistic choice.

30



Figure 3.2: An action-space visualization example, with preconditions at the top of each
action, and effects at the bottom. Deletion effects are represented as a flow fading out.
Top: The highlight-based explanation visualization; Bottom: The port-based explanation
visualization.

One additional modification we make to Conductor’s design is the introduction of the fact
flows to the initial state. This allows us to visualize any predicates affected by a problem-
based explanation by treating the initial state as a pseudo-action for which ”preconditions”
need to be added or removed (i.e., modifications to the initial state).

3.4.1 State-Space Visualization: Abstraction

While the action-space framework is sufficient to visualize all explanations, it fails to show
information about the state of the world at certain times throughout the execution of the
plan. Many planning domains contain features that can enable humans to think about them
in terms of physical abstractions. Simple classical domains like BlocksWorld and Logistics
naturally lend themselves to the physical space, presenting users the ability to keep track of
the current state of the world by tracking their positions in their mental space. Moreover,
planning visualization interfaces like Planimation [26] andWebPlanner [97] utilize state-space
visualizations to assist in planning and display plan execution. Planimation, in particular,
allows users to create visualizations for plans using an animation profile to specify how
different elements are visualized.
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Figure 3.3: A state-space visualization example. Left: The initial state; Right: The goal
state.

Inspired by such systems, we propose an abstraction-based plan visualization which we
extend to display explanations as well.

We describe states and transitions between states using containers (objects in the world
that can “contain” others), contents (objects that can be “contained” in others), and links
(ways for contents to move between containers). We note that state-space visualizations like
Planimation also fall within the framework described here.

Abstract Space: The positional relationships between various objects (e.g., On, In, etc.)
and the motion of objects between containers form the basis of the state-space abstraction
visualization. We present one hierarchy-based approach for visualizing state-space informa-
tion for planning domains that possess these kinds of relationships. Concretely, this approach
requires the following properties:

• Domain objects are classified as either containers, contents, or both.

• Domain objects are either movable objects or immovable objects.

• All domain actions must move items between containers.

32



• Predicates must identify and fully specify the relationship between objects for any
state.

Note that in some cases it might be necessary to introduce pseudo-predicates to allow for
the last property. For example, in BlocksWorld, onTable(a) can be “reified” to onTable(a,
table) with “table” being a dummy object created to represent the implicit table. This is
only needed for the visualization, and need not change the planning process.

It is also possible to relax the requirement for all actions to move items between containers,
if they modify “properties” of objects. However, this can only be done if the property lends
itself to visualization, e.g. color or on/off status, which can be easily shown using a change
in color or an added status indicator. However, this is highly domain dependent, and there
might be properties that cannot be visualized.4

Any planning domain satisfying the above properties can be used to create a visual represen-
tation of the state of the world at any given step. We can visualize a network of containers
connected by edges that movable contents or containers can traverse, with each edge-type
represented by certain actions (e.g., in Logistics, the move-airplane action moves an air-
plane between two locations), with each action causing an object to move across one of these
edges, with optional animations.

This is a basic setup and may be specialized and modified for each domain. For example,
Figure 3.3 shows the initial/goal states for a Logistics problem.

Within the state-space visualization, it is much easier to see “why” some positional relation-
ships are not true. Simple preconditions like the requirement for different actions to have
objects “in” certain locations are intuitively shown in the state if true, and effects of an
action can be clearly seen with the motion of objects across these edges. This can help users
during plan creation.

For presenting explanations within the state-space visualization, we employ the highlighting
technique discussed in the action-space visualization. For each state in the execution of

4It is possible to broaden the scope of the container-based visualization via augmentations, to generalize
it to more planning domains. For example, it is not trivial to fit object properties like color or capacity (e.g.
fuellevel in NoMystery) into the container framework. However, not all information needs to be captured in
the abstraction. With simple augmentations to denote properties (like a blip with current fuel), even such
properties can be described in the state space visualization. However, that is domain-specific, and thus will
need to be done on a case-by-case basis.
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the plan, starting from the initial state, we display the current state with respect to the
actions that are executed in the human’s plan, using the agent’s domain. We assume if an
action’s preconditions are not met, none of its effects take place. Each object involved in
a missing/wrong precondition or effect is shown similarly to the highlight-based approach
in the action-space visualization, and a tooltip can further reveal information about the
explanation.

3.4.2 Integrated Action- and State-Space Visualization

We now present Visualizations for eXplainable Planning (VizXP), a visualization framework
that combines the action-space and state-space elements discussed previously. It can visu-
alize plans and their execution as well as present explanations to human users, using both
state-space and action-space information. The inclusion of the action-space information also
conveniently presents a simple way for users to select and view different states after the
execution of each action. Highlights in the action-space visualization provide an overview
of the steps where the users’ plan went wrong, with the state-space visualization providing
more detail about what exactly went wrong. In addition, VizXP also allows users to debug
and correct their plans during the creation phase.

We can see how problem-based explanations would be better represented in the state-space
visualization, showing the complete start and goal state, in addition to any errors. Simi-
larly, the action-space visualization would be better for understanding domain-based errors,
making it clear which conditions were wrong, for which action. However, both visualizations
work together in synergy, augmenting the information provided by the other with context.

Finally, we note that depending on the application, an additional visualization might present
the agent’s correct plan alongside the human’s plan, similar to contrastive explanation meth-
ods. This can then be used to display the ’required’ information with the human’s plan only
visualizing the missing and wrong information. This is required for domain-based explana-
tions that involve actions not in the user’s plan.

The visualization is an augmentation to explanations, and should be used as an aid in helping
users comprehend them. Here we also provide some intuition for extending the framework
to methods of explanation not included in our evaluation with the prototype:
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• For contrastive explanations with foils that are not complete user plans, we present two
alternatives. The first is to create the corresponding hypothetical plan and compare the
agent’s plan with it. Otherwise, it is also possible to just visualize the portion of the two
plans that differs, omitting the common initial part of the plan and tail, if any.

• In our analysis, we provide one-shot explanations, however it is possible to present se-
quential explanations using the same framework, if an algorithm exists to generate such
explanations.

3.5 Human-Subject Study

We now discuss the setup for our evaluation, where we compared VizXP against a text-
based benchmark, an approach commonly used by current state-of-the-art systems [36, 154],
through a user study conducted on the online crowdsourcing platform Prolific [116]. The goal
of the evaluation is to investigate to what degree MRP explanations presented by VizXP are
effective and easily understood by humans compared to the text-based benchmark. Based
on insights from other research communities, such as the multimedia learning principled de-
scribed in the Introduction section, we hypothesize that participants will perform significantly
better with VizXP compared to the text-based baseline.

Knowledge of the Human Model: Existing MRP solvers require knowledge of the
human model MR

H , which is a difficult assumption to satisfy in practice. To combat this, in
the user study, we first described a tweaked “wrong” model to the user and asked them to
create a plan using that model. We used users’ ability to create a plan that is valid in the
provided model as a proxy for them having the said model, and only considered participants
who succeeded in doing this as candidates for the study. We realize that this has the potential
to bias the study towards people who can create plans in the first place, but we make this
trade-off to satisfy the conditions for model reconciliation.

Once users created a plan with the wrong model, they were provided MRP explanations
and were asked to answer a series of questions as well as correct their plans based on those
explanations. The users’ answers to those questions as well as their ability to correct their
plans reflect their understanding of the explanations provided.
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Figure 3.4: A view of the plan editor for the user study. (1) Action selection; (2) The initial
and goal states; (3) User’s current plan; (4) Test visualization showing validity of the plan.

Domain and Problem: Our choice of domain was the Logistics domain [101], which we
simplified to make it less complex for people with no background in planning.

Predicates in-city, in, and at were combined into one in predicate to avoid confusion.
We renamed airports to hubs and changed the corresponding predicates to allow for some
ambiguity to introduce errors in the domain. We created a simple problem with two cities
containing two locations each. One location within each city is a hub. Figure 3.3 shows the
initial and goal states for this problem. There are two airplanes and two trucks distributed
across the locations, and one package that needs to be transported to the goal city. We
considered two changes for the “wrong” model of the user:

• C1: We modified the action move-airplane by removing its precondition that the
source and destination location must be hubs. Therefore, a domain-based explanation
is needed to correct this error.
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Figure 3.5: A view of the explanation visualization in the user study. (1) The state-space
visualization; (2) The action-space visualization; (3) The text-based explanation.

• C2: We changed the initial location of the package, thereby requiring a problem-based
explanation to correct this error.

Prototype Implementation: We used elements from VizXP to create a visualization
system for the selected domain. For the state-space visualization, we used circles to mark
cities and locations and icons for trucks, airplanes, and packages. There were two types of
links: Transporting objects between locations (visible); and loading and unloading packages
from trucks or airplanes (invisible). An alternate design could further separate these out by
type, having different edges for the move-airplane action and for the move-truck action, but
we chose to use only two kinds for the sake of simplicity. We used animations to show objects
moving between containers. For the action-space visualization, we used a limited version of
the system where only the flows into the current action (preconditions) are visualized. Since
none of the explanations would involve any change to the effects of actions, we decided
to omit effect flows from the visualization. Figure 3.5 shows a view of the visualization
presenting an explanation. We created the implementation to run on a browser, using Flask
and Python as back-end, and D3.js and JavaScript for the front-end.

As VizXP is agnostic to the choice of algorithm to generate MRP explanations, we used one of
the existing state-of-the-art solvers to generate the explanations. To display the explanations,
we chose the highlight-based approach, with tooltips providing additional information.

37



Pop. Correction Comp.
Size Ratio Score

all users 87 0.701 5.402
CS users 30 0.800 5.400
domain-based exp. 44 0.681 5.091VizXP

problem-based exp. 43 0.721 5.720
all users 83 0.627 4.759
CS users 41 0.585 4.340
domain-based exp. 40 0.625 4.475Text

problem-based exp. 43 0.628 5.023
Table 3.1: User study results.

Study Design: The study was designed to have two groups: The experimental group using
VizXP and the control group using text. Each group was tested on two types of “wrong”
models, modified using changes C1 and C2 (see “Domain and Problem” paragraph), each
requiring a different type of explanation. Therefore, we have four scenarios in total, which
we tested independently. We created two tasks for each user as follows:

• Task 1: Participants were asked to create a plan based on the modified domain and prob-
lem information provided to them using a simple plan editing interface. This interface also
allows users to “test” their plans, which will provide information about the errors in their
plans due to their misunderstanding of the provided domain and problem information.
Depending on the scenario, this interface might be either VizXP5 (shown in Figure 3.4)
or a sequence of steps with markers for incorrect actions. A participant succeeded in Task
1 if they created and submitted a valid plan given their domain and problem. Users that
succeeded in Task 1 continue to Task 2, and users that failed in Task 1 were filtered out
and ignored. This is important since MRP explanation-generation algorithms assume that
the user’s model is known.

• Task 2: We informed the participants that the initial domain and problem information
provided to them contained errors and presented explanations for those errors using either
VizXP or text based on the group of the participant. They were then asked a series of
questions to evaluate their understanding of the explanation provided (Task 2a). Then,
they were shown the plan editor again and asked to correct their plan, this time without
5Users in the experimental group are shown VizXP in Task 1 to ensure that they are familiar with the

system before receiving an explanation using that interface to eliminate any learning effects.
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the ability to “test” their plans for correctness (Task 2b). A participant succeeded in
Task 2b if their corrected plan is valid in the agent’s model.

To incentivize participants to provide answers to the best of their ability, we provided a
bonus to participants who succeeded in Task 1 and an additional bonus to participants who
also succeeded in Task 2b. Further, we also included two questions for attention checks in
the study, where participants were asked to type a particular string or select a particular
answer in a multiple-choice question. Participants who wrongly answered both questions
were removed.

Each participant had the following interactions in the study: (1) They arrive at the webpage
following the link from Prolific, where they enter their demographics and some information
on their educational background. (2) To ensure that they have the background necessary
to solve the tasks, they are given tutorials on classical planning, the logistics domain, and
the plan editing interface. (3) Following the tutorials, they are asked to complete Task 1.
(4) If they succeeded in Task 1, they are asked to complete Tasks 2a and 2b. (5) All
participants, including those who failed Task 1, are then asked to provide feedback on the
system’s usability [61] and are informed of their payments before being redirected back to
Prolific.

Participants: We conducted the study with 200 participants (66 female, 132 male, 2
non-binary) with each of the four scenarios getting 50 random participants. Out of the 200
participants, only results from 170 participants were used as 30 participants failed Task 1
and/or wrongly answered the questions on attention checks.

Measures: To measure comprehension of explanations provided, we used the following
measures:

• Correction Ratio: Proportion of users who succeeded in Task 1 who also succeeded in
Task 2b.

• Comprehension Score: Number of questions users answered correctly in Task 2a.
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3.6 Experimental Results

We now discuss the results of our evaluations using the measures above to evaluate the
performance of VizXP in aiding users understand explanations provided. 6 For statistical
significance, we used a p-value of 0.05 as a threshold.

Table 3.1 summarizes our results for four different groups of users who succeeded in Task 1:
all users, the subgroup of users with a computer science (CS) background, the subgroup of
users who were given the model with change C1 and domain-based explanations, and the
subgroup of users who were given the model with change C2 and problem-based explanations.
For each group of users, we report the population size of that group and our three measures.
We now discuss the results for each of those measures:

• Correction Ratio: More users were able to accurately correct their plans with VizXP
(= 70.1%) than with the text-based baseline (= 62.7%). This difference is not statistically
significant with a two-proportion z-test (p = 0.303), but the difference is similar for both
domain-based and problem-based explanations. Among the subgroup of users with a CS
background, the difference is larger – 80.0% of users succeeded in correcting their plans
with VizXP compared to 58.5% with the text-based baseline. The likely reason is that a
fraction of users without a CS background failed to sufficiently understand the planning
problem and succeeded in Task 1 due to the aid of the “test” functionality in the plan
editing interface. It is also possible that CS users performed better with VizXP because
of their familiarity with graph-like visualizations.

• Comprehension Score: Similar to the previous two measures, users scored better on
this measure with VizXP (= 5.402 out of 7 questions answered correctly on average)
compared to with the text-based baseline (= 4.759). This difference is statistically sig-
nificant (χ2(1, N = 170) = 5.2252, p = 0.0223, and ε2 = 0.0371 with Kruskal-Wallis
H non-parametric tests). This difference and statistical significance is further amplified
among the subgroup of users with a CS background. Figure 3.6 plots the distribution of
comprehension scores for all users.
6The results for the study and the code for the prototype implementation can be found at

https://github.com/YODA-Lab/VizXP-User-Study
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Figure 3.6: Comprehension score distribution for all users.

The trends above generally apply for the two subgroups who were given domain- and
problem-based explanations also. However, there are not much noticeable differences be-
tween the two subgroups, indicating that VizXP performed equally well for both subgroups,
as did the text-based baseline.

While the statistically significant results with the comprehension score measure are consistent
with our expectations, we were surprised by the lack of statistical significance on the results
with the correction ratio measures. We suspect the reason is that a non-trivial number of
users succeeded in Task 1 despite not understanding the planning problem well due to the
aid of the “test” functionality.

Additionally, we were surprised to find that 11 users answered at least 6 of the 7 comprehen-
sion questions correctly, implying that they understood the explanations well, but failed to
accurately correct their plans. This observation implied that their error is due to typos and
not misunderstanding of the explanations. This observation thus hints that the comprehen-
sion score measure, for which VizXP is statistically better than the text-based baseline, is
more accurate at measuring how well users understand the explanations provided than the
correction ratio measure.

Finally, we note some limitations of this work as well. In the user study, we require users
to create full alternate plans, but in many contrastive explanation systems, users are also
able to provide partial foils. It is possible to envision a system designed using VizXP that
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can use partial foils by splitting the plan at the point of interest and comparing the partial
plans, but further work is required to test that ability and its applicability to real systems.
Further, we design the user study to ensure the users have a model similar to the one we
desire. In practice, obtaining the human model is an open problem in XAIP, which we hope
future work will address.

3.7 Conclusion

This chapter focused on the effective communication of explanations to human users. We
introduced VizXP, a visualization framework designed to convey explanations generated
through model reconciliation processes in planning. By leveraging a combination of state-
space and action-space visualizations, VizXP can effectively represent both domain-based
and problem-based explanations. This work lays some foundations for the successful deploy-
ment of explainable AI planning systems in real-world scenarios, where the ability to convey
complex reasoning in an accessible manner is paramount.

Our human-subject study yielded the following key findings: (1) Users, on average, demon-
strated better understanding of explanations when using VizXP compared to a traditional
text-based baseline; and (2) The improvement was particularly pronounced among users
with a computer science background, indicating VizXP’s potential for enhancing explana-
tion comprehension even among experienced users.

These findings underscore the importance of considering the medium of explanation deliv-
ery, an aspect often overlooked in the pursuit of more sophisticated explanation generation
algorithms. VizXP complements the explanation techniques developed in previous chapters
by providing an effective means of communicating these tailored explanations to users.

Looking ahead, several promising avenues for future research emerge. We could explore the
effectiveness of VizXP across a broader range of domains and user demographics to assess its
generalizability and identify potential areas for improvement. The development of dynamic
visualization techniques that adapt in real-time to user feedback and understanding is an-
other exciting direction, potentially incorporating machine learning algorithms to personalize
the visual representation based on individual user preferences and comprehension patterns.
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Additionally, integrating VizXP with other modalities of explanation, such as natural lan-
guage generation or interactive dialogues, could create multi-modal explanation systems that
cater to diverse learning styles and preferences. Lastly, investigating the long-term impact
of visualization-based explanations on user trust, decision-making, and overall satisfaction
with AI systems in real-world applications would provide valuable insights for the field of
explainable AI.

While not directly involved in the upcoming chapters, we extend the learning that humans
understand better with visualizations to develop methods for detecting fairness concerns in
real-world systems for resource allocation. The insights gained from this work have influenced
research in other areas of explainable AI planning, especially in the design of user studies
and the evaluation of explanation effectiveness. The designed framework has been used in
work studying logic-based explanations in classical and hybrid planning [157].
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Chapter 4

Identifying Fairness Concerns I:
Energy Disruptions During Winter
Storm Uri

4.1 Introduction & Contribution

Having established methodological foundations for communicating complex AI decisions, we
now turn our attention to the first of two case studies that demonstrate why fairness in
algorithmic systems demands urgent attention. This chapter dives into an empirical investi-
gation of real-world fairness violations, examining how infrastructural decisions during crisis
events can perpetuate systematic inequalities. While brief, this analysis provides critical
context and motivation for the algorithmic contributions that follow in later chapters.

Winter Storm Uri, which devastated Texas in February 2021, provides a stark illustration of
how algorithmic and operational decisions in critical infrastructure can disproportionately
impact vulnerable populations. While the storm’s immediate causes were meteorological,
the distribution of power outages across different communities reveals patterns that raise
fundamental questions about fairness in resource allocation during emergencies.

Through our investigation of power outage patterns during Winter Storm Uri, this chapter
accomplishes several objectives that directly inform the subsequent algorithmic contributions
in this dissertation. First, it demonstrates the critical importance of disaggregated analysis
in fairness evaluation, showing how aggregate statistics can mask significant disparities.
Second, it reveals how operational decisions made under pressure can have profound equity
implications, establishing the real-world stakes for the fair resource allocation algorithms we
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develop in later chapters. Finally, it illustrates the complex interplay between geographical,
demographic, and infrastructural factors that fair algorithmic systems must account for.

This empirical foundation motivates the theoretical and algorithmic work that follows, pro-
viding concrete evidence for why we cannot treat fairness as an afterthought in system design,
but must instead build equity considerations into the core of our decision-making frameworks
from the outset.

4.2 Background

Modern infrastructure heavily relies on access to energy to improve the quality of life and
provide essential services to citizens. Disruptions in the provision of energy services can have
far-reaching consequences, impacting access to safe food, health services, and communica-
tion. Winter Storm Uri, which impacted Texas in February 2021, serves as a stark example
of the detrimental effects of energy infrastructure failure [18]. A lack of winterization of
certain infrastructure necessary for successful power system operations led to widespread
power outages, leaving a significant portion of the state’s population without heating, water,
internet, and cellular service [33]. Tragically, this resulted in numerous deaths and exposed
the vulnerability of communities when energy delivery is compromised. Fairness in energy
distribution, an often overlooked aspect of energy access, becomes crucial in such scenarios.

This analysis aims to investigate the impacts of disparate energy access during Winter Storm
Uri, particularly focusing on the potential injustice along ethnic lines in the distribution of
power outages across the state. By analyzing data from a recent study [42], we explore
the hourly rate of power outages aggregated by counties in Texas. Our analysis reveals
that among rural populations, Hispanic households faced substantially higher outage rates
throughout the storm compared to other racial and ethnic groups.

4.3 Analysis

The dataset [42] encompasses outage information between the 10th and 24th of February
2021, providing hourly power outage rates for 252 counties (>99% of the counties in Texas),
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alongside demographic information for each county. This county-level information includes
the number of customers (households), the fraction of customers without power during any
given hour (outage rate), and the percentage of the population in each county that is Black
and Hispanic. Additionally, counties are classified as urban or rural. For our analysis, we
concentrate on the period from the 15th through the 19th of February, encompassing the
peak of the outages. We examine the hour-by-hour outages among Hispanic, Black (non-
Hispanic), and White (non-Hispanic) populations. We combine the county-wise outage rates
from the study by Flores et al. [42] with data about race and Latino origin from the 2021
Texas census data [152] to get the outage rates by group. Since we lack granularity of outage
data below the county level, we assume all populations within a county suffered equal outage
rates.

Upon initial inspection, the distribution of power outages across groups appears reasonably
equitable when analyzed from a state-wide aggregate, as shown in Figure 4.1(a). However,
over 70% of the population in Texas is concentrated in the 20 most populated urban counties.
On the surface, the county-wide outage rates were similar between the urban and rural
counties with a 24.8% average outage rate on the 16th and 17th of February in urban
counties and a 25.2% average outage rate in rural counties. Since we only have county-
level outage rates, we are unable to disambiguate between differences across groups at an
intra-county level. Thus, the large urban counties have a dominating effect on the overall
statistics, as large swathes of each group’s population are assumed to suffer equal outage
rates. To adjust for this urban county bias, we remove the urban counties from the analysis,
considering only the 170 rural counties. The outage rates for this subset of the data are
shown in Figure 4.1(c). Figures 4.1(b) and (d) provide a closer look at this discrepancy,
looking at data from the 16th and 17th of February when the highest number of outages
were observed. We can see a clear difference in the distribution of outages for rural Hispanic
households and other groups.

A clear trend emerges: within rural counties, Hispanic households consistently ex-
perienced higher outage rates compared to other households. During peak outages,
when temperatures were as low as 6◦F, rural Hispanic households faced outage rates up to
34% higher than rural White households and 50% higher than rural Black households.

To further explore this disparity, we examined the geographical distribution of the rural
Hispanic population as shown in Figure 4.2. We see that many of the counties with a high
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Figure 4.1: Outage rates and their distributions for all Texas counties combined (panels a
and b), rural populations (panels c and d), and urban populations (panels e and f) during
the 2 days of peak outages (16 & 17 February 2021). For the rural population, the mean
relative difference between Hispanic and Black populations was 36.2%, and the mean relative
difference between Hispanic and White populations was 26.7%. When aggregated across all
Texas counties, these differences were 6.58% and -3.66%, respectively.

fraction of Hispanics also observed a higher outage rate (along the southern border of Texas).
This contributes towards the increased average outage rate of the Hispanic rural population
over other populations. Specifically examining the number of Hispanic households affected,
some counties with a large concentration of Hispanics contribute significantly towards the
total number of the Hispanic population suffering outages (Figure 4.2, right).

We also note that the primary causes of outages were issues with electricity production
[18], and malfunctions at power plants [89, 40]. ERCOT, the organization operating Texas’s
electrical grid, also employs Transmission and/or Distribution Service Providers (TDSPs),
that control which regions to turn off [89]. In addition, reports describe the blackouts
as ‘rotating’ [40]. Further, only 1.9 GW out of 46 GW of capacity loss was caused by
“transmission and substation outages” [89]. This strongly suggests that the regions being
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Compared Groups Rural Urban Overall
Hisp. vs Black 36.04% 2.94% 6.42%
Hisp. vs White 26.29% -8.57% -3.77%
Hisp. vs Black (Max) 50.35% 18.16% 20.78%
Hisp. vs White (Max) 34.36% 0.12% 3.69%

Table 4.1: Mean and maximum relative difference for different populations, comparing the
Hispanic population to the Black and White population.

Figure 4.2: Demographic and outage information for rural counties in Texas. (left) Outage
distribution across the counties during the two days of peak outages. (middle) Fraction of
Hispanic population in each county. (right) Contribution of each county towards the total
rural Hispanic households seeing outages.

affected by blackouts were the result of deliberate choices, as opposed to resulting from
environmental causes like transmission line failures eliminating power to certain regions.

Seven different TDSPs control and manage power distribution across different areas of Texas,
each independently making decisions. Based on the above findings, it is possible to suggest
that some TDSPs took the decision to divert power away from certain areas with higher
Hispanic populations, leading to the observed disparity. If power was diverted from some
other regions, or if there was guidance on equitable energy distribution, a fairer distribution
of energy resources could have taken place.

While the observed effect may not have been intentional, the outcome remains unjust. Rural
Hispanic households encountered inequitable energy access during a potentially lethal event
due to decisions made by the operators. This highlights the urgency of addressing energy
justice—an issue that has been overlooked for far too long. Our analysis also underscores
the necessity of adopting a more nuanced perspective when evaluating energy equity. Simply
examining summary statistics at the overall population level could mistakenly portray the
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system as fair. Instead, careful consideration is essential to identify different groups that
may be disproportionately affected by such events.

4.4 Viewing Uri Through the DECA Lens

While our empirical analysis here is constrained by county-level data and limited visibility
into operational decisions, it is nonetheless useful to view Winter Storm Uri as an instance
of a DECA problem, as defined in Chapter 2.

Agents and evaluation. In the Uri setting, local service areas (e.g., substations or trans-
mission districts) can be thought of as “agents” producing implicit utility signals. These util-
ities reflect the benefit of continued service to their customers, such as maintaining heating,
powering medical equipment, or preserving food and water access. Although not explicitly
modeled in ERCOT’s operations, these signals align with the distributed evaluation stage in
DECA.

Central allocation. Ultimately, ERCOT and the Transmission/Distribution Service
Providers (TDSPs) acted as central allocators. Confronted with strict global constraints—in-
sufficient generation capacity to serve all load—they determined which areas to curtail. This
matches the centralized allocation step in DECA, in which actions must satisfy system-wide
feasibility (e.g., keeping total demand within available supply).

Fairness implications. Our findings show that, absent fairness-aware objectives, alloca-
tion outcomes can disproportionately burden certain demographic groups. In DECA terms,
the allocator solved a feasibility problem but did not optimize for equity over the payoff
vector Z that tracked service received by each group. Embedding fairness into the central
allocation—whether as an explicit constraint or as part of a fairness–efficiency trade-off like
in DECAF—could mitigate such disparities.

Opportunities for future work. With more granular operational data (e.g., feeder-
level outage schedules, critical load prioritizations, and demographic overlays), one could
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instantiate the full DECA framework and directly evaluate fairness functions such as α-
fairness or the Generalized Gini Function over Z. Such an analysis would quantify how
different allocation strategies trade off efficiency and fairness, offering a principled way to
design interventions for future crises.

4.5 Conclusion

This chapter examined Winter Storm Uri as a real-world instance of a Distributed Evalua-
tion, Centralized Allocation (DECA) problem under extreme scarcity. Our analysis revealed
that rural Hispanic households faced substantially higher outage rates than other groups,
disparities that were hidden in statewide aggregates. These outcomes underscore the danger
of treating feasibility alone as sufficient: without fairness objectives, central allocation can
systematically disadvantage vulnerable populations.

Although limited by county-level information and lack of power generation data, this study
illustrates the stakes of fairness in resource allocation and motivates the algorithmic frame-
works that follow. In particular, it provides empirical grounding for fairness in DECA prob-
lems, showing why fairness must be evaluated on disaggregated payoff vectors and embedded
directly into allocation mechanisms. The next chapters extend this perspective with further
case studies and formal methods for achieving equitable allocations.
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Chapter 5

Identifying Fairness Concerns II:
Using Visualizations to Understand
Perceptions of Fairness in Large-scale
Ridesharing

5.1 Introduction & Contribution

In the previous chapters, we discussed how visualizations can help users understand complex
algorithmic decisions, and discussed a real-life case study of fairness violations in energy
infrastructure. In this chapter, we combine these ideas to design tools that can help stake-
holders understand and evaluate fairness in deployed algorithmic systems, forming the second
case study in this dissertation.

The ridesharing domain is an ideal testbed for this investigation: it involves multiple par-
ties with inherently competing interests—passengers seeking reliable and affordable service,
drivers pursuing fair compensation, and platforms optimizing efficiency and revenue. Un-
like the post-hoc analysis of Winter Storm Uri, here we study systems that make real-time
algorithmic decisions that directly shape fairness outcomes across these stakeholders. This
creates an urgent need for tools that help algorithm designers, policymakers, and affected
communities understand and evaluate the fairness implications of different matching strate-
gies.

On-demand ridesharing is a large-scale, real-time allocation problem with competing objec-
tives. Unlike single-passenger dispatch, drivers carry multiple riders with distinct origins
and destinations; matching choices propagate as vehicles move, inducing spatio-temporal
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Figure 5.1: From left to right: (i) Map View of FairVizARD. (ii) Graph View of FairVizARD.

dependencies and neighborhood-level impacts. This makes ridesharing a concrete instance
of Distributed Evaluation, Centralized Allocation (DECA): local evaluations of feasible trips
feed a central allocator that enforces global capacity and timing constraints.

A key limitation of existing ridesharing matching algorithms is that they primarily optimize
monetary or satisfaction proxies (e.g., platform/driver revenue, average delay), so equity
only improves when it coincides with those goals. In practice, this can produce systematic
disparities—for example, policies that keep drivers in dense zones to maximize throughput
while underserving lower-demand neighborhoods. Consequently, there is growing interest in
measuring and improving fairness in ridesharing [53, 86, 107]. Yet most approaches distill
fairness to a single metric, leaving open the questions of which fairness notions stakeholders
actually care about and how to trade them off across parties (passengers, drivers, platforms).

To tackle this, we introduce FairVizARD—a Fairness Vizualization for Analysis of Ride-
sharing Data (Figure 5.1). FairVizARD combines map- and graph-based views to expose
spatio-temporal patterns in requests, driver activity, and outcomes; supports side-by-side
comparison of matching algorithms under the same inputs; and uses aggregation/buffering
to keep city-scale data legible without overwhelming users. Rather than prescribing a single
fairness objective, the system surfaces stakeholder-specific signals (e.g., acceptance ratios,
delays, inter-zone flows) so users can interrogate fairness under their own criteria. Because
ridesharing allocations are selected centrally from locally evaluated options under shared
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constraints, we treat this domain as a concrete Distributed Evaluation, Centralized Allocation
(DECA) instance and use visualization to audit its fairness.

Contributions: The main contributions of this chapter are:

1. Visualization system: Design and implementation of FairVizARD, an interactive,
city-scale visualization for exploratory, stakeholder-centric analysis of ridesharing allo-
cations with split-screen algorithm comparison.

2. Zonal Fairness: A geography-aware diagnostic (minimum inter-zone acceptance ra-
tio) that highlights underserved flows and offers a simple and novel lens on spatial
equity.

3. User study and downstream use: A detailed user study and expert interview
benchmark FairVizARD against a numeric-metrics dashboard. Participants matched
the dashboard on overall comprehension while surfacing additional fairness-relevant
spatial patterns and stakeholder-specific concerns that aggregates missed. We carry
the top rider- and driver-side concerns forward and instantiate them as objectives/-
constraints in the next chapter (Chapter 6).

5.2 Background

5.2.1 Ridesharing Matching Problems:

While there are many variants of ridesharing matching problems (RMPs), in a typical prob-
lem definition, a matching algorithm receives as inputs a continuous stream of batches of
requests from passengers U containing their pickup and dropoff locations and the current
locations of all the taxis D. It then needs to match as many requests to taxis as possible
in a way that optimizes some objective function (e.g., maximizes the number of requests
matched) subject to physical constraints κ (e.g., maximum number of passengers that can
share a taxi) and time-related constraints T (e.g., passengers with matched requests must
be picked up within a certain time).
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More formally, a typical RMP is defined by a tuple 〈G, C,D,U , κ, T ,∆〉, where:

• G = 〈L,E〉 is a graph representing a road network, where each node l ∈ L is a location
in the city and each edge e ∈ E connects two neighboring nodes in the graph.

• C : E → R+ is a function that defines the cost C(e) of each edge e ∈ E in the graph.

• D is a set of taxi drivers in the problem.

• U is the set of requests from passengers, with each request ui ∈ U defined by the tuple
〈si, gi, ti, fi〉 containing the pickup location si ∈ L, the dropoff location gi ∈ L, the
arrival time ti of the request, and the fare fi that will be paid if the request is served.

• κ is the maximum number of passengers that can share one taxi.

• T is the set of time-related constraints imposed on the problem. Examples include the
pickup delay, defined as the difference between the arrival time of a request and the
time the passenger is picked up, or the detour delay, defined as the extra time taken
to reach a dropoff location due to ridesharing, being within some user-defined upper
bound. Both of these delays are computed using the edge costs C(e) of the relevant
edges taken by the taxi.

A solution M = {(ui, dj), . . .} is a set of matches between request ui ∈ U and taxi driver
dj ∈ D such that all the constraints in κ and T are satisfied. A solution is optimal if it
optimizes its objective function, which could differ across problem definitions.

RMPs has been extensively studied, where researchers have introduced methods that improve
the quality of the matches made in terms of increasing the number of requests matched [94,
95, 96], reducing the pickup and detour delays [7, 64, 96], and increasing the revenue of
the drivers [86]. The complexity of RMP algorithms and, as a result, the time taken by
algorithms to match drivers to passenger requests, increases with the increase in the value of
κ. As the runtime of the RMP algorithms need to be relatively small, most existing works
have either considered assigning one request at a time (sequentially) to available drivers
for high value of κ [96, 146, 64] or assigning all active requests together in a batch for a
small value of κ [167, 172]. The sequential solution is faster to compute but the solution
quality is typically poor [151]. Researchers have proposed integer optimization approaches
for assigning all active requests together for a high value of κ [7], and further improved
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them by including information about anticipated future requests while matching the current
batch of requests [134, 95]. This last class of approaches fit neatly into the DECA framework,
where the agents (i.e., drivers) evaluate their own payoffs for serving requests (resources),
and a central planner (i.e., the RHC) allocates requests to drivers based on these payoffs.

5.2.2 Fairness in Ridesharing:

Early work in this area has focused on fairness from the perspective of passengers, where
researchers assume that each passenger will get a discount on the fare of their ride depending
on the type of partners that share the taxi. With this assumption, researchers investigated
how the discounts should be distributed across passengers [53]. Later work more formally
defined the concept of ridesharing fairness while tackling the issue of transparency by allowing
passengers to indicate their preferences for the type of partners they wish to share their rides
with [163]. When such preferences are available, researchers can then apply game-theoretic
concepts such a stable pairings [44]. More recent work has focused on fairness from the
perspective of drivers as well as two-sided fairness for both passengers and drivers [145].
There is also work on group-based fairness that aims at identifying and balancing bias against
certain groups of passengers or drivers on grounds like location, race, and gender [107, 164].

The literature thus far has focused only on defining and quantifying fairness in such a way
that they can be used as objective functions or additional constraints of RMP algorithms.
In contrast, we are interested in developing a visualization system that can be used to better
understand the implicit notions of fairness of laypersons using ridesharing systems. None of
the works discussed thus far have visualized the fairness of RMP algorithms.

5.3 FairVizARD Design

We now discuss the design of FairVizARD, including the design challenges, the various com-
ponents of the visualization system and the new fairness metric we propose, Zonal Fairness.
Our goal was to build an interactive visual interface that allows users to explore different
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notions of fairness and, as a bonus, also allows algorithm developers to analyze the perfor-
mance of their algorithms across common metrics. To that end, we had the following design
challenges:

• Identifying key points of information to visualize: With so many possible factors
affecting notions of fairness, one of the key challenges was to identify and prioritize the
information to visualize. Since the data is primarily spatio-temporal data, we decided
to use a map-based visualization (map view) to describe the spatial distribution of the
data and a graph-based visualization (graph view) to describe the temporal distribution
of the data.

• Handling a large volume of data: Another key challenge was finding out suitable
aggregation techniques to handle the large volume of data points that needed to be
visualized. It was more of a challenge on the map view, with over over 200,000 requests
coming in over a day, and 1,000 drivers active at any time based on the algorithms
used to simulate ridesharing. One of the primary ways we tackled this issue was by
using binning. Data is aggregated spatially (e.g., within zip codes or neighborhoods)
and temporally before being presented to the user. In addition, when multiple layers
of visualization are active at the same time, we reduce the information density on the
screen by suppressing the visibility of some of the features until users interact with
them.

• Accounting for multiple parties or stakeholders of the system: Since the
goal of FairVizARD is to allow the exploration of fairness across multiple stakeholders
(i.e., passengers, drivers, and RHCs), it was important to visualize data relevant to
all stakeholders. Based on metrics found in the literature for ridesharing fairness,
we identified important pieces of information to display for the different stakeholders,
which we describe in the following subsections.

FairVizARD shows data for a single day (24 hours) with one-minute resolutions. This reso-
lution is decided based on the decision epochs considered by the algorithms we run, and can
be scaled as required. We demonstrate FairVizARD using Manhattan, NY as the network
graph. All algorithms were run using demand data from the NY Yellow Taxi Dataset [112],
with 1000 drivers operating across 24 hours. FairVizARD can be used to look at a single
algorithm at a time, or to compare two or more algorithms side by side in a split-screen
view.
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Figure 5.2: Possible Map Views. From left to right: (i) Taxi Data; (ii) Request Data; (iii)
Inter-Zone Data; (iv) Individual Zone Data; (v) Legend

5.3.1 Map View

Recall that the data to visualize is primary spatio-temporal data. Therefore, FairVizARD
is composed of two views: A map view that uses a map-based visualization to visualize the
spatial distribution of the data and a graph view that describe the temporal distribution of
the data. We now describe the map view and discuss the graph view later.

Figure 5.1(i) shows the map view displaying a specific type of information, which we will
discuss later. In general, this view shows data at a particular time of day distributed across
the map. When aggregated data is shown, then users can also adjust the time window
over which the data is being aggregated by using a slider (Figure 5.1(i)). Users can select
different kinds of information to display on this view through the use of a sidebar. Each
of these sub-views can be stacked, allowing users to look for correlations across different
aggregation methods and data. Figure 5.2 illustrates the four possible sub-views:

• Taxi Data: Figure 5.2(i) shows the locations of all taxis at the current time, where
each individual circle corresponds to a taxi. The size of a circle grows proportionally to
the number of active requests of the taxi at the current time step. The color of a circle
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indicates the number of requests matched to the taxi over the previous time window,
where the legend is shown on the top of Figure 5.2(v). We use a diverging color scale
of red-white-green because it may be of interest to spot outliers that are matched with
too few requests (colored red) or too many requests (colored green) compared to the
average. Clicking on a circle highlights the path of the taxi (colored orange), showing
the pickup and dropoff locations of its active requests along the way. This sub-view
was intended to give users a quick overview of the distribution of taxis over the city,
and to help understand the spread of requests over drivers.

• Request Data: Figure 5.2(ii) shows the pickup locations of all the requests received
at the current time step as green circles. Users can also toggle on the dropoff locations
of those requests, which will be shown as red circles. Additionally, users can also filter
the data to just show the matched requests, unmatched requests, or all requests. This
sub-view thus give users a sense of where passengers are currently located, where they
want to travel to, and whether requests from some location or requests to some location
are consistently unmatched by the algorithm.

• Inter-Zone Data: Figure 5.2(iii) shows the relationship between zones in the city,
where zones are contiguous regions that are either defined by zip codes or by user-
defined neighborhoods. Each zone is visualized on the map as a node located at the
centroid of the zone. A directional edge (shown by a flow animation) from zone z1 to
zone z2 indicates the number of matched requests, whose pickup locations are in zone
z1 and dropoff locations are in zone z2, in the previous time window. The thickness of
the edge is proportional to the square root of the number of matched requests. The
color of an edge from zones zi to zj can be used to indicate one of two possible metrics:

◦ Acceptance ratio, which is the ratio between the number of matched requests
|M(zi, zj)| from zone zi to zone zj and the total number of incoming requests
|U(zi, zj)| from zone zi to zone zj. Figure 5.2(iii) colors the edges using this
metric, where the legend is shown in the middle of Figure 5.2(v).

◦ Average detour delay, which is the average detour delays for all matched requests
from zones zi to zj.

Users can hover over a zone and the visualization will only show the incoming and
outgoing edges of that zone and the geographical boundary of that zone. For example,
Figure 5.2(iii) shows the visualization when the user is hovering over the “Upper East
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Side” zone. This sub-view was intended to allow users to analyze the amount of traffic
between zones and the degree in which requests from/to a zone is not matched or have
disproportionately long delays.

• Individual Zone Data: Figure 5.2(iv) illustrates data related to zones, which are
either defined by zip codes or user-defined neighborhoods. Each zone is colored ac-
cording to its average pickup delay, which is the average difference between the arrival
time of matched requests from the zone and the time the passenger is picked up. This
sub-view allows users to identify neighborhoods with disproportionately long delays.

Through the design of the map view, we also discover a new fairness metric, called Zonal
Fairness, that is fairly intuitive. Using the same notion of zones as described above, the
zonal fairness value Zf is defined as:

Zf = min
(zi,zj)

AR(zi, zj) = min
(zi,zj)

|M(zi, zj)|
|U(zi, zj)|

(5.1)

where (zi, zj) is an arbitrary pair of zone nodes, and AR(zi, zj), M(zi, zj), and U(zi, zj)
are the acceptance ratio, number of matched requests, and number of incoming requests
from zone zi to zone zj, respectively. Intuitively, the value of Zf indicates the ratio of the
requests matched for the pair of zone nodes that is most underserved. The value of Zf can be
extracted from the Inter-Zone Data sub-view if the user chooses to visualize the acceptance
ratio metric. A hypothetical matching algorithm could also use this metric as its objective
function and seek to maximize Zf .

5.3.2 Graph View

We now discuss the graph view of FairVizARD, which visualizes temporal distribution of
the data. Figure 5.3 displays the four possible graphs that are shown in graph view of
FairVizARD, where each graph is under its own collapsible header. The types of graphs are
as follows:

• Incoming Request Graphs: The graphs at the top of Figure 5.1(ii) show examples,
where they plot the number of matched, unmatched, and total requests received against
the time of the day that the requests were received. Users can use these graphs
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Figure 5.3: Examples of various plots in the graph view. Clockwise, from top left: (i)
Incoming Request Graphs; (ii) Pickup and Detour Delay Graphs; (iii) Completed Request
Graphs (per hour); (iv) Completed Request Graphs (per day)

to identify peak times in the day and to get a sense for when requests are usually
unmatched.

• Pickup and Detour Delay Graphs: The graphs in the middle of Figure 5.1(ii) show
examples, where they plot the average pickup and detour delays for requests arriving
at each time step as well as their 24-hour averages. Users can use these graphs to
evaluate algorithms based on metrics that are important to passengers. Using these
graphs in conjunction with request graphs will also allow users to identify correlations
between the number of requests received and the delays, if they exist.

• Completed Request Graphs: The graphs at the bottom of Figure 5.1(ii) show
examples, where they plot box plots of the distribution of the number of requests
completed by taxi drivers throughout the day. Each box plot provides the range of
requests completed (i.e., their minimum and maximum values), the median (shown by
the horizontal line in the orange rectangle), the second and third quartiles (the ranges
corresponding to the bottom and top portions of the rectangle, respectively), and the

60



10th and 90th percentiles (shown using ticks on the vertical line). Users can use these
graphs to evaluate algorithms based on metrics that are important to drivers. For
example, if the box plots show a large variance during some time of the day, then it
means that some drivers are disproportionately completing fewer requests compared
to others.

5.4 Evaluation Setup

We now discuss the setup for our evaluation, where we compared FairVizARD against a
benchmark visualization of numeric metrics through exploratory user studies and an expert
interview. The goal of the evaluation is to examine how FairVizARD impacts data compre-
hension and exploration of ridesharing matching algorithms. We had the following goals in
our user study:

• Goal 1 (User Understanding of Data): Understand if FairVizARD allows users
understand the same data as effectively as a set of contextually-relevant numeric met-
rics used in literature to quantify fairness.

• Goal 2 (Facilitation of Exploration): Discern if users could make fairness-related
observations through FairVizARD that they could not make through numeric metrics
alone.

• Goal 3 (Accommodation of Different Notions of Fairness): Better understand
the diversity of opinions on fairness and see if FairVizARD allows users to explore their
notions of fairness.

5.4.1 User Study Design

We ran an exploratory user study with 18 participants, where each participant used both
FairVizARD and a dashboard of numeric metric values. Participants completed a survey
where they needed to rank two ridesharing matching algorithms in terms of their fairness for
each of the three parties (i.e., passenger, driver, and RHC) in the system. In the survey, the
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Figure 5.4: System preference across users, on the basis of ease of use, exploration, and
comprehension of fairness. From left to right: (i) Preferences of all users; (ii) Preference of
users in the VN ordering; (iii) Preference of users in the NV ordering

participants were also asked to describe their own notions of fairness that they were using
to rank the algorithms and describe how they used the information shown in each system to
measure the two algorithms based on their notions of fairness.

Numeric Metrics as Benchmark Comparison: The current state of the art in evaluating
the fairness of matching algorithms is through numeric values of different fairness metrics.
For example, researchers have seeked to maximize the minimum revenue of taxi drivers [86]
and to improve the equitability in the distribution of revenue of taxi drivers [145]. We thus
developed a dashboard that presents relevant statistical information of common fairness
metrics for the algorithms being evaluated. Specifically, it presents information for the
following metrics: (1) Statistical information on the distribution of completed requests across
all taxi drivers; (2) Total number of completed requests; (3) Statistical information on the
distribution of acceptance ratio across all minutes of a day; (4) Statistical information on the
distribution of inter-zone acceptance ratio across all pairs of zones; (5) Statistical information
on the pickup delay across all matched requests; and (6) Statistical information on the detour
delay across all matched requests.

Accounting for Ordering Bias and Learning Effects: Since all users will use both
FairVizARD and the dashboard of numeric metrics to compare the matching algorithms,
the ordering in which they use the systems may influence their perceptions of the systems.
For example, users may have more difficulty using the first system compared to the second
system since they are already more familiar with the data by the time they use the second
system. Therefore, we randomly split our pool of participants into halves, where one half
uses FairVizARD before the dashboard and vice versa for the other half, to better understand
and account for ordering biases. We hypothesize that the ranking of the two algorithms for
a user should remain unchanged across both FairVizARD and the dashboard of numeric
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metrics. However, to ensure that users did not carry over their observations and conclusions
from using the first system to the second system, we swapped the positions of the algorithms
and used different input data for the two systems.

5.4.2 Participants

We recruited 18 volunteers (13 men and 5 women), whose ages are between 23 and 45 years,
with an average age of 28 years. All participants had some graduate education and had
taken an algorithms course at some point in time. 17 participants reported familiarity with
ridesharing systems. We use the identifiers VN1 to VN9 to refer to the 9 participants that
use FairVizARD first before using the dashboard of numeric metrics, and we use identifiers
NV1 to NV9 to refer to other 9 participants who used the dashboard first.7

5.4.3 Ridesharing Algorithms

We evaluated FairVizARD using two ridesharing matching algorithms (RewardPlusDelay
and NeurADP), whose objective is to maximize the number of requests matched and both
enforce the same capacity and time-related constraints. RewardPlusDelay [7] is a myopic
algorithm that does not consider the future value of matches while making matches in the
current time step. After generating the feasible groups of requests, it matches taxis to these
groups using an integer linear program. Aside from the objective of maximizing the number
of requests matched, it also adds a component to the objective function to prefer matches
that minimize detour delays.

Neural Approximate Dynamic Programming (NeurADP) [134] is a non-myopic approach
that consider the future value of matches while making matches in the current time step.
It does so by using a neural network to learn the expected future value (i.e., the expected
future effect of current matches of taxis to feasible groups of requests) and incorporates
those learned expected future values in its integer linear program. Aside from the objectives
of RewardPlusDelay, it also seeks to maximize the expected future value in its objective
function.

7We used ‘N’ for numeric metrics and ‘V’ for visualization.

63



Table 5.1: Measures used by users to define their notions of fairness; some users provided
more than one measure

Party Fairness Measures Defined by Users # Users

Drivers

Equal revenue 7
High average revenue 7
All drivers in same area/time should get the same number/type of matched requests 3
Certainty that they will get matched throughout the day/Consistency in getting matches 2
Travel time to pick up passenger should be small 2
Minimize idle hours 1
Guaranteed revenue (i.e., a base salary) 1
Maximize distribution of taxis across different locations 1
Getting matched based on their preference (e.g., preferred destinations) 1

Passengers

Minimize average detour delay 14
Uniform acceptance ratio across locations 11
High acceptance rates/Low rejection rates for all locations 4
Uniform detour delay across locations 3
Requests from the same pickup location and time should have the same likelihood of getting matched 1
Identical detour delays for requests with the same pickup and dropoff locations 1
Minimize maximum detour delay 1

Ride-Hailing Companies

Maximize profit/requests matched 15
Balance between driver-side fairness and passenger-side fairness 9
Smaller detour delay 2
Maximize number of shared rides 2
Matching requests across different locations 1
Maximize passenger satisfaction 1
Reputation 1

5.5 Experimental Results

We now discuss the results of our evaluations, first, in the context of the three goals of our
study.

Goal 1 (User Understanding of Data): To evaluate the degree to which a user under-
stands the data presented to quantify fairness, we count how many of the following four
key easily-observable differences between the two algorithms they observed: (1) NeurADP
matched more requests compared to RewardPlusDelay, which corresponds to more revenue
for RHCs. (2) The variance in the number of matched requests per taxi driver is smaller
with NeurADP than with RewardPlusDelay. (3) RewardPlusDelay matched more requests
from zones with smaller number of requests. (4) RewardPlusDelay’s matched requests have
smaller average delays than NeurADP’s matched requests.

Overall, users using FairVizARD and the dashboard with numeric metrics observed on aver-
age 3.38 and 3.22 differences, respectively. There was no ordering bias observed since users
using FairVizARD observed at least as many differences as when they use the dashboard
in both orderings. Therefore, we conclude that FairVizARD does allow users to understand
data that is relevant for fairness as easily as, if not better than, numeric metrics.
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Goal 2 (Facilitation of Exploration): In general, users were able to make fairness-related
observations using FairVizARD that they did not make using the dashboard with numeric
metrics. We provide an anecdotal observation below of user NV1, who used the dashboard
first before using FairVizARD. When using the dashboard, they noted that “Neighbourhoods
are more equally served” for RewardPlusDelay. When using FairVizARD, they noticed
underserved neighborhoods with low acceptance ratios for NeurADP. Overall, they concluded
that RewardPlusDelay is fairer:

“To me fairness would mean serving all neighborhoods and all people equally. It
is more important than maximizing income for drivers or companies. Algorithm
2 underserves Inwood and Harlem, where there are more people of color and black
people. For this reason I think Algorithm 1 is better.”

where Algorithms 1 and 2 correspond to RewardPlusDelay and NeurADP, respectively. The
fact that the user knew the population demographics in the different areas of Manhattan,
coupled with having the data spatially represented on a map, allowed them to make more
nuanced fairness-related observations than if they used numeric metrics alone.

Goal 3 (Accommodation of Different Notions of Fairness): The diversity of opinions
on fairness among our users is apparent, as shown by Table 5.1, where most users defined
multiple notions of fairness for a single party. Given the myriad notions of fairness, even
for a single application domain of ridesharing, it becomes even clearer that it is unlikely
that a single fairness metric can capture all the underlying intricacies involved in measuring
the fairness of a matching algorithm. Therefore, there is a strong need for exploratory
systems that allow users to interact with data across different dimensions to come to a more
well-informed conclusion.

5.5.1 Ordering Effects

We also observed that the order in which users used the systems influenced their preferences
and time spent on each system (see Figures 5.4 and 5.5).

Ordering Effect on Preference: Overall, both FairVizARD and the dashboard with nu-
meric metrics are identical in terms of their ease of comprehension. However, users preferred
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Figure 5.5: Average user interaction times

whichever system they used second, probably because they were already more familiar with
the data. Unsurprisingly, users also thought that it is easier to explore the data using
FairVizARD, though the ratio of users who thought so is higher in the group that used the
dashboard with numeric metrics first compared to the group that used FairVizARD first.
Again, we suspect that users were not able to as easily explore the data because they were
overwhelmed with FairVizARD as their first system. In contrast, when users are already
familiar with the broad trends in the data after using the dashboard, they are able to better
investigate finer trends through FairVizARD. Finally, also unsurprisingly, users also strongly
preferred the dashboard of numeric metrics in terms of the ease of use. This preference is
visible in both groups, likely because the dashboard requires significantly less effort to find
relevant data, almost giving users direct answers to the questions.

Ordering Effect on Time Spent: On both orderings, users spent more time on
FairVizARD than on the dashboard with numeric metrics (see Figure 5.5). However, the
difference is marginal when users used the dashboard first and is substantially larger when
they use FairVizARD first. As described above, once users are familiar with the data af-
ter using the dashboard, they are able to more easily use FairVizARD. The NV group of
users finished the study 9 minutes faster than users in the VN group, which is a significant
difference.
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5.5.2 Qualitative Comments

We now discuss qualitative comments provided by users, where we group them thematically
and provided representative samples from each group:

Quick vs. In-Depth Analysis: The biggest difference between FairVizARD and the
dashboard with numeric metrics is the volume of information presented to the user. Given
that the dashboard provide more concise aggregate information, many users found it easier
to use:

“Numeric fairness metrics provide less information at once but make it easier
for viewer to have a idea with less time.” – VN6

Two users commented that the curation of the metrics meant that statistics that were hard
to see in FairVizARD were easier to make sense of with the dashboard; they both used
FairVizARD first before using the dashboard. On the flip side, users believe that FairVizARD
allows for a more in-depth analysis through better exploration of the data and the creation
of a ‘more informed decision’:

“The visualization revealed more information. It took some time to understand
all the functions but once I understood, I felt like I was able to investigate more
and better.” – NV1

The consensus is that numeric metrics concisely convey ‘relevant’ information for a quick
analysis while FairVizARD allows for in-depth analyses. This suggests that the difference
in preference may fall roughly along the lines of how users prefer to interact with their data
– summary vs in-depth. This, in turn, could be a reflection of the ‘need for cognition’ of
different users [19]. This position is nicely summarised by the following quote:

“Visualization provided far more information and nuance, but at the expense of
having to critically think about what it means to benefit a stakeholder.” – VN5
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Kinds of Information: Another theme in the comments was about the utility of different
types of information in the two systems. An important feature of numeric metrics was the
presence of curated aggregate information. The absence of this in FairVizARD is a con for
many users:

“There was not a clear way to see the total zone-wise acceptance rate of rides
because the visualization required me to put in a specific time. If there was a
visualization that summarized that information for the whole day, that would
have been a lot more useful.” – VN2

On the other hand, the presence of spatio-temporal information was important to many
users:

“The visualizations highlighted the potential disparate treatment among the dif-
ferent neighborhoods, which I didn’t think of during Task A.” – NV4

As a result, we believe that a combination of both systems is the way forward. We posit,
however, that while the FairVizARD could easily be modified to include the aggregate infor-
mation, it would be difficult to include that volume of spatio-temporal information numeri-
cally.

5.5.3 Expert Interview

In addition to the user study, we also conducted a semi-structured interview with an expert
who has worked in the ridesharing domain for 12 years in areas like fleet optimization, driver
behavior analysis, agent-based simulation of taxis, labor economics (of drivers), and impact
of ride-hailing innovation. We thus leveraged their experience to get better insights on the
utility of FairVizARD, by asking them some analytical questions. Their responses to the
various questions are discussed below.

They were able to identify all four key easily-observable differences discussed in Goal 1 above.
Similar to a majority of users, they also felt that the dashboard of numeric metrics is easier
to use:
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“For the purpose of reaching high-level judgement (e.g., fairness), numeric fair-
ness metrics allows well-trained decision makers to quickly arrive at conclusions.”

Both for ease of comprehension and ease of exploration, they ranked the visualization as the
better system, where FairVizARD allows people to:

“Actually explore and spot microscopic trends (particularly spatial-temporal pat-
terns on the map); the true value of the visualization is [that] you don’t need to
know beforehand what exactly you’re looking for.”

An improvement for FairVizARD can be to include the numeric metrics, since they are useful
in different scenarios:

“For a high level decision maker, numeric metrics are what they are more used
to particularly if they are transportation expert. Visualization is good, but they
probably only need those numbers, the key performance statistics, then they can
make decisions.”

“Let’s say there is a major change, in demand pattern, in driver population,
or the fleet size, then I think the visualization will help them to think about,
for example, new metrics they should come up with to better manage or better
regulate.”

5.5.4 Utility of FairVizARD for Algorithm Developers

During the course of development of the system, we also observed that FairVizARD can help
ridesharing algorithm developers in identifying and resolving issues in their systems.

Ridesharing systems are complex large scale spatio-temporal systems. There are thousands
of taxis in the system and hundreds of customers arrive at each decision epoch. The matching
decision taken by algorithms at one decision epoch has an impact on the decisions at future
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decision epochs. Due to such complications, the systems are hard to debug and silent errors
are common. The visualization can provide aid in debugging such systems by showing the
locations of taxis and customers and their movement across time.

While analyzing fairness of NeurADP algorithm using FairVizARD, we observed that after
reaching certain intersections, some taxis were not moving from their location. We commu-
nicated this observation to NeurADP developers and they found that the issue occurred due
to a bug in their simulator where if an empty taxi reaches an intersection from where the
time taken to move to any neighboring intersection is more than decision epoch duration,
it was not moving. The visualization helped NeurADP developers uncover this bug in their
simulator and it improved the performance of their algorithm by nearly 5%.

5.5.5 Discussion

Overall, we found that FairVizARD performed well on all the three goals of the user study.
The results show that it allowed users to (Goal 1) make fairness-related observations from
the data; (Goal 2) not only better explore the data, but also integrate their background
knowledge, to arrive at more nuanced fairness-related conclusions; and (Goal 3) have their
diverse notions of fairness accommodated. An analysis of the fairness metrics that users used
highlighted the diversity in opinions on fairness in ridesharing (see Table 5.1). Additionally,
users focused more on average-case statistics instead of the worst case, which is important
because the literature on fair algorithms often seek to improve the worst case. Finally, when
users are balancing the fairness of different parties, they tend to try to be fair to the majority.

A natural question that arises then is the following: ‘If FairVizARD met all its goals, why
did the user preferences not reflect it?’ We believe that the answer is two-fold: (1) Users have
an inherent preference on the amount of effort necessary to reach conclusions from the data.
The qualitative comments suggest that the difference in preference between the visualization
and numeric metrics is more a reflection of this than about how each system allowed users
to process fairness. (2) The current iteration of FairVizARD isn’t perfect. Although the
visualization provides spatio-temporal information, it does not provide aggregate information
that frames the problem using statistics initially shown to the user (in the case of NV
participants) and it does not allow for macro-level comparisons between different algorithms.
From these observations and expert user recommendations, we conclude that an ideal system
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would involve a combination of both high-level statistics from the dashboard of numeric
metrics and in-depth information provided by FairVizARD. Further, from the ordering effects
observed, presenting the high-level statistics first is the way to go.

This leads us to our final point of discussion – the use of FairVizARD by algorithm developers.
Though we did not highlight this in the paper, the visualization is a powerful tool that can
also be used to find silent errors related to the matching algorithm analyzed. Our expert
user went a step further and suggested that algorithm developers and even high-level decision
makers can use such a system during anomalous events when metrics calibrated for the day-
to-day may no longer be as relevant.

5.6 Conclusion

This chapter highlights how it is important to understand the impact of sophisticated algo-
rithms in terms of fairness for the different parties in systems like ridesharing. Existing work
has often distilled fairness into a single optimizable metric. However, users hold diverse views
about what should count as “fair,” as illustrated by Table 5.1. We proposed FairVizARD to
let stakeholders analyze matching outcomes according to their own notions of fairness. In
our user study, participants were able to explore data more deeply with FairVizARD than
with a dashboard of numeric metrics; the two approaches were comparable in overall com-
prehension, while the dashboard was easier to use. Users generally agreed that FairVizARD
provided richer, more detailed information, albeit with the cost of thinking more carefully
about how that information mapped to fairness.

Taken together, these results suggest that visualization complements high-level metrics: sum-
maries quickly orient decision-makers, while spatio-temporal exploration reveals fairness-
relevant patterns (e.g., neighborhood disparities, inter-zone flows) that aggregates may miss.
This chapter also introduced Zonal Fairness as a simple geographic diagnostic for under-
served flows.

Insights from the study surface concrete stakeholder priorities as perceived by participants
in our study, e.g., rider-side acceptance and delay disparities and driver-side earnings/match
consistency. In the next chapter (Chapter 6), we carry these concerns forward along with
our geographic fairness metric and operationalize them as objectives and constraints within
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our DECA-based allocation formulations, providing algorithmic mechanisms that directly
target the fairness issues identified here.
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Part III

An Incentive-Based Approach to
Fairness
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Chapter 6

Simple Incentives for Fair Matching
in Ridesharing Systems

6.1 Introduction & Contribution

So far, we’ve explored two case studies, demonstrating that fairness in resource allocation
is a real-world concern that hasn’t received significant attention. Building on our findings
from FairVizARD [83] in the previous chapter, we now take our first steps toward improving
fairness in DECA systems, targeting the top measures of fairness for passengers (uniform
acceptance ratio) and drivers (equal revenue) found in the user study.

As we discussed in the previous chapter, on-demand ridesharing has been gaining traction
over the past few years as a solution to the growing need for urban mobility [7, 95]. With
recent approaches to this problem, using dynamic programming and deep reinforcement
learning for matching passenger requests to available drivers has led to significant improve-
ments in service rate (percentage of passenger requests served) as well as total passenger
delay [7, 134, 94, 87].

However, as our user study revealed, focusing on efficiency can lead to reduced fairness
for both drivers and passengers in this system. While fairness in ridesharing has been a
subject of some prior discussion [107, 164], the particular issue of geographic disparities has
received less attention. Raman et al. [124] consider balancing overall efficiency and either
geographic or income fairness, but this approach loses a great deal of overall efficiency, and
requires complete retraining of the deep reinforcement learning model for any change in
hyperparameters, such as the relative importance of fairness.
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Instead of proposing yet another algorithm-specific approach to address fairness in rideshar-
ing, we seek to develop a general framework that can be applied orthogonally to a large
class of existing ridesharing approach. Specifically, we leverage the DECA-like two-stage
approach that many existing ridesharing algorithms [7, 134, 95] rely on: (1) Identifying or
learning good value functions for matches (DE), and (2) Optimizing over those value func-
tions to find a good match (CA). While one could incorporate fairness in the value function
learning stage, doing this would undermine our goal of generality since different ridesharing
approaches employ different ways of identifying or learning their value functions. However,
since all approaches employ similar ILP-based optimization approaches to find good matches,
incorporating fairness in the second stage would result in the generality that we seek.

Therefore, we propose Simple Incentives (SI) [80], a general framework for including fairness
in ILP-based matching, using any off-the-shelf value function approximations. The key
ingredient in SI is a novel linear measure of relative disparity that can be associated with
individuals based on their group membership (e.g, passengers’ origin and destination pair or
drivers’ relative income level).

Contributions: The main contributions of this chapter are:

1. We show how we can derive a general form for this measure from the lens of minimizing
variance in a metric of interest, following which we derive instantiations of passenger-
and driver-side fairness functions.

2. We theoretically demonstrate that our approaches, under mild assumptions, provably
improve the service rate of passengers from the most historically disadvantaged region
as well as improve the income of the driver with the least historical income.

3. We empirically demonstrate the generality of SI by showing that it significantly im-
proves fairness for a variety of ridesharing algorithms with minimal compromises on
service rate. Additionally, through experiments, we show that the best SI variant
achieves greater fairness than the state-of-the-art fair ridesharing approach, while at
the same time yielding overall system efficiency (measured by the service rate) that
is nearly inline with a state-of-the-art approach that maximizes efficiency and ignores
fairness.
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4. We show that our passenger- and driver-side approaches can be combined to improve
two-sided fairness in such systems.

5. Finally, unlike the existing state of the art [124], our approach is completely online,
allowing ridesharing operators or policy makers to tune the tradeoff between fairness
and efficiency in real time during execution.

6.2 Background

6.2.1 Order Dispatching in Ridesharing

Rideshare-matching has been extensively studied, and researchers have introduced methods
that improve the quality of the matches made in terms of increasing the number of requests
matched [95, 96], reducing the pickup and detour delays [7, 64], and increasing drivers’ earn-
ings [86]. The complexity of ridesharing algorithms increases with the increase in vehicle
capacity and fleet size. As the runtime of real-time algorithms need to be relatively small,
most existing work has either considered assigning one request at a time (sequentially) to
available drivers for high capacities [96, 146] or assigning all active requests together in a
batch for a small capacity [167, 172]. The sequential solution is faster to compute but the
solution quality is typically poor [151]. Alonso-Mora et al. [7] proposes ILP optimization
approaches for assigning all active requests together for high-capacity ridesharing. Shah
et al. [134] and Lowalekar et al. [95] further improve these approaches by including informa-
tion about anticipated future requests while matching current batch of requests to available
drivers.

6.2.2 Fairness in Ridesharing:

Researchers have evaluated ridesharing fairness from many viewpoints. For passengers, there
has been work on addressing lack of transparency [163], using game-theoretic approaches
to fairness [44], and benefit sharing by ensuring non-increasing disutility [53]. Driver-side
fairness has also been explored from the economic perspective, by using a max-min approach
to fairness to balance efficiency and fairness [86], and by looking at fairness over longer
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periods of time by equalizing driver income proportional to the number of hours spent on
the platform [145]. Fairness isn’t restricted to monetary benefits, however. Motivated by
demographic and geographic fairness concerns, recent work formulates a matching problem
with parameters to trade profit for fairness in terms of discriminatory cancellations, looking
at factors like start/end locations, race, gender, or age of passengers [107] and drivers [164].

A work that is closest to ours is by Raman et al. [124], which looks at disparate treatment
of passengers and income disparity amongst drivers. While they also look at geographic
zones to quantify fairness for passengers, their approach requires the training of a neural
network based value function to include the fairness term in the objective, making it costly
to change parameters for fairness. Our approach presents an online way to address this
problem, without retraining existing value functions. Further, our approach offers better
tradeoffs between efficiency and fairness as compared to the existing approach, and we show
this in our empirical evaluation.

6.3 Dynamic Matching in Ridesharing Settings

A matching algorithm for ridesharing receives as inputs a continuous stream of batches of
requests from passengers R and the current state of all the taxis V operating in a street
network G. The street network G = 〈L, E , c(e)〉 is a graph containing locations L connected
by roads E , with a cost function c : E → R+ that defines the cost c(e) of each edge e ∈ E
in the graph, which commonly corresponds to the time needed by a taxi to traverse e. A
request is a tuple r = 〈q, d, t〉 that contains the pickup location q, dropoff location d, and
the request arrival time t. The vehicle i is associated with a state vi = 〈li, pi, ci, Ui〉 that
includes its location li, current path pi, capacity ci, and the set of requests Ui it is currently
serving.

State-of-the-art approaches to this dynamic matching problem take a discrete-time multi-
agent perspective [7, 134]. In this framework, a decision-maker is faced in each time step
with a set of outstanding requests, along with the state of vehicles at that point in time.
The set of actions of this decision-maker is the set of all feasible matches of requests to
vehicles. Since any matching impacts the distribution of future requests (unmatched requests
can spill over into the next time step) and vehicle states, the associated expected future
value is captured by a value function. This allows the decision-maker to make non-myopic
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Figure 6.1: The rideshare-matching pipeline. Every time step, based on incoming requests
and available vehicles, feasible trips for each vehicle are generated. These are assigned values
using a score function, and an ILP is solved to optimize for total score.

decisions by considering expected rewards in addition to immediate rewards. To manage
problem complexity, a value function is associated with individual vehicles and assumed to
be identical for all vehicles, conditional on vehicle state; furthermore, it is approximated by
a Value Function Approximator (VFA) – most recently, by a deep neural network in the
NeurADP framework [134].

A key workhorse in such approaches is an integer linear program (ILP) for computing the
optimal matching of requests to vehicles in a given time step, given a value function. We now
formalize the general form of this ILP, which is central to our proposed approach below. For
each vehicle i ∈ V , we define an action a ⊆ R as a subset of requests that could be matched
to it. Each action a of vehicle i is associated with a (discounted) value V (i, a) obtained using
VFA, and an immediate reward:

R(i, a) =
∑
r∈a

R(i, r) (6.1)

where R(i, r) is an immediate reward to vehicle i for servicing request r. Let Ai be the set
of feasible actions of vehicle i (i.e., all feasible subsets of requests that can be matched to i).
Then, for any feasible action a ∈ Ai of vehicle i, we define the score of vehicle i associated
with action a as:

s(i, a) = V (i, a) +R(i, a). (6.2)
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Let A = {ai}i∈V , ai ∩ aj = ∅ for all i 6= j be a matching of requests to vehicles. We say that
this matching is optimal if it maximizes the total score

∑
i s(i, ai). We can compute such an

optimal matching by solving the following ILP:

max
xi(a)∈{0,1}

∑
i∈V

∑
a∈Ai

xi(a)s(i, a) s.t. (6.3)∑
a∈Ai

xi(a) = 1 ∀i ∈ V (6.4)∑
i∈V

∑
a∈Ai|r∈a

xi(a) ≤ 1 ∀r ∈ R (6.5)

where xi(a) is an indicator variable associated with vehicle i and its action a ∈ Ai. The
constraints ensure that each vehicle is assigned exactly one action (Eq. 6.4) and no request
is assigned to more than one vehicle (Eq. 6.5). In each vehicle’s set of available actions,
there is always the null action (i.e., accepting no new requests), so that there is always a
solution. The final assignment A is a concatenation of all vehicle assignments. In existing
approaches [134], this ILP serves to maximize the total expected number of requests served
(i.e., the service rate when normalized by the total number of requests), and it can be readily
generalized to maximize total expected profit. Figure 6.1 shows an illustration of the ILP
matching process.

Eq. 6.3–6.5 can be directly mapped as a DECA optimization as described in Eq. 2.4–2.6,
making ridesharing a concrete instance of the DECA framework. The agents are the vehicles,
with resources being passengers, actions being trips (containing sets of passenger requests),
and the score function s(i, a) being the utility or Q-function. Constraint 6.4 is the “one
action per agent” constraint; and Constraint 6.5 is a resource constraint when each request
r is treated as a resource with unit inventory (Rr = 1) and consumption c(a)r = 1{r ∈ a},
yielding

∑
i

∑
a xi(a) c(a)r ≤ Rr. Vehicle capacity and timing limits are encoded via the

feasible action sets Ai (and, in DECA terms, could also be expressed as additional resource
constraints). Thus, the ridesharing ILP is a domain-specific instance of the general DECA
formulation.
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6.4 SI: A General Fairness Framework

By focusing on maximizing measures of efficiency such as service rate, traditional matching
algorithms for ridesharing fail to account for the emergence of fairness issues for both the
passengers and drivers. Additionally, since matching algorithms in ridesharing are often
trained on real-world data, they can further exacerbate historical inequalities. For example,
from a passenger’s perspective, it is conceivable that while maximizing efficiency, matching
algorithms focus resources towards high-traffic areas (e.g., downtown locations) while reduc-
ing service in low-traffic areas (e.g., suburbs). If such algorithms are deployed in practice,
it may also lead to a feedback loop that continually reduces service to regions with low de-
mand, which causes fewer passengers to make requests from such regions and so on. From
a driver’s perspective, the matching algorithms may prioritize drivers in high-traffic areas
to continually service requests from those areas over drivers in low-traffic areas, leading to
disparity in driver income. In this work, our goal is to tackle this kind of unfairness with
minimal impact to the efficiency vis-a-vis the service rate.

We consider statistical parity [41, 2] as the notion of fairness in this work, which defines that
the expected value of a given metric z over a group g is the same as z̄ = Eg′∈G [z(g′)] the
expected value of that same metric over all groups g′ ∈ G:

z(g) = z̄ (6.6)

More generally, we can write it as:

|z̄ − z(g)| ≤ ε ∀g ∈ G (6.7)

where ε is a slack parameter.

As an example, let’s say that we want parity in service rates for passenger groups defined by
their origin-destination pairs and in normalized income for drivers. If a matching algorithm
achieves statistical parity for both passengers and drivers, then the probability of a passenger
receiving a ride is the same regardless of their origin and destination locations and the income
of drivers are the same for all drivers.

While the goal of achieving parity is noble, achieving it through the matching of a single
time step is rarely possible, especially when there is a large disparity. Instead, it is often
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better to look at amortized parity over a longer period of time [145]. To do this, we aim for
a matching that “moves closer” towards parity with the goal of achieving parity in the near
future. Towards that end, our framework uses variance var(Z), where Z = {z(g),∀g ∈ G}
is the set of metric values for all groups, as a proxy measure for fairness and, at each time
step, it takes a gradient step in the solution space, moving in the direction that minimizes
variance. Recall that Z here is the payoff vector as defined in Chapter 2, collecting historical
utilities in an averaged manner for each group.

If we assume that the average of the metric over all groups is stable (i.e., ∂
∂A z̄ ' 0, a

reasonable assumption if a long enough history is included), then we can find an assignment
for a modified score function that accounts for the gradient of the variance with respect to
the assignment A:

s′(i, a) = s(i, a)− λ
∂

∂A
var(Z) (6.8)

= s(i, a)− 1

|Z|λ
∂

∂A
∑
zj∈Z

(zj − z̄)2 (6.9)

= s(i, a) +
2

|Z|λ
∑
zj∈Z

(z̄ − zj)
∂zj
∂A

(6.10)

where λ is a hyperparameter. The general form above for the second term is our incentive
score: A constant (weight) multiplied by the disparity of group j, scaled by a derivative term.
We show later that the sum can usually be simplified within the context of a given action
a and the derivative can be approximated for specific metrics, including our two passenger-
and driver-side fairness metrics of interest.

The “Simple Incentives” idea is that, for each group involved in an action, provide them with
an incentive (or penalty) proportional to how disadvantaged (or advantaged) their group has
been historically. Given the recent abundance of black-box algorithms, we find this simplicity
helpful from a transparency perspective, making it easy to explain to any stakeholder how
this score is calculated.

SI(+): While there is generally a consensus for applying incentives to help disadvantaged
groups, it may be controversial to impose penalties for advantaged groups in some applica-
tions. With this in mind, we also present a modification to SI, where we clip the incentive
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term to be larger than 0, resulting in the SI(+) variant, where the “+” indicates that we
include only positive incentives.

In the following sections, we discuss how we specify the incentive score (see Eq. 6.10) for two
use cases, one for passengers and one for drivers.

6.4.1 SI for Passengers (SIP): Geographic Fairness

Our notion of passenger-side fairness is defined by the idea that the probability of receiving a
ride should not depend on your origin or destination. To do this, we divide the geographical
area served by the fleet into a collection of areas C. Recall that each request r contains
both the origin o and destination d. Thus, we can map each passenger to one of C × C

groups, uniquely identified by the origin-destination area pair based on (o, d). Computing
the service rate for each of these groups gives us the passenger-side metric set Zp, where
zi ∈ Zp denotes the historical service rate for passenger group i. For a given request r, let
g(r) denote the group to which r belongs, and let z(r) = zg(r) (i.e., the historical service
rate of the group g(r) ∈ C × C). These historical service rates are updated every time step
after an assignment is made. The goal is thus to achieve parity in the service rates for all
geographic groups.

We now derive the fairness incentive for this metric, based on Eq. 6.10:

s′(i, a) = s(i, a) +
2

|Zp|
λ

∑
zj∈Zp

(z̄ − zj)
∂zj
∂A

(6.11)

' s(i, a) +
2

|Zp|
λ

∑
zj∈Zp

(z̄ − zj)
∂zj
∂a

(6.12)

= s(i, a) +
2

|Zp|
λ
∑
r∈a

(z̄ − z(r))
∂z(r)

∂a
(6.13)

' s(i, a) +
2

|Zp|
λ
∑
r∈a

(z̄ − z(r))λ′ (6.14)

= s(i, a) + β
∑
r∈a

(z̄ − z(r)) (6.15)

Notice that computing ∂zj
∂A is difficult due to circular dependencies: The matching A depends

on the score function, which depends on the service rates, which in turn depend on the

82



matching. As such, computing it precisely will require a global optimization procedure.
Therefore, we approximate it with ∂zj

∂a
(from Eqs. 6.11 to 6.12) based on the assumption that

the change in the service rate of zone zj that is based on action a is independent of the actions
of other vehicles. Additionally, as serving a single request r can only make small changes
to the service rate z(r) because service rates are aggregated over a reasonably long time
period, we assume that the change is a (positive) constant λ′ for all requests (from Eqs. 6.13
to 6.14). We also introduce a fairness incentive term Fp(i, a) to represent the summation in
the second term of Eq. 6.15 and use it in the new approximated score function sβ:

Fp(i, a) =
∑
r∈a

(z̄ − z(r)) (6.16)

sβ(i, a) = s(i, a) + β Fp(i, a) (6.17)

Here, β is a hyperparameter that controls the relative importance of geographic fairness for
passengers. In summary, for our SIP score function sβ, we include a fairness incentive term
Fp(i, a) that increases (or decreases) the score of actions proportional to how disadvantaged
(or advantaged) their respective passenger groups have been according to our geographic
fairness metric.

As described earlier, we also have the corresponding SI(+) version of this passenger-side
incentive, which takes into account only requests from groups with below-average service
rates:

Fp(i, a) =
∑
r∈a

max{z̄ − z(r), 0} (6.18)

We call this variant of the framework SIP(+).

6.4.2 SI for Drivers (SID): Income Fairness

Our notion of driver-side fairness is defined by the idea that all drivers should earn similar
incomes. This makes our driver-side fairness metric Zd the set of all zi, where zi now denotes
historical driver incomes for each driver i. We scale the driver incomes by the largest driver
income to restrict it to within [0, 1] and avoid scaling issues. The goal here is thus to achieve
parity in the scaled income for all drivers.
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We now derive the fairness incentive for this metric, based on Eq. 6.10, where we model the
income of a driver to be proportional to the value of the request they serve R(i, r):

s′(i, a) = s(i, a) +
2

|Zd|
λ

∑
zj∈Zd

(z̄ − zj)
∂zj
∂A

(6.19)

= s(i, a) +
2

|Zd|
λ

∑
zj∈Zd

(z̄ − zj)
∂zj
∂a

(6.20)

= s(i, a) +
2

|Zd|
λ (z̄ − zi)

∂zi
∂a

(6.21)

= s(i, a) + δ (z̄ − zi)R(i, a) (6.22)

Eqs. 6.19 and 6.20 are equivalent because, unlike the case in passenger-side fairness, comput-
ing ∂zj

∂A when the metric is driver income is straightforward as the income of a driver depends
solely on their actions. Next, Eqs. 6.20 to 6.22 are equivalent because ∂zj

∂a
= R(i, a) when

j = i and is 0 otherwise.

Analogous to the case for passenger-side fairness, we also introduce a similar fairness incentive
term Fd(i, a) and use it in the new score function sδ:

Fd(i, a) = (z̄ − zi)R(i, a) (6.23)

sδ(i, a) = s(i, a) + δ Fd(i, a) (6.24)

Here, δ is a hyperparameter that controls the relative importance of income fairness for
drivers.

We also have the variant that we call SID(+), where the fairness incentive is applied only to
drivers with below-average income:

Fd(i, a) =
∑
r∈a

max{z̄ − zi, 0}R(i, r) (6.25)
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Table 6.1: Notation reference for proofs. Note that here we have used r and a interchange-
ably, as per the assumption for the proofs

Symbol Meaning
Ai Set of available actions for vehicle i

R(i, r) Immediate reward if vehicle i takes action a = {r}
V (i, r) VFA prediction of future value if vehicle i takes action a = {r}
Q(i, r) Score for vehicle i taking action {r}, as used in NeurADP (= R(i, r) + V (i, r))
Fp(i, r) Passenger-side fairness score for assigning request r to vehicle i

Fd(i, r) Driver-side fairness score for assigning request r to vehicle i

sβ(i, a) Modified score function that takes passenger fairness into account (= Q(i, r) + βFp(i, r))
β Passenger fairness hyperparameter. Defines the relative weight of fairness
A(w) Assignment; a matching of all vehicles to valid actions using fairness weight w ∈ {β, δ}.
sδ(i, a) Modified score function that takes driver fairness into account (= Q(i, r) + δFd(i, r))

δ Driver fairness hyperparameter. Defines the relative weight of fairness
zj The historical metric for group j

z′j(β) The updated metric for the group j after assignment A(β)
z′j(δ) The updated metric for the group j after assignment A(δ)
g(r) The group that the request r belongs to
gmin The group with the worst metric value
Rf The set of requests from group gmin

6.5 Theoretical Properties

While our approach directly works to minimize variance in the selected metric across groups,
max-min fairness is another popular notion of fairness, where we want to maximize the worst-
off group. Towards that end, given a sufficient large weight (β for passenger-side fairness and
δ for driver-side fairness), our approaches provide guarantees for improving worse-off groups.
We provide the theorem statement, followed by brief proof sketches for building intuition,
and finally include the complete proofs. Both proofs assume that vehicles can only accept
a single request at any time step (including the null action). With this assumption, each
action a contains only one request r, allowing us to use them interchangeably.

Let A(w) be the matching solution produced by the ILP with fairness weight w ∈ {β, δ}.
Further, let z′j(w) denote the updated metric value of group j after an assignment A(w);
and gmin = argminj zj denote the group with the smallest metric value. We now describe
the theoretical properties for each of our two fairness metrics below.
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6.5.1 Passenger-side Fairness Properties

We show that if vehicles can only service a single request at a time, and if there is at least
one request from the group with the worst current service rate that is not served when β = 0,
our approaches improve the worst service rate for a sufficiently high β (see Theorem 1). Note
that the fairness score for a single request can written as

f(r) = z̄ − z(r), (6.26)

Formally, suppose that each action a contains at most one request r, allowing us to use both
a and r interchangeably. Under this assumption, the assignment A will contain at most one
request per vehicle. For actions which contain only one request, Fp(i, a) = f(r), a = {r}.

Improving service rate: Recall that zj are historical service rates for groups j, where
groups are passenger origin-destination neighborhood pairs. We assume that zj 6= zk when-
ever j 6= k (an assumption that is nearly always true in practice). Let T h

j be the total number
of requests involving group j prior to the current matching round, and let Tj be the current
number of requests involving j. All requests that are still outstanding (i.e., requests that
have neither been canceled nor serviced yet) are counted as current rather than historical.
Let A(β) be the matching solution produced by the ILP with fairness weight β, and let Sj(β)

be the number of requests from group j that are serviced in the matching A(β). We define
z′j(β) as the service rate for group j after the matching computed by the ILP with fairness
weight β. Since z′j(β) =

zj ·Th
j +Sj(β)

Th
j +Tj

, it is evident that z′j(β) is increasing in Sj(β) for each
group j i.e., serving more requests from a group at any time leads to higher improvement in
service rate for that group.

We now introduce some additional notation. Let gmin be the group with the lowest ser-
vice rate, i.e., gmin = argminj zj, and let Rf = {r}g(r)=gmin be the set of current requests
corresponding to group gmin.

Any request r with g(r) = gmin will have the highest score (Eq. 6.26). Further, since Fp(·, r)
only depends on the group service rate z(r), every request from the same group has the same
Fp(·, r). More formally:
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Property 1. All requests rf ∈ Rf have the same fairness score Fp(·, rf ), which is larger
than the fairness score Fp(·, r) of all other requests r /∈ Rf .

In what follows, we show that as long as it is possible to improve the service rate of zgmin

relative toA(0) – a condition which we formalize as passenger-min-unfairness in the following
definition – we can do so for a sufficiently high β. For ease of notation, let Q(i, r)=V (i, r)+

R(i, r).

Definition 2 (passenger-min-unfair). A matching A is passenger-min-unfair if there exists
a request rf ∈ Rf not served in A, there is a vehicle i ∈ V such that rf ∈ Ai, but the request
assigned to i is ri /∈ Rf .

Theorem 1. If A(0) is passenger-min-unfair, then there exists β > 0 such that z′gmin
(β) >

z′gmin
(0).

Proof Sketch: It can be shown that:

1. The highest-preferred request of vehicle i, r∗i = argmaxr∈Ai
sβ(i, r) will always be as-

signed to some vehicle in the optimal assignment. This follows from the nature of the
ILP, which maximizes the total score.

2. Any vehicle that prefers (see (1)) rf ∈ Rf also prefers it for higher β values. This can
be proven using the fact that rf has the largest fairness incentive, and increasing β

only increases the contribution of the fairness incentive towards sβ(i, a).

3. There is a threshold β̄ value such that for higher β values, the βFp(·) term in sβ(i, a)

dominates the other factors (i.e., any action a1 with Fp(i, a1) > Fp(i, a2) will be pre-
ferred by vehicle i over action a2). This can be shown if we assume some bounds on
R(·) and V (·).

4. Any request rf that was assigned in A(0) will also be assigned in A(β), where β >

β̄ ≥ 0. This follows from a combination of the previous points.

If A(0) is passenger-min-unfair, then we can conclude that there is some request r ∈ Rf

that was not preferred in A(0) but will now be preferred (3) and assigned to some vehicle
(1). Thus, A(β) assigns all requests in Rf that were assigned in A(0) and at least one more,
thus increasing the service rate for gmin as compared to A(0). 2
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We now give the full proof of this theorem below. We begin by first proving several lemmas
that serve as useful building blocks.

Lemma 1. If sβ(i, r) > sβ(i, r
′) for all r′ ∈ Ai \ {r} of a vehicle i with available actions

Ai, then request r will always be assigned to some vehicle.

Proof. If another vehicle services request r, the result clearly holds. So, suppose that no
other vehicle does. Assume that there is an optimal matching in which vehicle i also does
not take request r, with the resulting total objective value

∑
k sβ(k, a

∗
k). However, since

sβ(i, r) > sβ(i, r
∗
k), this solution cannot be optimal.

Let Qmax=maxi,r Q(i, r); Qmin=mini,r Q(i, r); and εmin=minj 6=k |zj−zk|. Then, we define a
threshold β̄:

β̄=
Qmax −Qmin

εmin
. (6.27)

Lemma 2. If rf ∈ Rf is optimal for vehicle i for some β, then it is optimal for all β′ > β

values.

Proof. We prove this lemma by contradiction. Assume there exists a β′ > β such that, for
some r′:

sβ′(i, rf ) ≤ sβ′(i, r′)

Q(i, rf ) + β′Fp(i, rf ) ≤ Q(i, r′) + β′Fp(i, r
′)

β′(Fp(i, rf )− Fp(i, r
′)) ≤ Q(i, r′)−Q(i, rf ) (6.28)

Since rf is optimal for β, we similarly have:

Q(i, rf ) + βFp(i, rf ) ≥ Q(i, r′) + βFp(i, r
′)

Q(i, r′)−Q(i, rf ) ≤ β(Fp(i, rf )− Fp(i, r
′)) (6.29)

Combining Eqs. (6.28) and (6.29), we get:

β′(Fp(i, rf )− Fp(i, r
′)) ≤ β(Fp(i, rf )− Fp(i, r

′)) (6.30)
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If Fp(i, rf )− Fp(i, r
′) = 0, then they are tied for both β and β′. As Fp(i, rf )− Fp(i, r

′) ≥ 0

(Property 1), Eq. (6.30) implies that β′ ≤ β, which contradicts our assumption.

Lemma 3. If β > β̄, then sβ(i, r) > sβ(i, r
′) if Fp(i, r) > Fp(i, r

′), for all vehicles i ∈ V and
requests r ∈ R.

Proof. Assume, for a proof by contradiction, that there exists a pair of requests r and r′ for
vehicle i with Fp(i, r) > Fp(i, r

′) such that sβ(i, r) ≤ sβ(i, r
′). Then:

Q(i, r) + βFp(i, r) ≤ Q(i, r′) + βFp(i, r
′)

β̄ < β ≤ Q(i, r′)−Q(i, r)

Fp(i, r)− Fp(i, r′)

Qmax −Qmin

εmin
<

Q(i, r′)−Q(i, r)

Fp(i, r)− Fp(i, r′)

Qmax −Qmin

Q(i, r′)−Q(i, r)
<

εmin

Fp(i, r)− Fp(i, r′)

However, this last inequality cannot hold because the left side ≥ 1 and the right side ≤ 1.

Lemma 4. Every request rf ∈ Rf served in A(0) is also served in A(β) when β > β̄ ≥ 0.

Proof. Let i denote the vehicle that served request rf in A(0); r̂ denote an arbitrary request
with Q(i, r̂) > Q(i, rf ), which was assigned to another vehicle j in A(0); and ř denote an
arbitrary request with Q(i, ř) < Q(i, rf ). There are the following two cases: (Case 1)
Request rf is optimal for vehicle i when β = 0. In this case, the request is still optimal for
vehicle i when β > β̄ ≥ 0 (Lemma 2) and it will thus be served in A(β) (Lemma 1). (Case
2) Request rf is not optimal for vehicle i when β = 0. We first show why request rf remains
preferred over request ř when β > β̄. sβ(i, rf ) = Q(i, rf ) + βFp(i, rf ) > Q(i, ř) + βFp(i, ř) =

sβ(i, ř). The inequality is because Q(i, ř) < Q(i, rf ) and rf has the largest fairness score
Fp(·, rf ) because it is in Rf (Property 1).

We now show that all requests r̂ will not be served by vehicle i through the following two
cases:

• Case 1. Request r̂ /∈ Rf . As rf ∈ Rf , when β > β̄, Fp(i, rf ) > Fp(i, r̂) (Property 1)
and sβ(i, rf ) > sβ(i, r̂) (Lemma 3). Therefore, vehicle i prefers rf over r̂.
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• Case 2. Request r̂ ∈ Rf . There are the following two subcases:

– Request r̂ is assigned to a vehicle j in A(0) for which the request is optimal.
The request remains optimal when β > β̄ ≥ 0 (Lemma 2) and it will thus be
served in A(β) (Lemma 1). Further, since r̂ was assigned to vehicle j instead of
vehicle i in A(0), we know that Q(j, r̂) = s0(j, r̂) ≥ s0(i, r̂) = Q(i, r̂). Combining
this inequality and the fact that r̂ has the largest fairness score Fp(·, r̂) when
β > β̄ ≥ 0 because it is in Rf (Property 1), we get sβ(j, r̂) = Q(j, r̂)+βFp(j, r̂) ≥
Q(i, r̂) + βFp(i, r̂) = sβ(i, r̂). Therefore, it is still better to assign the request to
vehicle j instead of vehicle i when β > β̄ ≥ 0.

– Request r̂ is assigned to a vehicle j in A(0) for which the request is not optimal;
there exists another request r′ with Q(j, r′) = s0(j, r

′) > s0(j, r̂) = Q(j, r̂). If
r′ is assigned to a vehicle k in A(0) for which the request is optimal, then the
arguments from the previous subcase holds, and r̂ is assigned to vehicle j because
the more preferred r′ is assigned to a different vehicle. If r′ is assigned to a vehicle
k in A(0) for which the request is not optimal, then one can recursively apply the
same reasoning until the more preferred request is assigned to a vehicle for which
the request is optimal.

Consequently, all requests r̂ with higher scores than rf will be served by other vehicles,
and rf has the highest score among the remaining available requests for vehicle i.
Therefore, rf will be assigned to vehicle i or some other vehicle k for which sβ(k, rf ) ≥
sβ(i, rf ).

Thus, requests in Rf served in A(0) are served in A(β).

We are now ready to prove Theorem 1.

Proof of Theorem 1. We show that z′gmin
(β) > z′gmin

(0) because every request in Rf served
in A(0) is also served in A(β) (Lemma 4) and there is one other request in Rf not served
in A(0) but is served in A(β). Since A(0) is passenger-min-unfair, there exists a vehicle k

that could serve some request rf ∈ Rf that was dropped, instead serving r′ /∈ Rf . However,
when β > β̄, requests Rf ∩ Ak have the largest fairness score (Property 1) and will thus
have larger sβ scores compared to other requests (Lemma 3). As Q(k, rf ) > Q(k, rf ′) for all
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rf ′ ∈ Rf ∩ Ak \ {rf} (Definition 2), rf is now optimal for vehicle k and is served in A(β)
(Lemma 1).

The above proof holds for both SIP and SIP(+) methods. For SIP(+), Eq. 6.26 is written
as:

f(r) = max(z̄ − z(r), 0) (6.31)

The rest of the proof remains the same.

While we focus on service rate as a way to measure group-specific performance zj, our results
apply for any performance measure that increases linearly with the number of requests served
for a group j. Specifically, these groups do not need to be defined based on geographic areas.

However, our results are only for a particular matching round and do not consider service
rates over a series of many time steps. We discuss this further in the next section, where our
empirical results demonstrate that the proposed approaches do, in fact, significantly improve
fairness over time on multiple metrics of inequality and can do so without significantly
reducing overall efficiency.

6.5.2 Driver-side Fairness Properties

We show that when using SID(+), worse-off drivers are guaranteed to get the request that
benefits them the most, as long as no fellow worse-off driver competes for that request. As a
further generalization, we also show that each disadvantaged driver gets their highest-ranked
request that does not benefit another driver more, for a high enough delta.

We show that if any driver with worse-off income has a higher-preferred request they are
not assigned when δ = 0, such that no other worse-off driver can serve that request, our
approaches improve the income of that driver by assigning their most-preferred request for
a sufficiently high δ (see Theorem 2).

Note that the fairness score for a driver j can be written as:

f(j) = (z̄ − zj), (6.32)
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Formally, suppose that each action a contains at most one request r, allowing us to use both
a and r interchangeably. Under this assumption, the assignment A will contain at most one
request per vehicle. For actions which contain only one request, Fd(j, a) = f(j)R(j, r), a =

{r}. For actions with zero requests, Fd(j, a) = 0. For the following proofs, we add the
assumption that each request provides the same income to all drivers (i.e., R(j, r) = R(r)

for all drivers j). This assumption is reasonable as customers are not expected to pay
different amounts when matched to different drivers.

Improving driver income: Recall that zj is historical income for driver j, and each
driver can be thought of as their own group. We assume that zj 6= zk whenever j 6= k

(an assumption that is nearly always true in practice). Let A(δ) be the matching solution
produced by the ILP with fairness weight δ. We define z′j(δ) as the updated income estimate
for driver j after the matching computed by the ILP with fairness weight δ. The action
which maximizes z′j is the one with the largest R(j, r), leading to the highest increase in
income.

Consider the ranking of requests elicited by the reward function R(j, a) for each driver. Let
r∗j = argmaxr R(j, r) denote the request that maximizes the reward for driver j. Note that
this order is not affected by δ. We call r∗j the preferred request for driver j. Being assigned
the preferred request maximizes z′j for driver j. Finally, we also assume that r∗j is unique
(i.e., R(r∗j ) > R(r′) for all r′ ∈ Aj \ {r∗j}).

We say a driver j is worse-off or disadvantaged when zj < z̄, or when f(j) > 0. Similarly,
we say a driver j is better-off or advantaged when zj ≥ z̄, or when f(j) ≤ 0.

In what follows, we show that for a large enough δ, each worse-off driver j is assigned their
highest preference r∗j as long as no other worse-off driver can serve r∗j . This is especially
impactful if, in the initial matching A(0), j was not matched to r∗j , a condition we formalize
as driver-min-unfairness in the following definition. Just like the previous proof, let Q(i, r)=

V (i, r)+R(i, r).

Definition 3 (driver-min-unfair). A matching A is driver-min-unfair if any worse-off driver
j is assigned a request r 6= r∗j in A and there exists no other worse-off driver k that can serve
r∗j .

92



Theorem 2. If A(0) is driver-min-unfair for any driver j, then there exists δ > 0 such that
z′j(δ) > z′j(0), when using SID(+).

Proof Sketch: It can be shown that:

1. For a worse-off driver j, their highest-preferred request r∗j will have the highest score
for some value of δ, and will be assigned in A(δ) to some driver.

2. Any better-off driver that can serve r∗j will not serve it for some large value of δ.

If A(0) is driver-min-unfair, then we can conclude that r∗j will be assigned to j for some
large value of δ because no other worse-off driver can serve it; no better-off driver can serve
it (2); and it must be served by some driver (1). Thus, z′j(δ) > z′j(0) because j is getting
their highest-preferred request r∗j for some large δ > 0, but not when δ = 0. 2

We build some helpful intuition before proving this theorem. Note that Lemma 1 still holds
for this case, as it is a property of the ILP. Let j be the worse-off driver with preferred
request r∗j . Since A(0) is min-unfair, we know r∗j was not assigned to j. First, we show that
for some large value of δ, sδ(j, r∗j ) ≥ sδ(j, r

′) for all r′ ∈ Aj \ {r∗j}.

Lemma 5. For any worse-off driver j with f(j) > 0, there exists a threshold weight δ′ such
that for any δ > δ′, sδ(j, r∗j ) ≥ sδ(j, r

′) for all r′ ∈ Aj \ {r∗j}.

Proof. The proof for this is constructive. Take any r′ ∈ Aj \ {r∗j}. Since R(r∗j ) > R(r′), we
have, for some δ:

sδ(j, r
∗
j ) ≥ sδ(j, r

′)

Q(j, r∗j ) + δf(j)R(r∗j ) ≥ Q(j, r′) + δf(j)R(r′)

δf(j)
(
R(r∗j )−R(r′)

)
≥ Q(j, r′)−Q(j, r∗j )

δ ≥
Q(j, r′)−Q(j, r∗j )

f(j)
(
R(r∗j )−R(r′)

)
δ ≥ δ′ =

Qmax −Qmin

f(j)
(
R(r∗j )−R(r′)

)
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Since j is a worse-off driver, f(j) is positive, and thus, the denominator is positive. If
Q(j, r∗j ) > Q(j, r′), the numerator is negative, and the property holds even at δ = 0. Other-
wise, there exists some positive threshold δ′ above which r∗j is guaranteed to have the highest
score for vehicle j.

By Lemma 1, we also know that for such a δ, r∗j is guaranteed to be assigned to some driver.
Next, we prove that under the conditions of driver-min-unfairness, this driver is guaranteed
to be driver j. To show this, consider another driver k that is competing for r∗j . Let rj and
rk be the corresponding requests that j and k will be assigned respectively if they fail to get
r∗j . Then, to favor the scenario where j gets r∗j , we need the score for that assignment to be
larger than the score for when k gets r∗j :

sδ(j, r
∗
j ) + sδ(k, rk) ≥sδ(j, rj) + sδ(k, r

∗
j )

sδ(j, r
∗
j )− sδ(j, rj) ≥sδ(k, r∗j )− sδ(k, rk) (6.33)

Solving the left-hand side (LHS) first, we have the following:

LHS = Q(j, r∗j )−Q(j, rj) + δf(j)
(
R(r∗j )−R(rj)

)
Similarly, the right-hand side (RHS) becomes:

RHS = Q(k, r∗j )−Q(k, rk) + δf(k)
(
R(r∗j )−R(rk)

)
We use the following shorthand notations for ease of comprehension:

∆Qj = Q(j, r∗j )−Q(j, rj)

∆Qk = Q(k, r∗j )−Q(k, rk)

∆Rj = R(r∗j )−R(rj)

∆Rk = R(r∗j )−R(rk)

Substituting these into Eq. 6.33, we get:

∆Qj + δf(j)∆Rj ≥ ∆Qk + δf(k)∆Rk
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δf(j)∆Rj ≥ δf(k)∆Rk +∆Qk −∆Qj

f(j)∆Rjx ≥ f(k)∆Rk +
1

δ
(∆Qk −∆Qj) (6.34)

Note that the effect of the ∆Q terms goes to zero as δ → ∞. We are now ready to prove
Theorem 2.

Proof. Let j be the worse-off driver with preferred request r∗j , such that A(0) is driver-min-
unfair for j. We know r∗j was not assigned to j in A(0), and j was matched to some other
request r0. By Lemma 5, we know that for any δ larger than a threshold value δ′, r∗j has the
largest score sδ(j, r

∗
j ) among all actions available to j. By Lemma 1, we can say that r∗j is

assigned to some driver in A(δ).

Further, since A(0) is driver-min-unfair, no other worse-off driver can serve r∗j . Thus, any
drivers competing for r∗j are better-off drivers. For SID(+), recall that we clip the fairness
score to be positive. So, f(k) = 0 for all better-off drivers. Plugging this into Eq. 6.34, we
see j is guaranteed to be a preferred match for r∗j over k if the following condition is satisfied:

f(j)∆Rj ≥
1

δ
(∆Qk −∆Qj)

∆Rj is guaranteed to be positive since r∗j is the highest preference. f(j) is also positive
since j is a worse-off driver. Thus, we can always find a large enough δ > δ′ such that this
inequality holds, and thus guarantee that j gets their highest preferred request. Therefore,
since R(r∗j ) > R(r0), it must be the case that z′j(δ) > z′j(0) for all drivers j for which A(0)
is driver-min-unfair.

If we interpret ∆Rx to be the benefit that driver x gets from being assigned r∗j , Eq. 6.34 tells
us that any worse-off driver j will get r∗j as long as they benefit from it more than any other
driver, weighted by their fairness score. This also leads to an interesting behavior when f(k)

is negative. In this case, the matching may prefer to give r∗j to k iff R(r∗j ) < R(rk), i.e.,
this assignment harms k. So, for SID, it prefers pulling down better-off drivers as much as
pulling up worse-off drivers, and may forego improving disadvantaged drivers as long as it
can worsen the better off groups more, pulling them towards the mean.

This observation also lets us make an additional, looser corollary statement about SID(+):
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Corollary 1. All worse-off drivers j that do not receive their highest priority request r∗j in
A(0) are assigned that request using SID(+) for some large enough δ, as long as no other
worse-off driver k can benefit more from receiving it, i.e. f(j)∆Rj > f(k)∆Rk.

6.5.3 Addendum for Theoretical Properties

We note that Theorems 1 and 2 guarantee that the current zgmin sees the most improvement,
but it is possible that argmini(z

′
i) 6= gmin. This is due to the fact that the fairness scores are

calculated using previous values of Z, but due to batch allocation, the order might change.
However, at the next time step, the new minimum would be improved, and so on, and thus
we expect min(Z) to rise over time. This is backed by our experimental results.

For the theoretical analysis in the previous section, we assume that an action contains only
one request at a time. We provide an example here to illustrate why this assumption is
necessary for Theorem 1.

Example 1. Consider a vehicle with two available actions a1 and a2. Let a1 contain one
action from the worst off group gmin, and a2 contain 2 requests from some other group g

such that zg < (zgmin + z̄)/2. We can see that F (·, a2) > F (·, a1), thus it is possible that for
some choice of value function, a2 will be selected over a1, thus voiding the property proved
in Theorem 1.

However, in our experiments and algorithm setup, we relax this assumption to allow a vehicle
to pick up multiple requests at one time. While this does violate the conditions for Theorem
1 to hold, we note that this decision will still improve fairness for groups other than zgmin .
Since the other group in the above example needs to lie between zgmin and z̄, it is one
of the under-served groups, and thus even this alternate decision still helps improve some
disadvantaged group, even if it doesn’t improve gmin.

6.6 Experimental Results

To comprehensively evaluate our SI framework, we ran three sets of experiments. First, to
demonstrate the generality of the framework, we evaluated it in combination with various
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Figure 6.2: A map of Manhattan island, with each independent colored region representing
one area used for our passenger grouping. There are 10 areas, meaning there are 100 pas-
senger groups.

ridesharing algorithms, which use different value function approximations, from the litera-
ture. Second, to demonstrate the competitiveness of the framework, we evaluated it against
a state-of-the-art ridesharing fairness approach. Finally, to demonstrate the flexibility of the
framework, we evaluated it on two-sided fairness with both of our passenger- and driver-side
fairness approaches combined.

We evaluate the performance and fairness metrics after running the matching algorithms
over a 24-hour period on the island of Manhattan using demand data from the NY Yellow
Taxi dataset [112]. The locations in the road network correspond to street intersections,
with edges as roads connecting them. We define areas with respect to a standard partition
of Manhattan into neighborhoods, where passenger groups correspond to pairs of areas in
which passengers are to be picked up and dropped off, illustrated in Figure 6.2. Our efficiency
objective is to maximize service rate, and thus, correspondingly, we set the value of each
request to 1. For each hyperparameter β and δ, we performed a logarithmic search in the
[0.5, 20] range to capture a wide range of behaviors. Consistent with literature [134, 95, 124],
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Figure 6.3: Change in efficiency and passenger-side fairness (with (a) FGini and (b) min) as
well as driver-side fairness (with (c) FGini and (d) min) when Simple Incentives are used. The
arrows show the best improvement for each algorithm metric while limiting SR to remain
above 95% of the initial value. Optimal point is to the top-right (high fairness & high service
rate).

we use a fleet size of 1000 vehicles, with a maximum request waiting time of 300 seconds.
In all approaches, any request not assigned in the current assignment (one minute window)
is dropped. All experiments were run on a Ryzen 3700x CPU, RTX2080 Super GPU, and
32GB RAM. 8

We consider two standard measures of equity: The Gini coefficient Gini(Z) and the minimum
metric value min(Z)9 for a set Z of service rates for passenger-side fairness or income for
driver-side fairness. For ease of comprehension, we plot FGini(Z) = 1− Gini(Z) so that our
goal is to maximize each of these metrics. Our efficiency measure is the overall service rate,
defined as the fraction of all passenger requests served.

6.6.1 Generality: Evaluation on Benchmark Algorithms

We tested the efficacy of our framework on a variety of natural and state-of-the-art rideshar-
ing algorithms:

• Greedy: A baseline algorithm that considers only current rewards R(i, a) as the score
in the ILP optimization.

8The code can be found at: https://github.com/YODA-Lab/Simple-Incentives-For-Ridesharing
9For drivers, we plot the minimum income (unscaled), to prevent bias because of scaling by the max.
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Figure 6.4: Comparison of SIP & SIP(+) against NeurADP & FairNN (line plotted in
the order of hyperparameter values) for passenger-side fairness with (a) FGini and (b) min.
Optimal point is to the top-right (high fairness & service rate).

• R+D: A pioneering approach proposed by Alonso-Mora et al. [7] that estimates fu-
ture values by using delays for passengers, as part of the score function in the ILP
optimization.

• NeurADP: A state-of-the-art approach by Shah et al. [134] that uses deep reinforce-
ment learning to approximate the value function, as part of the score function in the
ILP optimization. We use a pre-trained model trained with 1000 vehicles.

• AsyncNeural: An asynchronous and distributed baseline algorithm that uses the
approximated value function from NeurADP, but each vehicle greedily chooses its
action and ties in vehicle order are broken randomly. (No ILP.)

Figure 6.3 show the impact of SI on our four ridesharing algorithms. The origin of each arrow
corresponds to the performance of an algorithm without SI and the arrowhead corresponds
to the best performance with SI while restricting the service rate to be above 95% of the
service rate without SI. Figures 6.3(a) and 6.3(b) show the results for passenger-side fairness
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Figure 6.5: Comparison of SID & SID(+) against NeurADP & FairNN (line plotted in the
order of hyperparameter values) for driver-side fairness with (a) FGini and (b) min. Optimal
point is to the top-right (high fairness & service rate).

for the FGini and min metrics, respectively; while Figures 6.3(c) and 6.3(d) show the results
for driver-side fairness for those two metrics as well.

We observed that our methods can provide significant improvement in fairness at a marginal
impact to service rates. Even with varying degrees of initial fairness, consistent improvement
for both passengers and drivers can be seen. The one outlier is that SI failed to improve
driver fairness for AsyncNeural. The reason is that, for each driver, their fairness incentive
scaling term in Fd(·) for all actions are identical. Therefore, the incentive does not affect
their preference ordering of requests to serve, and the outcome of the algorithm remains
unchanged with and without the fairness incentive term. On the other hand, with the other
centralized approaches, the ILP is able to arbitrate between different vehicles and prioritize
low-income drivers.

100



0.6 0.65 0.7 0.75 0.8

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

0.6 0.65 0.7 0.75 0.8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7 0.75 0.8

0.98

0.982

0.984

0.986

0.988

0.99

0.992

0.994

0.78 0.79 0.8 0.81

214

216

218

220

222

224

226

NeurADP SID(+)&SIP(+) SID(+)&SIP SID&SIP(+) SID&SIP

(a) (b) (c) (d)

Figure 6.6: Comparison of Pareto frontiers of our combined variants on efficiency vs
passenger-side fairness (with (a) FGini and (b) min) and driver-side fairness (with (c) FGini
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6.6.2 Competitiveness: Comparisons with FairNN

As our fairness baseline, we use FairNN, a recent fairness extension of NeurADP [124]. Like
our SI framework, FairNN also considers geographic fairness for passengers or income fairness
for drivers, but unlike SI, it cannot consider both together. It does this by minimizing the
variance in service rates or incomes, learning a neural network-based VFA to do so. As it
follows a similar ILP formulation to solve the optimization problem, it is well suited for
comparison with SI. It also has a hyperparameter λ that controls the scale of the variance
term in the objective, similar to β or δ in our formulation.

We note below some key differences between our approach and FairNN: (1) FairNN directly
includes variance in the optimization, but as history size increases, the change in variance
per action diminishes, reducing the impact of the fairness term if a constant weight is used.
SI computes the scores based on historical inequalities rather than marginal contribution,
which, combined with metric scaling, allows our approach to work well even with large
histories. (2) FairNN applies the fairness uniformly across all actions, and we can improve
both overall efficiency and fairness by adding further flexibility to the objective (as shown
below with SI(+)). (3) Possibly most important of all, this approach requires full retraining
of VFA for even a small change in the tradeoff weight, or a change in any other problem
parameters (such as the particular measure of fairness used), making it difficult to scale in
practice. Our approach is completely online, and can be used with any pre-existing value
function, and with any hyperparameter value.
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We trained FairNN using their provided code, suggested parameter values, and suggested
hyperparameter values λ from 107− 1010 for passengers and 1

6
− 6

6
for drivers, each of which

requires costly retraining. For SI, we use the pre-trained NeurADP value function described
in the previous section. NeurADP (without fairness) also acts as our efficiency baseline.

Baseline Comparisons for Passenger-side Fairness: Figures 6.4(a) and 6.4(b) com-
pare SIP and SIP(+), with different β values, against both baselines. FairNN outperforms
SIP when the service rate is small (∼0.65), but SIP(+) significantly outperforms FairNN
by achieving similar fairness with much higher service rates. Consistent with results in
Figure 6.3, SIP and SIP(+) improves the fairness of NeurADP as β increases.

Baseline Comparisons for Driver-side Fairness: Figures 6.5(a) and 6.5(b) compare
SID and SID(+), with different δ values, against NeurADP. FairNN for drivers had poor
efficiency compared to NeurADP, which is consistent with observations by the authors [124].
Performing better than FairNN, SID and SID(+) improve the fairness of NeurADP as δ

increases. Analogous to the passenger-side variants, SID(+) outperforms SID.

Relative Performance of our Variants: For both drivers and passengers, we observed
the SI(+) variants provided better tradeoffs between fairness and efficiency. The reason is
that these variants improve fairness without significantly sacrificing efficiency since high-
efficiency groups are not penalized. The base variants achieved much better fairness in the
extreme, albeit at a higher cost to service rate. The reason is that if extreme fairness is
required, then there may be no choice but to penalize high-efficiency groups.

6.6.3 Ablation Experiments: Two-Sided Fairness

Finally, we evaluate SI with NeurADP’s value function on two-sided fairness with both
passenger- and driver-side fairness approaches combined. Specifically, we ran ablation ex-
periments, running all combinations of β and δ values in a logarithmic grid search for the
score function:

sβ,δ(i, a) = s(i, a) + βFp(i, a) + δFd(i, a) (6.35)
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Figure 6.6 shows the Pareto frontier for each passenger- and driver-side fairness combination.
In general, we observe the trend that using SIP leads to much lower service rates as compared
to SIP(+). SID and SID(+) with SIP(+) are almost equivalent, Pareto dominating the other
approaches, with the exception of extremely high fairness regions. SIP and SID combined
resulted in the fairest algorithm, albeit at a high cost to service rate.

Typically, one would expect a tradeoff between fairness and service rate. However, out of
175 combinations of β and δ hyperparameter values as well as SIP/SIP(+) and SID/SID(+)
pairs, 15 combinations (∼8.5%) outperformed NeurADP on all five metrics (four fairness
metrics and service rate). A commonality across all 15 combinations is that they all have
small hyperparameter values with β ≤ 2 and δ ≤ 2. Further, 41 out of 175 combinations
(∼23.5%) outperformed NeurADP on four out of five metrics, with β ≤ 2 and δ ≤ 10. This
observation reinforces the idea that fairness does not have to be a trade off and, in many
cases, improving fairness and efficiency can go hand-in-hand.

Limitations: We do not prescribe “best” hyperparameters as that decision is subjective
and will depend on the use-case. Instead, we provide an easy way to tune the importance
of fairness using the hyperparameters. We selected geographic fairness because of the lack
of other protected demographic information of passengers in public datasets. However, our
formulation is general enough to allow any group-based division of passengers (e.g., by race
and/or gender). Our income fairness does not take into account the number of hours worked
by drivers as we assume that all drivers work all 24 hours, consistent with the literature.

6.7 Conclusion

This chapter introduced Simple Incentives (SI), a post-processing framework for improving
fairness in large-scale ride-sharing without retraining underlying models that generate value
estimates. Within the DECA setting—local evaluation with a centralized ILP allocator—SI
modifies only score function used in the objective via small, targeted terms derived from
observed disparities in passenger service rates and driver incomes. Under mild assumptions,
we showed that SI increases the worst-served passenger group’s service rate and the minimum
driver income. Empirically, across multiple benchmarks SI improved fairness (e.g., Gini,
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minimum service rate, minimum income) while remaining competitive on efficiency, and in
some regimes improved both.

Since SI acts as a post-processing approach, only modifying utility estimates after agents
compute them. We designed it for the ridesharing domain, but the underlying ideas are
broadly applicable to other DECA instances. The key insight is that, by using historical
disparities in the metric of interest, we can compute simple, targeted incentives that nudge
the allocator towards fairer outcomes. This approach is appealing because it requires no re-
training, is transparent, and can be applied to any underlying value function approximation.

The next chapter explores how SI can be applied to other DECA instances. Specifically, we
consider homelessness prevention, a distinct DECA instance in which the decision maker has
to allocate a set of support interventions to individuals at risk of homelessness.
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Chapter 7

Fairness in Scarce Societal Resource
Allocation: A Case Study in
Homelessness Applications

7.1 Introduction & Contribution

In the previous chapter, we presented Simple Incentives (SI), a post-processing approach to
improve group fairness in ridesharing allocation. This chapter studies the transferability of SI
to a different, high-stakes resource allocation setting: homelessness intervention assignment.

Real-world social programs routinely face the problem of allocating scarce, indivisible re-
sources to many people in need. Examples range from refugee housing and food aid to
homelessness services and child-protection interventions. Because needs are heterogeneous
and capacity is limited, purely utilitarian allocations can leave some groups consistently
worse off, motivating methods that explicitly reason about fairness alongside efficiency.

This chapter studies homelessness intervention assignment as a concrete, high-stakes instance
of fair resource allocation. We model the setting as Distributed Evaluation, Centralized
Allocation (DECA): the counterfactually constructed utility function provides local estimates
of household utility (here, re-entry risk) for each feasible intervention, and a central allocator
solves a constrained ILP to select assignments under capacity limits. Building on the previous
chapter’s incentive-based approach for ridesharing, we ask: can a similarly lightweight, post-
processing mechanism improve group fairness here—without retraining predictive models or
redesigning the allocator?
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Our approach adapts Simple Incentives (SI) to this domain [73]. We view group fairness
through the lens of statistical parity over historical outcomes and derive a small, closed-
form adjustment to the allocator’s scores that moves group metrics toward parity over time.
We also study two targeted variants—SI(+) and SI(–)—that selectively apply positive or
negative incentives. We evaluate on a real homelessness dataset with counterfactual re-entry
probabilities and batched, time-ordered assignment, measuring the trade-off between fairness
(Gini over group re-entry risks) and efficiency (aggregate re-entry risk).

Contributions: The main contributions of this chapter are:

1. DECA formulation for homelessness allocation: We cast homelessness interven-
tion assignment as a DECA problem with capacity constraints and black-box VFAs,
enabling principled fairness interventions at the allocation layer.

2. Incentive-based fairness for statistical parity: We derive a simple, differentiable
proxy that adjusts per-household scores using historical group disparities, yielding
SI and two targeted variants (SI(+), SI(–)) that require no retraining and integrate
directly into the ILP.

3. Empirical case study with efficiency–fairness trade-offs: Across multiple demo-
graphic features, using these SI variants yields substantial fairness improvements with
minimal efficiency loss. Notably, SI(+) achieves up to 39% reduction in Gini with only
3% increase in re-entry risk, while SI(–) can achieve even larger fairness gains when
negative incentives are acceptable.

Together, these results demonstrate that fairness-aware post-processing at the allocator can
transfer beyond mobility into social service allocation—preserving deployability (no model
changes), exposing explicit trade-offs, and informing when targeted incentives are preferable
to blanket adjustments.
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7.2 Background

7.2.1 Homelessness Services

Homelessness is a long-standing social issue that affects over half a million people annually
in the US [109]. Congress allocates funds to support homeless people using different kinds of
interventions, and individuals or families are assigned to these interventions on a case-by-case
basis. Recent work [69, 111] looks at using a data-driven approach to improve the quality of
these assignments, by estimating counterfactual probabilities of re-entry into homelessness.
The objective is to create an alternative assignment that reduces the overall probability of
re-entry across all people availing homeless services.

In this section, we instantiate a resource allocation problem on a homelessness prevention
dataset [69]. We formulate the homelessness-intervention allocation problem as a DECA
problem, represented by the tuple 〈α, S, {Ai}i∈α, T, R, γ, c〉. In this model, the interven-
tions I are treated as the resources, with limited capacity Ci that may become available at
future times. The agents h ∈ α correspond to the various households looking for interven-
tions, where each household h is associated with a state Sh that captures some demographic
information about the household, as well as their current status.

An action aih ∈ Ah corresponds to matching a household to an available intervention i ∈ I.
R(h, i) is the benefit of assigning households h to intervention i ∈ I. To avoid discriminating
between individuals, we keep this a unit reward for all allocations. The utility of an assign-
ment, as described in existing work [69] is just the probability of re-entry into homelessness
when household h is matched to intervention i, Pr(h, i).

Thus, we can write the action-value for this problem as:

Q(aih) = R(sh, i)− Pr(h, i) (7.1)

= 1− Pr(h, i) (7.2)

An allocation A is a concatenation of interventions assigned to each household, with Ah

denoting the intervention allocated to household h. The consumption function c(Ah) returns
a vector of size |I|, showing which intervention was used by an action. The optimization
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problem can then be written as follows, following Eq.2.4. xh(i) is an indicator variable
denoting whether household h was matched to intervention i.

max
xh(i)∈{0,1}

∑
h∈α

∑
i∈I

xh(i)Q(aih) s.t. (7.3)∑
i∈I,xh(i)∈{0,1}

xh(i) = 1, ∀h ∈ α (7.4)

∑
a∈A

c(a)i ≤ Ci, ∀i ∈ I (7.5)

Equations 7.4 and 7.5 show that each household must be allocated one intervention, and
the total capacity for each intervention must not be violated. We assume that we have
exactly as many interventions as households. Since the dataset (from [69] contains the
actual intervention that was assigned to each household, we can use that to construct the
capacities of each intervention. The ILP we formulated here is equivalent to the one proposed
by Kube et al. [69].

We also note that there is an online nature to this problem. The original dataset spans a
few years, but in real life, we cannot wait for years before allocating resources to homeless
people in need. Thus, we use information about the arrival dates of various households and
batch them into groups over discrete time windows of length 30 days. Each time window,
we accumulate the arrived households and solve the optimization problem stated above to
allocate interventions. For our experiments here, we do not model the exit dates of the
households, and thus, consumed interventions do not become available at a later date again.

7.3 Simple Incentives and Homelessness

The households in the previous setup may belong to various different groups, as described
by features in their state description sh. Let G : α→ {1, 2, . . . , g} be a general function that
maps the group membership of household h to group j uniquely. Further, let zj denote the
historical average probability of re-entry for group j, and z̄ denote the average of all group
re-entry probabilities. Further, let z(h) = zG(h) map households to their group metric value.
Then, it is desirable to have similar probabilities of re-entry across groups while having a low
overall re-entry probability. To incorporate the incentive-based fairness function as described
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in Eq.6.10, we construct the following modified score function.

s′(a) = Q(a) + β
∑
zj∈Z

(z̄ − zj)
∂zj
∂A

= Q(a) + β
∑
zj∈Z

(z̄ − zj)
∂zj
∂a

(7.6)

Any action a serves to modify only the connected household’s group probability. So, for all
zj 6= z(h), the gradient term is zero. Thus, we can simplify Eq.7.6 as:

s′(a) = Q(a) + β (z̄ − z(h))
∂z(h)

∂a
(7.7)

The change in z(h) depends on the history being considered. To not bias this by group size,
we instead just approximate ∂z(h)

∂a
= Pr(h, i)−z(h). Any action that has a larger probability

than the current group metric increases it, and vice-versa. The magnitude of change is also
proportional to the difference, so this serves as a good substitute for the gradient. Note that
zj here is the probability of re-entry, which needs to be minimized. In the equations derived
for ridesharing in the previous chapter, we approximated the change in z given an action a

only as a positive term, as the actions corresponded only to positive rewards (getting service
for passengers, getting rides for drivers). Here, since it is possible to have both good and
bad actions (in terms of re-entry probability), we need to be aware of the sign of the change.

Given this context, we can write a fairness score F (a) as follows:

F (a) = group_adv × action_adv (7.8)

group_adv = z̄ − z(h)

action_adv = Pr(h, i)− z(h)

The sign of the group advantage tells us whether the group G(h) is better than the average
group or not, and the action advantage tells us whether the intervention i leads to a reduction
(or increase) in the group metric. This leads to a more nuanced fairness score compared to
the ones used in ridesharing. A summary is shown in Table 7.1.
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Table 7.1: The effect of the fairness function F (aih) for β > 0.
Better-off group

z̄ − z(h) > 0
Worse-off group

z̄ − z(h) < 0
Bad action

Pr(h, i)− z(h) > 0
Make this action
seem less bad

Make this action
seem worse

Good action
Pr(h, i)− z(h) < 0

Make this action
seem less good

Make this action
seem better

Thus, the final form of the score is as follows:

sβ(a) = Q(a) + β F (a) (7.9)

Here, β is a hyperparameter that controls the value of fairness. Table 7.1 shows the effects
of this fairness score on various types of groups and actions. In general, this has the effect
of making actions for worse-off groups seem much more consequential, thus incentivizing
picking of a better option over a worse one, while it makes better-off groups’ choices seem
less consequential, so it is okay to trade-off more of their value to serve the worse off groups.

Additionally, we also explore the effect of only performing a subset of the score modifications.

• SI(+): We only use the bonus when it makes actions seem better than they are, i.e.
when F (a) is positive.

sβ(a) = Q(a) + β max(F (a), 0) (7.10)

• SI(-): We only use the bonus when it makes actions seem worse i.e. when F (a) is
negative.

sβ(a) = Q(a) + β min(F (a), 0) (7.11)

We expect both these approaches to have different effects, as they make different combi-
nations of actions more appealing to the decision maker (ILP). As a reminder, the ILP
maximizes the action-values. Since the action value contains the negative of the probability
of re-entry, it minimizes the cumulative probability of re-entry across all assignments.
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7.4 Experimental Results

In this section, we describe the experimental setup and results of our method on the homeless-
ness prevention dataset. We present both quantitative and qualitative results, first describing
the dataset and experimental setup, followed by the results on various group divisions, fol-
lowed by an empirical analysis using one of the group divisions.

7.4.1 Experimental Setup

We used the counterfactual probabilities generated using Bayesian Additive Regression Trees
(BART) as presented by Kube et al. [69] as our estimates of re-entry probability for each
household when matched to one of four interventions: Emergency Shelter (ES), Transitional
Housing (TH), Rapid Re-housing (RRH) and Homelessness Prevention measures (Prev).
Descriptions of these interventions can be found in the original paper [69]. Each household
has a heterogenous order of utility over the available interventions. In total, there were
13,940 households. There were differing counts of each intervention available: Prev: 6202,
ES: 4441, TH: 2451, RRH: 846. As stated earlier, we assumed each intervention slot could
only be assigned once and would not re-enter the system, and similarly, each household was
also considered for entry only once.

Each household was associated with close to 50 features. Of these, 38 features had at least
two and at most twenty unique groups, excluding groups with less than 50 members. We
considered each of these groups as potential groups of interest, and ran experiments to see
if our method could improve fairness on arbitrary group divisions.

We ran experiments for a variety of β values in a logarithmic grid search, starting at β = 10

and ending at β = 10000. For each feature used as a group identifier, we ran 3 experiments,
one with the basic SI, one with SI (+) and one with SI (-).

As a metric for fairness, we use the Gini coefficient, a popular metric used to measure
income inequality in a population. This is an instance of a distributional metric, just like
variance (Chapter 2). We evaluate Gini(Z) over all group metrics. A Gini coefficient of 0
implies perfect equality, so we want to minimize this metric. Our metric for efficiency is the
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overall probability of re-entry, which is just the aggregate re-entry probability Pr(h, i) for all
allocated household-intervention pairs. We want this to be low as well.

In our experiments, we compare our fair solutions with the fairness incentives to a baseline
ILP matching (Eq.7.3. To do this, we report the Price of Fairness (PoF) and the Benefit of
Fairness (BoF). The PoF compares the loss in efficiency vis-a-vis the re-entry probability.
Let PREopt be the re-entry probability with the optimal ILP solution, and PRESI be the
re-entry probability with one of our fairness methods. Then,

PoF =
PRESI

PREopt

(7.12)

Here, we expect suboptimal solutions to have PoF>1. Similarly, if Giniopt results from the
optimal ILP and GiniSI results from our methods,

BoF =
GiniSI
Giniopt

(7.13)

Here, we expect our solutions to have BoF<1.

7.4.2 Results: Various Group Divisions

For each feature used as group information, we report the BoF for the best Gini(Z) obtained
by our method for any β value, while maintaining the PoF to be below 1.05. We also report
the corresponding β value that led to that assignment. The results are presented in Table
7.2.

We observe that we are generally able to significantly improve the fairness using any of our
methods for most group divisions. There are some instances (like PrimaryRace) where using
SI-based fairness doesn’t improve the distribution at all, but barring these exceptions, we
observe a few trends:

• SI(-) performs strongly, getting the best BoF with low PoF for 25/38 features.

• SI is the next strongest method, being the best in 9/38 features.

• SI(+) is the poorest performing method.
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Table 7.2: Fairness improvement for group divisions based on various features. For each
method, we show the best Benefit of Fairness (BoF) achieved while restricting the Price of
Fairness (PoF) to be below 1.05.

Group Original SI SI(+) SI(-)
Prob Gini Beta PoF BoF Beta PoF BoF Beta PoF BoF

PrimaryRace 0.2443 0.1114 0 – – 0 – – 25 1.0021 0.9982
Gender 0.2443 0.0184 100 1.0129 0.8723 500 1.0457 0.3977 2500 1.0227 0.0421
Ethnicity 0.2443 0.1752 25 1.0025 0.7231 25 1.0023 0.7210 1000 1.0031 0.8536

VeteranStatus 0.2443 0.0579 100 1.0066 0.9405 100 1.0431 0.6369 750 1.0146 0.6500
DisablingCondition 0.2443 0.1223 25 1.0489 0.9288 25 1.0231 0.9400 75 1.0484 0.8764

HousingStatusAtEntry 0.2443 0.1939 75 1.0410 0.5712 100 1.0436 0.6977 2500 1.0390 0.5273
HUDChronicHomeless 0.2443 0.0941 25 1.0288 0.8808 25 1.0199 0.8884 100 1.0330 0.5964
PhysicalDisability 0.2443 0.0580 250 1.0497 0.4089 250 1.0115 0.7993 10000 1.0475 0.5091

ReceivePhysicalDisabilityServices 0.2443 0.0372 100 1.0087 0.9510 250 1.0381 0.8608 2500 1.0204 0.6670
HasDevelopmentalDisability 0.2443 0.1386 10 1.0000 0.9988 10 1.0004 0.9983 1000 1.0476 0.4891

ReceiveDevelopmentalDisabilityServices 0.2443 0.0963 0 – – 25 1.0437 0.7385 7500 1.0449 0.3466
HasChronicHealthCondition 0.2443 0.0264 0 – – 250 1.0445 0.8548 2500 1.0373 0.6426
ReceiveChronicHealthServices 0.2443 0.0051 0 – – 0 – – 0 – –

HasHIVAIDS 0.2443 0.0372 1000 1.0132 0.4644 100 1.0103 0.6428 1000 0.9990 0.6677
HasMentalHealthProblem 0.2443 0.0863 50 1.0361 0.8037 75 1.0474 0.7868 500 1.0448 0.5828

ReceiveMentalHealthServices 0.2443 0.0793 50 1.0345 0.8205 50 1.0209 0.873 250 1.0379 0.6614
HasSubstanceAbuseProblem 0.2443 0.0940 50 1.0468 0.6092 75 1.0472 0.822 10000 1.0087 0.8402

ReceiveSubstanceAbuseServices 0.2443 0.0196 2500 1.0371 0.0899 7500 1.0422 0.4135 10000 1.0118 0.3769
DomesticViolenceSurvivor 0.2443 0.0659 50 1.0458 0.5524 25 1 0.9999 25 – –

proj_type_ent 0.2443 0.1210 50 1.0488 0.6118 25 1.0285 0.8845 750 1.0471 0.5172
proj_type_exit 0.2443 0.1026 25 1.0427 0.6990 25 1.0354 0.8607 250 1.0446 0.5511

numProj_before_exit 0.2443 0.0449 0 – – 0 – – 250 1.0432 0.6672
reentered 0.2443 0.0981 50 1.0436 0.5927 75 1.0445 0.6915 1000 1.0332 0.4766

reenteredNotStable 0.2443 0.0739 75 1.0466 0.3994 100 1.0438 0.6735 1000 1.0285 0.4562
reenteredFedDef 0.2443 0.0982 50 1.0436 0.5930 75 1.0446 0.6914 1000 1.0332 0.4770
reenterType 0.2443 0.0891 25 1.0250 0.8621 50 1.0417 0.7413 1000 1.0489 0.4649

HousingStatusNextCall 0.2443 0.1419 25 1.0245 0.6551 50 1.0489 0.7788 750 1.0246 0.6690
SpousePresent 0.2443 0.0947 500 1.0415 0.4416 1000 1.0367 0.4943 5000 1.0436 0.4001

Children 0.2443 0.1871 100 1.0466 0.7330 100 1.0277 0.7512 2500 1.0339 0.9339
Children0_2 0.2443 0.1977 50 1.0444 0.9373 100 1.0492 0.9192 250 1.0415 0.9162
Children3_5 0.2443 0.0924 0 – – 0 – – 0 – –
Children6_10 0.2443 0.1434 25 1.0002 0.9638 25 1.0003 0.9648 500 1.0122 0.9558
Children11_14 0.2443 0.1550 75 1.0024 0.9159 100 1.0269 0.9013 1000 1.0421 0.8860
Children15_17 0.2443 0.2197 75 1.0032 0.8554 750 1.0136 0.8590 10000 1.003 0.8450
num_members 0.2443 0.1543 500 1.0487 0.7437 250 1.0440 0.7509 500 1.0109 0.8111

UnrelatedChildren 0.2443 0.1288 25 1.0138 0.7532 50 1.0341 0.7388 250 1.0422 0.6620
UnrelatedAdults 0.2443 0.2619 500 1.0175 0.8881 100 1.0053 0.9073 10000 1.0246 0.8912

proj 0.2443 0.1209 50 1.0487 0.6081 25 1.0285 0.8838 750 1.0473 0.5140

This suggests that only improving the probabilities of actions is not a good strategy, while
typically, only reducing the probabilities (making bad options worse for worse-off groups
and good options seem less good for advantaged groups) is successful in allowing for better
fairness over repeated allocations over time. We also observe that there is a high variability
in this value across features, indicating that different features have different responses to the
trade-off weight.
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Figure 7.1: The distribution of average probabilities across different groups by solution
method for the feature “HousingStatusAtEntry”.
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Figure 7.2: The trade-offs in PoF and BoF for the feature “HousingStatusAtEntry”. The
optimal point is to the bottom-left.
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7.4.3 Empirical Observations: Selected Results

Here, we pick one representative group feature and analyze it in detail, to provide readers
with a better understanding of our results. We select the feature “HousingStatusAtEntry”,
which captures the current housing status of a household before intervention. Using this
feature to inform group division, we get the following groups: 1: Homeless (1156 households),
2: at imminent risk of losing housing (3551 households), 3: at risk of homelessness (1242
households), 4: stably housed (402 households), 8: unknown status (6326 households) and
-1: missing information (1263 households).

Figure 7.1 shows the distribution of average groupwise probabilities of re-entry for the four
treatments (ILP, SI, SI(+), SI(-)) of the corresponding row in Table 7.2. We can see that for
all SI methods, the group probabilities are shifted towards the mean. Empirically, this means
we see an improvement in fairness, while the overall probability of re-entry is bounded to be
within 5% of the original. This visually shows the intended effect of our incentive score: to
move group scores closer to the mean.

Looking at Figure 7.2, we can more directly compare the performance of the three SI variants
when β is varied. With increasing β, we see an improvement in fairness, but at a cost to
overall utility. Qualitatively, we see that the SI(-) method pareto dominates the others. For
larger BoF ratios, we see that it is possible to improve fairness without significant increase
in PoF. However, if much lower Gini values are required, SI seems to be the better approach,
achieving much lower BoF albeit at a higher cost. On the other hand, SI(+) still seems to
improve fairness, but at a much higher PoF. The general trend seems to favor SI and SI(-)
over SI(+), as we observe similar behavior for most other features.

We note that the trends observed are not universal, and there are various features that, when
used as group membership, do not work well with our framework to improve fairness. We
hypothesize that the relationship between features and the utility estimation process plays
a crucial role in deciding which method works well for that feature. Further experiments are
needed to tease out the exact cause of the variable behavior.
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7.5 Conclusion

In this chapter, we presented a general framework for modelling resource allocation problems
with repeated matching, and using demographic parity as a starting point, derived a simple
incentive-based scheme for continually improving fairness in an online setting. We showed
three variants of the previously developed SI framework, and showed their efficacy through
evaluation on a real-world dataset. This confirms that SI is a flexible and general framework
that can be adapted to a variety of settings. However, this method still has some limitations,
which we try to overcome in the upcoming chapters, in addition to trying to explain the
empirical behavior of the different variants of SI.
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Chapter 8

GIFF: A General Incentives-based
Framework for Fairness

8.1 Introduction & Contribution

SI is a method that looks at accumulated historical utility across groups or individuals (Z)
and computes modifications to the online utility function to compensate for any historical
disparities. Further, SI instantiates a very specific kind of fairness, derived from a lens of
improving statistical parity and minimizing the variance in utility across agents/groups. In
this chapter, we ask ourselves the following questions:

1. Can we identify potential fairness concerns that might result from our actions instead
of just reacting to them?

2. Can a post-processing method like SI be created to improve diverse fairness metrics
beyond statistical parity?

3. SI used clipping heuristics (SI(+) and SI(-)), which work well in practice. Can we
develop a more general optimization framework that can encompass them?

Through a first principles analysis of the SI framework, we develop a more general incentives-
based framework for fairness, which we call GIFF (General Incentives-based Fairness Frame-
work). The core idea behind GIFF is the fact that the predicted Q-values are estimates of
the expected change in the group metric Z if a particular action is taken. Thus, instead
of approximating the change in fairness as done in SI, we can compute the exact change
in fairness if a particular action is taken, and use this to compute incentives. This leads
to a more general framework that can be used to derive incentives for a variety of fairness
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metrics, and can also be used to understand the empirical behavior of SI. We compare GIFF
to SI in the domain of ridesharing, and show that it performs comparably to SI, and even
matches SI(+), indicating that it is a stronger variant of SI that can work well without arbi-
trary heuristics. We also derive how GIFF can be used to optimize fairness functions beyond
var(Z), like α−fairness and Generalized Gini Functions (GGF), with theoretical guarantees
on the fairness improvement. Finally, we show that GIFF can be used to improve fairness
by considering inter-agent interactions through a novel advantage correction mechanism.

Contributions: The main contributions of this chapter are:

1. We develop a general incentives-based framework for fairness (GIFF) that can be used
to improve diverse fairness metrics in DECA problems without the need for additional
learning.

2. We derive instantiations of GIFF for variance, α-fairness and GGF.

3. We provide theoretical bounds on the actual fairness improvement in relation to the
locally estimated fairness gain when using GIFF for multiple fairness functions.

4. We evaluate GIFF on the ridesharing and homelessness problems and show that it
performs comparably to SI, and even matches SI(+) without the need for arbitrary
heuristics.

5. We show experiments outlining the need for advantage correction in GIFF, and how
it can be used to improve fairness by considering inter-agent interactions.

8.2 Background

8.2.1 Problem Setup

We revisit some concepts from Chapter 2 that will be useful in this chapter. First, we
restate the optimization problem from Eq.2.4, which is the general form of the online resource
allocation problem we are trying to solve. This DECA framework is described by the tuple

118



M with the following components:

M = 〈α, S,O, {Ai}i∈α, T, R, γ, c〉 (8.1)

• α is the set of agents indexed by i (n agents).

• S is the global state space.

• O : S → O1×O2× . . .×On is the observation function that maps the true state to agent
observations.

• Ai is the action space for agent i, where an action a includes allocation of a set of resources.

• T : S × A1 × A2 × . . .× An × S → [0, 1] represents the joint transition probabilities.

• R : S × A1 × A2 × . . . × An → Rn denotes the (utility) reward function, which returns a
vector of rewards, one for each agent.

• γ is the discount factor for future rewards.

• c : A1 ∪A2 ∪ . . .∪An → RK maps each action to its resource consumption for K types of
resources.

Each agent can then learn an action-value function Q(oi, a), which estimates the expected
long-term return from taking action a given the local observation oi, without knowledge of
other agents’ current actions. Formally, this is defined as:

Q(oi, a) = E

[
∞∑
t=0

γtr
(t)
i

∣∣∣∣∣ o(0)i = oi, a
(0)
i = a

]
, (8.2)

where r
(t)
i is the reward received by agent i at time-step t, and γ ∈ [0, 1) is the discount

factor. The expectation is taken over the trajectories induced by the environment dynamics
and policies of all agents, conditioned only on agent i’s observation and action. In any state
s, agents compute the Q-values for all of their available actions and communicate them to
the central arbitrator, who can then use them to compute an allocation.

Let A denote the allocation of actions decided by the central allocator such that Ai is the
action assigned to agent i. Let xi(a) ∈ {0, 1} be a binary decision variable that indicates
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whether agent i is assigned action a ∈ Ai. Let R ∈ RK denote the vector of available
resources, with Rk representing the quantity of resource type k ∈ {1, 2, . . . , K}. Let c(a) ∈
RK denote the resource consumption vector for action a, where c(a)k is the amount of
resource k consumed by action a. This gives us the following optimization:

max
xi(a)∈{0,1}

∑
i∈α

∑
a∈Ai

xi(a) ·Q(oi, a) (8.3)

subject to
∑
a∈Ai

xi(a) = 1, ∀i ∈ α (8.4)∑
i∈α

∑
a∈Ai

xi(a) · c(a)k ≤ Rk, ∀k ∈ {1, . . . , K} (8.5)

As discussed earlier, this can be solved as an Integer Linear Program (ILP) at each time step
to get the optimal allocation, as we do in other approaches in this dissertation. Alternatively,
some systems assume agents act independently without a central arbitrator or consensus-
based decision making. In this case, methods like first-come-first-served or random tie breaks
are used to decide who gets contested resources. This approach is much more commonly seen
in multi-agent RL [176, 66, 143]. When using a policy optimization based approach, agents
express preferences over actions which maximize their chances of getting good resources in
the form of a policy π rather than expressing valuations over bundles of resources. This does
not work in the DECA setting, as agents do not have control over the resources they get,
and the central arbitrator needs to make decisions based on the Q-values. We will focus on
the ILP-based approach in this chapter.

We also revisit the payoff vector Z from Chapter 2, which is a temporal record of how
resources have been distributed across agents and provides a foundation for incorporating
fairness criteria into future allocation decisions.

Payoff-vector (Z): We are interested in resource allocation problems that have a temporal
aspect to them, i.e., after each allocation, new resources may arrive in the system, and
resources and agents may enter or exit the allocation pool. We consider two cases: 1) A
fixed number of agents, and 2) An arbitrary number of agents that belong to a fixed number
of groups. In both cases, we consider a total of n groups or agents. Given this, we can
construct a vector of payoffs Z = [z1, z2, . . . , zn] that captures the accumulated value of all
resources allocated to each agent/group over time.
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Unless specified otherwise, we use zi to denote the cumulative payoff for agent or group i at
the current time-step. When referring to a specific time, we will write z

(t)
i to indicate the

value at time-step t. The cumulative reward is given by:

zi =
t∑

τ=0

r
(τ)
i , (8.6)

where r
(τ)
i is the reward received by agent i at time-step τ . In some settings, an average

payoff is used instead:

z̄i =
1

t+ 1

t∑
τ=0

r
(τ)
i . (8.7)

8.2.2 Fairness Concepts

To formalize fairness, we define a fairness function F : Rn → R that maps any payoff vector
Z = [z1, . . . , zn] to a scalar value, where higher values indicate fairer distributions. We
revisit common fairness functions, that can be SWF approaches (like α-fairness and GGF)
or distributional approaches (like variance).

• α-Fairness: For α ≥ 0, the per-agent utility is

Uα(z) =

 z1−α

1−α
if α 6= 1,

log(z) if α = 1,
(8.8)

and the overall fairness is Fα(Z) =
∑n

i=1 Uα(zi).

• Generalized Gini Function (GGF): Sorting Z as z(1) ≤ · · · ≤ z(n), define

FGGF (Z) =
n∑

i=1

wi z(i), (8.9)

where w1 ≥ w2 ≥ · · · ≥ wn and
∑n

i=1 wi = 1.

• Variance: Measures disparity as Fvar(Z) = −Var(Z).
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Having outlined these approaches, we aim to balance efficiency and fairness via a joint
objective. Specifically, for a given time horizon T with payoff vector ZT , we seek an allocation
policy that maximizes:

max (1− β)UT + βF (ZT ), (8.10)

UT =
n∑

i=1

zi, (8.11)

Here, β ∈ [0, 1] is a trade-off parameter that controls the relative importance of efficiency
(total utility) versus fairness.

8.3 A General Incentives-based Fairness Framework
(GIFF)

Here we describe the formulation for GIFF, inspired by SI, but more general and principled.
There are two key departures from SI in GIFF: 1. we use the fact that the Q-function, which
captures the long-term utilitarian effects of actions, can also be used to guide the decision
maker towards a fair allocation, and 2. we can explicitly calculate the local post-allocation
payoff vector to get the change in fairness instead of approximating it. Previous work has
considered directly learning to optimize for fairness [176, 66] or using knowledge of the true
reward function to myopically improve variance using domain-specific post-processing [80].
Instead, we provide a General Incentives-based Framework for Fairness (GIFF) that im-
proves fairness without the need for additional learning for a variety of domains and fairness
functions.

To achieve this, we develop an approach that takes advantage of the instantaneous pre-
decision payoffs Zt at the current time t to guide the present decision towards a fairer
outcome by improving the perceived value of fairer allocations. We do this by computing
the estimated improvement to fairness, the fairness gain of actions, and augmenting the
pre-trained Q-values to reflect our objective (Eq. 8.10).

First, we assume an idealized scenario. Let A = [ai]i∈α denote an allocation that contains
one action for each agent. We overload the notation for the reward function to let R(Ai)
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be a shorthand for the true reward received by agent i under allocation A. The updated
payoff vector Zt+1|A can be computed using Zt and A, by updating the payoffs using the
true rewards. Then, the fairness gain for any allocation can be defined as:

∆F (A) = F (Zt+1)− F (Zt) (8.12)

zt+1
i = zti +R(Ai) ∀i (8.13)

A∗
f = argmax

A
∆F (A) (8.14)

Here, A∗
f is the allocation that improves fairness the most in the current step. We can

also conceive of a similar search which maximizes over an entire sequence of allocations to
maximize long-term fairness. However, even for the one-step allocation, the search space is
combinatorial in the number of agents and their respective action spaces, as we have to con-
sider all possible joint actions. This makes the global optimization intractable, necessitating
alternate methods for computing a fair allocation.

8.3.1 Using Q-values to Estimate Fairness

We observe that it is much easier to reason about fair actions if we can decompose the
fairness gain across agents. To achieve this, we reason only over the locally conditioned
updated payoff vector Zai

t , updating all accumulated utilities based only on a single agent’s
action ai, keeping everything else unaffected.

zt+1
j = ztj + I{j = i}R(ai) ∀j (8.15)

In many real problems, having access to the true reward function R(a) is unlikely. Further,
in dynamic environments, agents may take a critical action earlier, which leads to a payoff
after multiple steps; however, a critical decision towards getting to it may happen much
earlier. If the agent is a Q-learner, we can leverage the fact that the Q-values encode the
long-term value of taking certain actions, and the difference in Q-values will be small in
states where all routes lead to similar payoffs. Thus, if we use the Q-value as a proxy for the
reward function, we can account for long-term returns without knowing the reward function
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or the environment dynamics.

∆F (ai) = F (Zai

t+1)− F (Zt) (8.16)

zt+1
j = ztj + I{j = i}Q(oi, a

i) ∀j (8.17)

This quantity ∆F (ai), termed the fairness gain measures the marginal (local) impact of
agent i’s action on the overall fairness of the allocation given the current distribution of
resources Zt. Note that computing this for all agent actions is linear in the size of the action
space for each agent. This has two benefits. First, we do not need to have access to the true
reward function (which is not available in many cases) and, second, we capture more than
just the immediate return, allowing us to capture long-term effects of certain allocations.
However, this has the drawback that it does not capture inter-agent interactions very well.
Thus, we introduce an additional mechanism that can provide this information.

8.3.2 Advantage Correction: Incorporating Counterfactual Fair-
ness Gains

Fairness concerns in dynamic resource allocation may also require that agents who are already
well-off (i.e., have a high accumulated utility) are discouraged from taking resources that can
help worse-off agents improve their return, thus allowing disadvantaged agents to catch up.
This is also a desirable property of social welfare functions, termed equity, used to capture
the notion of accumulated wealth: Moving resources from better-off agents to worse-off
agents should improve the fairness function’s value. This is also known as the Pigou-Dalton
principle [176] and has been discussed in previous works in fair multi-agent RL.

However, in practice, the local fairness gain ∆F (ai)—which reflects only the immediate
change in an agent’s own utility—does not capture the broader altruistic impact of reallo-
cating resources. In many fairness metrics, this counterfactual update considers solely the
acting agent’s payoff, thereby ignoring the significant improvement in fairness that would
occur if the resource were allocated to a disadvantaged agent. Consequently, even when an
agent’s decision to forgo an action yields ∆F = 0, it may still lead to substantial overall
fairness gains if the resource were reallocated. This limitation motivates the inclusion of a
method to more accurately account for these counterfactual benefits.

124



To this end, we introduce an advantage correction term that incentivizes better-off agents
to give up their top preferences to benefit other disadvantaged agents. Recall that in our
setting, when agent i takes action a, its local fairness gain ∆F (a) is computed by updating
the agent’s payoff zi with Q(oi, a) (Eqs. 8.16 and 8.17). To measure the counterfactual
benefit of this action, we consider allocating this resource to any other agent that can take
this action j 6= i, a ∈ Aj, and compute the counterfactual benefit ∆F (j), using Q(oj, a) to
update agent j’s payoff:

∆F (j) = F
(
Z(j)
t+1

)
− F (Zt), (8.18)

zt+1
j = ztj +Q(oj, a) (8.19)

Let us define the set of these candidate counterfactual agents as αc(a) = {j ∈ α : j 6= i, a ∈
Aj}. We can then compute the average counterfactual fairness improvement:

∆Favg(a) =
1

|αc(a)|
∑

j∈αc(a)

∆F (j) (8.20)

To capture the benefit of allocating this resource to agent i, we can calculate the advantage
function:

Fadv(a) = ∆F (a)−∆Favg(a) (8.21)

A negative Fadv suggests that another agent would benefit more from the resource allocation,
whereas a positive Fadv indicates that the current agent can better improve fairness. If the
fairness metric follows the principle of equity, then we expect agents with higher fairness
gain to be the disadvantaged agents. Instead of ∆Favg, alternate baselines like the maximum
fairness improvement may also be considered.

To integrate this counterfactual fairness measure with the action’s inherent quality, we weigh
the fairness advantage by the relative Q-value gap:

∆Q(a) = Q(oi, a)− min
a′∈Ai

Q(oi, a
′), (8.22)

which reflects how much better action a is compared to the worst option for agent i. This is
helpful in preventing disproportional changes because of Q-value overestimation.
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Finally, we define the counterfactual advantage correction term as:

∆Qadv(a) = Fadv(a)∆Q(a). (8.23)

This formulation has the following intuitive implications:

• If the fairness gain ∆F (a) is lower than the mean counterfactual gain ∆Favg(a), then
Fadv(a) is negative, leading to a negative ∆Qadv(a). This reduces the attractiveness of
action a, discouraging further accumulation by already advantaged agents.

• Conversely, if ∆F (a) exceeds ∆Favg(a), then Fadv(a) is positive, and ∆Qadv(a) is pos-
itive. This boosts the value of actions that help a disadvantaged agent catch up.

8.3.3 GIFF-modified Q-values

We combine the original Q-value estimate with the fairness gain and the counterfactual
advantage correction to obtain the GIFF-modified Q-value, which we can use in the opti-
mization in Equation 8.3 to compute allocations:

Qf (a) = ∆F (a) + δ∆Qadv(a)

QGIFF(oi, a, β, δ) = (1− β)Q(oi, a) + β Qf (a) (8.24)

• β ∈ [0, 1] controls the trade-off between efficiency (standard Q-values) and fairness,
with β = 1 leading to allocations based purely off the fairness gain.

• δ ≥ 0 controls the degree of advantage correction. Empirically, we observed that small
positive values (< 0.5) lead to good results, but this is dependent on the environment
and fairness function being used.

In practice, by adjusting β and δ, the central optimizer can be nudged toward actions that
balance both overall system utility and fairness, as measured by F (Z).
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With this, we are ready to present the GIFF optimization and problem statement. It is
identical to the original ILP (Eqs. 8.3–8.5), except that we replace the Q-values with the
GIFF-modified Q-values from Eq. 8.24. A DECA-GIFF problem is defined as the tuple
MGIFF = 〈α, S,O, {Ai}i∈α, T, R, γ, c, F, β, δ〉, where F is the fairness function and β, δ are
the GIFF parameters. The goal is to solve:

max
xi(a)∈{0,1}

∑
i∈α

∑
a∈Ai

xi(a) ·QGIFF(oi, a, β, δ) (8.25)

subject to
∑
a∈Ai

xi(a) = 1, ∀i ∈ α (8.26)∑
i∈α

∑
a∈Ai

xi(a) · c(a)k ≤ Rk, ∀k ∈ {1, . . . , K} (8.27)

Approximation for Distributed Computation: Computing the counterfactual fairness
gains requires access to the Q-values of all agents. However, in many practical settings,
collecting the true Q-values from every agent at each time-step may be infeasible due to
communication constraints or scalability concerns.

To reduce this overhead, we adopt an approximation where each agent assumes that all other
agents evaluate actions similarly to themselves. That is, agent i approximates the Q-values
of other agents j ∈ αc as:

Q(oi, a) ' Q(oj, a) ∀j ∈ αc, (8.28)

where αc ⊆ α is the subset of agents competing for a.

This assumption enables each agent to use their own Q-value estimates as stand-ins for those
of others when computing fairness-aware updates. As a result, the modified Q-values can be
computed using only the current utility vector Zt and the agent’s local Q-values, avoiding
the need for global Q-value communication.

A Note on Computational Overhead: Assuming that evaluating the fairness function
on a payoff vector takes constant time, computing the GIFF-modified Q-value for one agent
involves two main steps for each available action. First, the fairness gain for an action is
computed in constant time. Second, the advantage correction term requires evaluating the
counterfactual fairness gain for up to n candidate agents, resulting in O(n) time per action.

127



With an average of m actions available per agent, the overall computational overhead for
calculating the modified Q-values for one agent is O(m · n). The total time for all agents,
then, is O(m·n2), which is much smaller than evaluating fairness over the total combinatorial
search space of O(mn) joint actions.

8.4 Theoretical Results

In this section, we provide theoretical guarantees for the core mechanism of GIFF. The
algorithm’s fairness-aware Q-value, QGIFF, relies on a tractable surrogate for the true, com-
binatorial fairness improvement of a joint allocation. Specifically, GIFF approximates the
true joint gain by summing the individual, local fairness gains of each agent’s action (or Q-
value), a quantity we formally define as the surrogate S. We now prove three key properties
of this design: (1) This surrogate S is a principled lower bound on the true fairness improve-
ment for several canonical fairness functions; (2) Maximizing this surrogate is guaranteed to
improve as the fairness weight β increases; and (3) How these guarantees on our surrogate
translate to guarantees on the realized, real-world fairness.

Throughout this section, let Z = (z1, . . . , zn) ∈ Rn denote the current payoff vector, and let
y = (y1, . . . , yn) ∈ Rn

≥0 denote the increments from a feasible allocation in the current round.
For a fairness function F : Rn → R we define:

∆joint := F (Z + y)− F (Z), ∆local
i := F (Z + yiei)− F (Z), S :=

n∑
i=1

∆local
i ,

where ei is the i-th unit vector. We call ∆joint the realized fairness improvement, ∆local
i

the local fairness gain for agent i, and S the sum of local gains, which we term as GIFF’s
surrogate.

Our proofs rely on the following assumption:

Assumption 1 (Nonnegative increments). Any coordinate’s change in utility is nonnegative
for any allocation: yi ≥ 0 for all i.
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Assumption 2 (Q-value correctness). For every agent i and action a, the estimated Q-value
equals the true utility increment:

Q(oi, a) = ∆zi(a),

where ∆zi(a) denotes the change in payoff zi that results from assigning action a to agent i.
In other words, Q-values are perfectly accurate predictors of payoff increments.

Our results fall into three families:

1. A Local–Gain Lower Bound, showing that the surrogate never overstates realized fair-
ness improvements.

2. A Monotonicity in β, showing that surrogate fairness is nondecreasing as the fairness
weight β increases.

3. Slack bounds, quantifying the gap between surrogate and realized fairness to turn
surrogate guarantees into realized guarantees.

8.4.1 Local–Gain Lower Bound

Our first main result establishes that GIFF’s per-agent local gains form a certified lower
bound on the realized joint fairness change. The result covers four canonical metrics: α-
fairness, negative variance, generalized Gini (GGF), and maximin.

Theorem 3 (Local–Gain Lower Bound). Let Z = (z1, . . . , zn) ∈ Rn be a payoff vector and
let y = (y1, . . . , yn) ∈ Rn

≥0 be a nonnegative increment vector. For each fairness function F

below, the realized joint gain dominates the sum of local gains:

∆joint := F (Z + y)− F (Z) ≥
n∑

i=1

∆local
i , ∆local

i := F (Z + yiei)− F (Z),

under the stated assumptions:

1. F = Fα (α-fairness): α ≥ 0 and zi, zi + yi lie in the domain of Uα (so zi > 0 and
zi + yi > 0 when α = 1).
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2. F = Fvar (negative variance): no further assumptions (beyond y ≥ 0).

3. F = FGGF (generalized Gini) with nonincreasing weights w1 ≥ · · · ≥ wn.

4. F = Fmin (maximin): no further assumptions (beyond y ≥ 0).

Moreover, equality holds in (1); in (2) equality holds iff at most one yi > 0; and in (4)
equality conditions are given in Lemma 9.

Lemma 6 (α-fairness: exact additivity). Let Fα(Z) =
∑n

i=1 Uα(zi) with Uα(t) = t1−α

1−α
for

α 6= 1 (domain t ≥ 0) and U1(t) = log t (domain t > 0). If zi and zi + yi are in the domain
for all i, then

Fα(Z + y)− Fα(Z) =
n∑

i=1

[
Fα(Z + yiei)− Fα(Z)

]
.

Proof. By separability, Fα(Z + y) − Fα(Z) =
∑

i[Uα(zi + yi) − Uα(zi)], and for a single-
coordinate update Fα(Z + yiei) − Fα(Z) = Uα(zi + yi) − Uα(zi). Summing over i yields the
identity.

Lemma 7 (Negative variance: nonnegative synergy). Let Fvar(Z) = −Var(Z) with Var(Z) =
1
n

∑n
i=1(zi − µ)2 and µ = 1

n

∑
i zi. If y ≥ 0, then

Fvar(Z + y)− Fvar(Z) ≥
n∑

i=1

[
Fvar(Z + yiei)− Fvar(Z)

]
,

with equality iff at most one yi > 0.

Proof. Use Fvar(Z) = µ2 − 1
n

∑
i z

2
i . Let S =

∑
i zi and Y =

∑
i yi. Then

Fvar(Z + y)− Fvar(Z) =
2SY + Y 2

n2
− 2

n

∑
i

ziyi −
1

n

∑
i

y2i .

For a single update yi, Fvar(Z+yiei)−Fvar(Z) = 2Syi+y2i
n2 − 2

n
ziyi− 1

n
y2i . Summing over i gives

∑
i

∆local
i =

2SY

n2
− 2

n

∑
i

ziyi +
( 1

n2
− 1

n

)∑
i

y2i .

Subtracting yields ∆joint−
∑

i∆
local
i =

Y 2−
∑

i y
2
i

n2 = 2
n2

∑
i<j yiyj ≥ 0, with equality iff at most

one yi > 0.
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Lemma 8 (GGF: joint gain dominates locals). Let FGGF(Z) =
∑n

k=1wk z(k) with nonin-
creasing weights w1 ≥ · · · ≥ wn (and wn+1 := 0), where z(1) ≤ · · · ≤ z(n) are the sorted
entries of Z. If y ∈ Rn

≥0, then

FGGF(Z + y)− FGGF(Z) ≥
n∑

i=1

[
FGGF(Z + yiei)− FGGF(Z)

]
.

Proof. Use the equivalent form FGGF(Z) =
∑n

k=1 vk Sk(Z) with vk := wk − wk+1 ≥ 0 and
Sk(Z) =

∑k
j=1 z(j). Since vk ≥ 0, it is enough to prove the claim for each Sk and sum with

weights vk.

Fix k and let τ be the k-th smallest value in Z. Set L = {i : zi < τ}, T = {i : zi = τ}, c =
k − |L|. Any k-subset achieving Sk(Z) must include all of L and exactly c indices from T .

Local updates. For a single-coordinate increase yi ≥ 0,

Sk(Z + yiei)− Sk(Z) =


yi, i ∈ L,

yi, i ∈ T and c = |T |,

0, otherwise.

Therefore
n∑

i=1

[
Sk(Z + yiei)− Sk(Z)

]
=

∑
i∈L

yi + 1{c=|T |}
∑
i∈T

yi. (*)

Joint update. For the full increment y ≥ 0,

Sk(Z + y) = min
|J |=k

∑
j∈J

(zj + yj) ≥ min
C⊆T
|C|=c

[∑
j∈L

(zj + yj) +
∑
j∈C

(zj + yj)

]

= Sk(Z) +
∑
j∈L

yj + min
C⊆T
|C|=c

∑
j∈C

yj.

If c = |T |, the minimum over C equals
∑

j∈T yj; otherwise it is ≥ 0. Thus

Sk(Z + y)− Sk(Z) ≥
∑
j∈L

yj + 1{c=|T |}
∑
j∈T

yj, (**)
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which matches or exceeds the sum in (*). This proves the claim for Sk. Multiplying by
vk ≥ 0 and summing over k yields the inequality for FGGF.

Lemma 9 (Maximin: joint never underestimates locals). Let Fmin(Z) = mini zi, let m =

mini zi, and let S = {i : zi = m} be the set of minimizers. Let σ be the second-smallest
baseline value (or +∞ if none), and let

σ′ := min
j 6=i?

(zj + yj)

be the post-update second-smallest value when |S| = 1 with S = {i?}. If y ≥ 0, then

Fmin(Z + y)− Fmin(Z) ≥
n∑

i=1

[
Fmin(Z + yiei)− Fmin(Z)

]
.

Equality conditions.

• If |S| ≥ 2 (multiple minima), equality holds iff mini∈S yi = 0. Otherwise the inequality
is strict.

• If |S| = 1 with S = {i?} (unique minimum), write

local sum = min{yi? , σ −m}, joint = min{yi? , σ′ −m}.

Equality holds iff either

1. yi? ≤ σ −m (then both sides equal yi?), or

2. σ′ = σ (then both sides equal min{yi? , σ −m}).

If yi? > σ −m and σ′ > σ, the inequality is strict.

Proof. Local updates. If i /∈ S, the minimum stays m, so the local change is 0. If |S| ≥ 2

and i ∈ S, raising a single tied minimum still leaves some index at m, so the local change is
0. If |S| = 1 with S = {i?}, then

Fmin(Z + yi?ei?)− Fmin(Z) = min{m+ yi? , σ } −m = min{ yi? , σ −m }.

Summing over i gives the stated “local sum.”
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Joint update. If |S| ≥ 2,

Fmin(Z + y)− Fmin(Z) = min{min
i∈S

yi, σ −m } ≥ 0,

so the inequality holds; equality iff mini∈S yi = 0. If |S| = 1 with S = {i?},

Fmin(Z + y)− Fmin(Z) = min{ yi? , σ′ −m }.

Since σ′ ≥ σ (because y ≥ 0 on non-min entries), we have min{yi? , σ′−m} ≥ min{yi? , σ−m}
with equality exactly under (1) or (2) above.

Now we are ready to prove the main result.

Proof of Theorem 3. Each case follows from the corresponding lemma, which establishes
∆joint ≥

∑
i ∆

local
i under the stated assumptions, and provides the equality conditions.

This theorem implies that GIFF’s surrogate never over-promises: the realized fairness gain
is guaranteed to be at least as large as the surrogate, and is exact for α-fairness. Equality
conditions for variance and maximin are given in Lemmas 7 and 9. See Subsection 8.4.5 for
a detailed discussion of implications.

8.4.2 Monotone Surrogate Fairness under β

Next, we show that as the fairness weight β increases, the allocation’s sum of local fair-
ness gains is nondecreasing. This gives a monotonic control knob: tuning β cannot reduce
surrogate fairness, and under uniqueness, any allocation switch yields a strict increase.

Theorem 4 (Monotone increase of the sum of local fairness gains). Fix a decision round
with baseline payoff vector Z ∈ Rn. Let A be the (finite) set of feasible joint allocations
A = (a1, . . . , an). For each A ∈ A, define

U(A) :=
n∑

i=1

Q(oi, ai), S(A) :=
n∑

i=1

∆Fi(ai), ∆Fi(ai) := F (Z + yi(ai) ei)− F (Z),
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where yi(ai) ≥ 0 is the accounted increment added to zi if agent i takes ai, and ei is the i-th
unit vector. (All ∆Fi(·) use the same baseline Z.)

For β ∈ [0, 1), write θ = β/(1− β) and consider

Gθ(A) = U(A) + θ S(A).

Let A∗(θ) ∈ argmaxA∈A Gθ(A) be any maximizer. Then for any 0 ≤ θ1 < θ2 < ∞ and any
choices A1 ∈ argmaxGθ1, A2 ∈ argmaxGθ2,

S(A2) ≥ S(A1).

Equivalently, as β increases, the chosen allocation’s sum of local fairness gains is nonde-
creasing.

Proof. By optimality of A1 at θ1 and A2 at θ2,

U(A1) + θ1S(A1) ≥ U(A2) + θ1S(A2), (1)

U(A2) + θ2S(A2) ≥ U(A1) + θ2S(A1). (2)

Subtract (1) from (2) to cancel the U terms:

(θ2 − θ1)
(
S(A2)− S(A1)

)
≥ 0.

Since θ2 > θ1, we conclude S(A2) ≥ S(A1).

Corollary 2 (Strict increase at a true switch under uniqueness). If the maximizer is unique
at θ1 and at θ2, let A1 = A∗(θ1) and A2 = A∗(θ2). If A1 6= A2, then

S(A2) > S(A1).

Proof. From Theorem 4, S(A2) ≥ S(A1). If equality held, then (1) and (2) above would
force U(A1) = U(A2) as well, so both A1 and A2 would maximize Gθ1 and Gθ2—contradicting
uniqueness.
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Scope, tie-breaking, and the β → 1 endpoint. Theorem 4 requires only that (i) the
feasible set A for the round is finite, and (ii) all ∆Fi(·) are computed against the same
baseline Z for that round. Changing the feasible set (e.g., constraints) or the baseline mid-
sweep can break monotonicity; otherwise the result is agnostic to the choice of F and to how
Q is obtained, provided S(A) is well defined. Deterministic tie-breaking is not required for
nondecreasing S(A∗(θ)), but if you want strict improvement at switches without assuming
uniqueness, adopt a consistent rule such as: among Gθ-maximizers, first maximize S(A),
then U(A). With this rule, any change in the selected allocation across θ1 < θ2 implies
S(A2) > S(A1). Finally, interpreting β → 1− as θ = β/(1 − β) → ∞, the maximizers
converge to argmaxA∈A S(A), so the monotonicity statement extends continuously to the
endpoint β = 1.

This monotonicity applies to the surrogate S(A), not necessarily the realized fairness F (Z).
To connect the two, we require slack bounds.

8.4.3 Slack Bounds Between Surrogate and Realized Fairness

Define the slack of an allocation as

slack := ∆joint − S ≥ 0.

By Theorem 3, slack ≥ 0 for the given fairness metrics. Here we provide per-metric ex-
act formulas or bounds, so that we can certify not just lower bounds but also two-sided
guarantees.

Lemma 10 (Slack for α-fairness). Let Fα(Z) =
∑

i Uα(zi) with Uα(t) = t1−α

1−α
for α 6= 1

(domain t ≥ 0) and U1(t) = log t (domain t > 0). Assume all arguments lie in the domain.
Then

∆joint = S and slack = 0.

Interpretation. The surrogate is exact for any nonnegative increment profile.

Proof. By separability, Fα(Z + y) − Fα(Z) =
∑

i

[
Uα(zi + yi) − Uα(zi)

]
, while for a single-

coordinate update Fα(Z + yiei) − Fα(Z) = Uα(zi + yi) − Uα(zi). Summing over i gives
∆joint = S.
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Lemma 11 (Slack for negative variance). Let Fvar(Z) = −Var(Z), and set Y :=
∑

i yi. Then

slack =
Y 2 −

∑
i y

2
i

n2
=

2

n2

∑
i<j

yiyj ∈
[
0,

Y 2

n2

(
1− 1

m

) ]
,

where m := |{i : yi > 0}|. Interpretation. The gap is a pure “synergy” term that grows when
gains are spread across more agents; it vanishes when at most one coordinate increases.

Proof. Using Fvar(Z) = µ2 − 1
n

∑
i z

2
i with µ = 1

n

∑
i zi, the calculation in Lemma 7 gives

∆joint −
∑
i

∆local
i =

Y 2 −
∑

i y
2
i

n2
=

2

n2

∑
i<j

yiyj ≥ 0.

For the upper bound, by Cauchy–Schwarz, with m positive entries,
∑

i y
2
i ≥ Y 2/m, hence

Y 2 −
∑

i y
2
i ≤ Y 2(1− 1/m).

Lemma 12 (Slack for GGF (nonincreasing weights)). Let FGGF(Z) =
∑n

k=1wk z(k) with
nonincreasing weights w1 ≥ · · · ≥ wn and wn+1 := 0, and let the increments y be nonnegative.
Set Y :=

∑
i yi, m := |{i : yi > 0}|, and ymax := maxi yi. Define

q := min
(
m,

⌊
Y /ymax

⌋)
, r := Y − q ymax ∈ [0, ymax).

Then

∆joint ≤ ymax

q∑
k=1

wk + r wq+1, and hence slack ≤
(
ymax

q∑
k=1

wk + r wq+1

)
− S.

If the baseline order of Z is strict and preserved after the update, writing y(1) ≤ · · · ≤ y(n)

aligned with that order,

∆joint =
n∑

k=1

wk y(k) = S, so slack = 0.

Interpretation. The ymax-cap is a simple data-dependent envelope (depending only on m, Y ,
ymax and the weights); it is typically tight when mass is spread.
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Proof. Let y[1] ≥ · · · ≥ y[n] be the increments sorted descending. By rearrangement,

∆joint ≤
n∑

k=1

wk y[k].

Maximizing the right-hand side under 0 ≤ y[k] ≤ ymax,
∑

k y[k] = Y , and at most m positives
fills the top q slots with ymax and places the remainder r in slot q+1, yielding ymax

∑q
k=1 wk+

r wq+1. Since slack = ∆joint − S, the stated slack bound follows. In the no-rank-crossing
regime, each baseline rank-k index remains at rank k, so the joint change equals

∑
k wky(k) =

S.

Lemma 13 (Slack for maximin). Let Fmin(Z) = mini zi. Denote m? := mini zi and S := {i :
zi = m?}. Let σ := minj /∈S zj (or +∞ if S = {1, . . . , n}), and define ymax := maxi yi.

1. If |S| ≥ 2,
slack = min

{
min
i∈S

yi, σ −m?
}
∈ [0, ymax],

with slack = 0 iff mini∈S yi = 0.

2. If |S| = 1 with S = {i?}, let σ′ := minj 6=i?(zj + yj) ≥ σ. Then

slack = min{ yi? , σ′ −m? } − min{ yi? , σ −m? } ∈
[
0, min{yi? , σ′ − σ}

]
.

In particular, slack = 0 if either yi? ≤ σ −m? or σ′ = σ.

Proof. Let ∆joint = Fmin(Z + y)− Fmin(Z) and ∆local
i = Fmin(Z + yiei)− Fmin(Z).

(1) If |S| ≥ 2, every single-coordinate update leaves some entry at m?, so ∆local
i = 0 for all

i and S = 0. The new minimum after the joint update is min{m? + mini∈S yi, σ }, hence
∆joint = min{mini∈S yi, σ −m?} and the stated bounds follow.

(2) If |S| = 1 with S = {i?}, then ∆local
i? = min{yi? , σ − m?} and ∆local

i = 0 for i 6= i?,
so S = min{yi? , σ − m?}. After the joint update, the second-smallest value becomes σ′ =

minj 6=i?(zj + yj) ≥ σ, hence ∆joint = min{yi? , σ′ − m?}. Subtracting gives the claim and
bounds.
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These results allow us to strengthen the monotonicity guarantee: if S increases by more than
an upper bound on slack, then realized fairness must also strictly increase. For α-fairness,
this is immediate because slack = 0.

8.4.4 Corollary: Strict Realized Fairness at β-Driven Switches

Combining Theorem 4 with the slack bounds above yields a useful corollary: when realloca-
tions occur as β increases, and the increase in surrogate fairness exceeds the slack bound of
the previous allocation, realized fairness must strictly improve.

This gives a precise, testable condition:

• For α-fairness, every true switch increases realized fairness.

• For variance, a computable quadratic bound applies (Lemma 11).

• For GGF, a ymax-cap yields a data-dependent bound, with slack vanishing when no
rank crossings occur (Lemma 12).

• For maximin, the gap depends on whether the minimum is unique (Lemma 13).

In practice, this means β can be tuned with confidence that surrogate monotonicity is pre-
served, and—in many metrics—realized fairness improves as well.

8.4.5 Practical Implications of the Theoretical Results

The preceding theorems are not only of theoretical interest but also provide practical tools
for deploying GIFF in real systems:

Certified lower bounds. The Local–Gain Lower Bound guarantees that GIFF’s surrogate
never overstates realized fairness improvement. This turns the surrogate into a safe proxy:
if an allocation is predicted to achieve at least ε fairness gain, the realized gain is provably
≥ ε. For α-fairness, the surrogate is exact.
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Safe tuning of β. The monotonicity theorem ensures that increasing the fairness weight
β cannot reduce surrogate fairness. Practitioners can therefore adjust β to explore effi-
ciency–fairness trade-offs without fear of hidden regressions.

Two-sided certificates. Slack bounds provide upper bounds on how much realized fair-
ness can exceed the surrogate. Together with the lower bound, this yields a sandwich:

S ≤ ∆joint ≤ S + slackmax.

This makes GIFF auditable: both the minimum guaranteed improvement and the potential
gap are known at each round.

Fairness floors as constraints. Because S is conservative, one can impose hard con-
straints of the form S ≥ ε in the allocation ILP, guaranteeing that realized fairness improve-
ment is at least ε each round.

Telescoping guarantees. Summing the Local–Gain Lower Bound over time gives a cu-
mulative guarantee:

F (ZT )− F (Z0) ≥
T−1∑
t=0

S(t).

This yields an auditable trajectory of fairness progress over a deployment horizon.

Monitoring and debugging. The bounds enable runtime checks. If the observed joint
change ∆joint ever falls below the computed S, then assumptions (such as nonnegative incre-
ments) have been violated, or an implementation error is present.

In short, the theorems make GIFF deployable: the system’s fairness behavior becomes pre-
dictable, auditable, and tunable in ways that are both theoretically grounded and opera-
tionally meaningful.
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8.5 Experimental Results

We show results from two experiments. First, we compare GIFF to an existing domain-
specific method for ridesharing, optimizing variance (a distributional metric). Then, we look
at SWF-based metrics in a domain highlighting the need for the counterfactual advantage
correction.

8.5.1 Baseline Comparison in Real-World Domains: Ridesharing

We test our approach in the complicated ridesharing domain [135, 80], where passengers are
allocated to drivers in a dynamic matching environment. Part of the complexity also arises
from the fact that more than one passenger can be allocated to the same driver, sharing
the trip, leading to a huge combinatorial search space that is difficult to directly optimize.
Each vehicle estimates the Q-values based on groups of passengers, and the central allocation
maximizes this Q-value for all drivers, subject to passenger constraints.

We compare our results to SI [80], designed for myopic fairness in the ridesharing application.
SI’s fairness objective is to reduce variance in groups of passengers (measured in terms of
service rate) and in drivers (measured as differences in trips assigned). In our experiments,
we compare both the original SI and its heuristic variant SI(+), which clips negative fairness
incentives to focus solely on improvements. We also implement and test a corresponding
heuristic in our method, denoted GIFF(+).

Both GIFF and SI start from the same base model that predicts raw Q-values (indicated
by the red X’s in Figure 8.1, which represents the baseline with no fairness adjustments).
Our goal is to demonstrate that GIFF not only improves fairness over SI, but also avoids
the drawbacks of SI(+) at high fairness weights. For passengers, fairness is measured as the
variance in service rate for groups traveling between source and destination neighborhoods
(Zp). For drivers, the objective is to minimize variance in driver income, measured by the
number of trips per driver (Zd). In our simulation, 1000 vehicles are deployed on the island
of Manhattan, using a real-world dataset from New York City, capturing passenger requests
between 8am and 12pm during the busy morning hours.

Our results, shown in Figure 8.1, reveal the following observations:
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Figure 8.1: Comparison of fairness versus system utility. Each line is plotted in order of
increasing fairness tradeoff weight β, starting from the red X (β = 0) Left: Passenger fairness
(measured as −var(Zp)) versus overall service rate. Right: Driver fairness (measured as
−var(Zd)) versus overall service rate. The red X indicates the baseline performance (raw Q-
values without fairness adjustments). GIFF consistently improves the fairness-utilty tradeoff
over SI. While SI(+) provides a marginal improvement for passengers, incorporating the same
heuristic into GIFF (GIFF(+)) yields performance on par with SI(+). For drivers, however,
SI(+) starts to degrade fairness at high fairness weights, whereas GIFF maintains a stable
fairness–efficiency tradeoff.

1. Overall Superiority of GIFF: GIFF outperforms SI for both drivers and passen-
gers. For passengers, while SI(+) seems to be a good heuristic—yielding slightly bet-
ter fairness than SI—adding the same clipping heuristic to GIFF (GIFF(+)) brings
its performance in line with SI(+). This indicates that GIFF, by itself, already pro-
vides significant fairness improvements, and simple heuristics can further boost its
performance when long-term Q-values are not available.

2. Tradeoff at High Fairness Weights: For drivers, GIFF maintains a favorable
fairness–efficiency tradeoff even as the fairness weight approaches 1, while SI(+) be-
gins to make fairness worse. In fact, SI(+) eventually results in lower fairness than the
starting base model (indicated by the red X), highlighting a critical drawback of the
heuristic fairness approach when overemphasized.

3. Differences in Reward Availability: In the passenger scenario, where we lack Q-
values and rely on a binary 0–1 reward for assigning a passenger, the heuristic appears
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(a) Passenger Fairness (b) Driver Fairness

Figure 8.2: Variance vs. Fairness Weight. Top row: GIFF results using log
(
1 + β

1−β

)
.

Bottom row: SI results using log(1 + β).

to capture long-term behavior reasonably well. However, for drivers—where true Q-
values are available—the baseline GIFF approach delivers more stable and consistent
improvements, making GIFF(+) less effective than GIFF alone.

4. Robustness of GIFF: Overall, these results underscore the strength of GIFF: It
works well out of the box for both drivers and passengers with a non-linear fairness
metric, and reasonable heuristic adjustments can further improve performance in sce-
narios with limited long-term value information.

Fairness with changing β: In SI, the objective is additive (U + βF ), as opposed to
GIFF’s weighted combination (Eq. 8.10). To compare the effect of this tradeoff weight on
fairness, we transform the weights for GIFF as β

1+β
, and plot the change in fairness for both

SI and GIFF with this hyperparameter on a logarithmic scale. Figure 8.2 shows the tradeoff
between fairness weight and the variance in utilities Zp and Zd.

For passengers, both GIFF and SI keep improving fairness as β is increased, as shown in the
left panels. In the top right panel, GIFF continues to lower the variance for drivers as the
fairness weight increases. However, SI(+) (bottom right) eventually worsens fairness, even
falling below the baseline performance. This demonstrates that GIFF achieves a more stable
fairness–utilty tradeoff.
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8.5.2 Generalization to Homelessness Prevention

To demonstrate the versatility of our approach beyond dynamic, Q-value-based environ-
ments, we test GIFF in the domain of homelessness prevention using a real-world dataset [70].
Here, the task is to assign households to one of four interventions to minimize the total prob-
ability of re-entry into homelessness. The “cost” of assigning household h to intervention a is
given by a pre-computed counterfactual probability, Pr(h, a). We refer readers to Chapter 7
for more details on the dataset and problem setup.

Our framework is adapted to this new context by treating it as a cost-minimization
problem. We use the negative of the re-entry probabilities as utility values, so that
QGIFF(h, a, β, δ) = (1 − β) (−Pr(h, a)) + β Qf (a). To further highlight GIFF’s flexibility,
we move beyond variance reduction and adopt the Gini coefficient as the fairness metric,
Fgini = −

∑n
i=1

∑n
j=1 |zi−zj |

2n
∑n

k=1 zk
, where zi ∈ [0, 1] is the average re-entry probability for a given

demographic group.

The dataset includes 38 household features (e.g., race, gender, family size), and we run 38
independent experiments, each defining fairness groups based on one feature. This allows
us to assess the robustness of each method across a wide variety of fairness definitions. We
call the adapted version of SI used in this setting SI-X, as it optimizes variance in re-entry
probabilities, which is a different objective from the original SI method.

To evaluate performance across these 38 experiments, we introduce two metrics:

• Price of Fairness (PoF): The ratio of the total re-entry probability with fairness ad-
justments to the baseline (fairness-unaware) total probability. A PoF of 1.05 means a 5%
increase in the overall re-entry rate.

• Benefit of Fairness (BoF): The percentage reduction in the Gini coefficient compared
to the baseline, calculated as 1− Gini(new)

Gini(base) .

Figure 8.3 summarizes the results by plotting the distribution of BoF achieved for a given
PoF threshold. Each vertical slice represents the BoF distribution over all 38 feature-based
groupings. The top panel shows that GIFF is a more effective and reliable method. On
90% of the features, GIFF is able to get 60% improvement in Fgini compared to the base-
line. GIFF consistently yields a higher mean BoF. More importantly, GIFF demonstrates
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Figure 8.3: Results for the homelessness dataset. Top: Comparison of the benefit of fairness
(BoF) distribution as the price of fairness (PoF) threshold is increased. Bottom: The BoF
gap compared to the best method, excluding BoF=0. Each vertical slice corresponds to the
distribution over all 38 features.

superior worst-case performance; its 90th percentile is substantially higher than that of SI-
X, indicating that GIFF avoids the severe fairness failures that SI-X is prone to on certain
groups. The bottom panel reinforces this conclusion by analyzing the BoF Gap, which mea-
sures how much a method underperforms only on the tasks where it was not the best. The
gap for GIFF is minimal and concentrated near zero, showing that even when it is not the
top performer, it is a close second. In contrast, SI-X exhibits a wide gap distribution, with
its 90th percentile exceeding 0.4. This means that when SI-X fails, it fails badly, achieving
fairness outcomes that are dramatically worse than what is possible with GIFF.

Overall, these results in a distinct problem domain with a non-linear fairness metric confirm
that GIFF is a robust and broadly applicable framework for integrating fairness into resource
allocation systems.
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8.5.3 Job Allocation Environment and Advantage Correction

In this section, we evaluate our method in the challenging Job Allocation environment. The
environment consists of one job that yields a reward of 1 when occupied and 4 agents that
can either occupy or forfeit the job. Only one agent can occupy the job at any given
time. When an agent occupies the job, it earns a reward; however, to allow another agent to
take over, the current agent must forfeit—resulting in a step with no reward. This process
is repeated over 100 time steps.

If a single agent occupies the job continuously, it can accumulate up to 100 reward. In
contrast, a simple turn-taking (myopic) strategy—where an agent occupies for one step and
then forfeits—yields a total of 50 system utility, which is shared roughly equally among the
4 agents (approximately 12.5 utility per agent). By comparison, an oracle solution that
plans over the full horizon can achieve 96 total reward, with each agent receiving 24 utility.
This oracle solution is hard to compute as the optimal strategy is highly dependent on the
number of time steps. We want to test if our method can find this hard fairness optima by
just varying β and δ without learning.

We study two fairness metrics: α-fair and GGF, which are both additive functions of
reweighted agent utilities. Since both metrics are Efficient, the change in fairness ∆F

is always positive for any action. Further, without the advantage correction term ∆Qadv,
the forfeit action is never favored for any agent, as the total fair-efficient value for that
allocation is always less than the value with the agent continuing to occupy the job. Our
experiments show that without the advantage correction term, a policy with β = 1 results
in outcomes that are as unfair as those with β = 0. The advantage correction term adjusts
the Q-values by reducing the value of actions that offer less-than-average fairness gains for
agents already better off, thereby encouraging more equitable decision-making even when
the agents lack full information about the remaining time steps.

Figure 8.4a shows the performance using the α-fair metric (Eq. 2.9) with α = 1, equivalent
to log Nash welfare. With a moderate δ (around 0.1), the model achieves near-optimal
performance. As δ increases, fair behavior emerges at lower β values, though with a slight
drop in utility when β = 1. Figure 8.4b presents the results for the GGF metric (Eq. 2.10),
with weights wi = 2−i. Here, the impact of advantage correction becomes noticeable around
δ ≈ 0.3, and by δ ≈ 0.8, the policy converges to a myopic turn-taking solution at β = 1. As
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(a) α-fair results (b) GGF results

Figure 8.4: Fairness and utility for the Job Allocation environment as functions of β and δ.

opposed to α-fairness, GGF has a distinct band with noticeably higher fairness and utility
before moving into the myopic fairness behavior. Fα is less sensitive to changes in utility
when all agents are doing better, since it uses the log of agent utilities.

For both cases, as δ · β increases, the fairness correction relies less on the long-term value
and more on trying to be equitable. In the limit, this leads to the turn-taking solution.
We also observe the general pattern that as δ increases, the transition from utilitarian to
fair behavior happens at smaller β. Interestingly, in both cases we are able to identify the
optimal strategy with no information about the time horizon, with a simple evaluation-only
grid search.

Overall, these results demonstrate that the advantage correction term is crucial for balancing
total utility and fairness in environments where long-term planning is challenging. The
correction mechanism effectively nudges the policy towards more equitable outcomes in the
Job Allocation task.

8.6 Conclusion

In this chapter, we introduced GIFF—a framework that leverages existing Q-values to infer
fairness gains and adjust multi-agent resource allocations without any additional training.
GIFF serves as a generalization of SI, decomposing the long-term effect of actions into a
fairness gain and a counterfactual advantage correction, enabling a principled tradeoff be-
tween efficiency and equity. Empirical evaluations in ridesharing and job allocation domains
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demonstrate that GIFF can achieve competitive fairness–utility trade-offs and allow elicita-
tion of expressive and equitable policies.

A key strength of GIFF lies in its simplicity and minimal overhead. Because GIFF operates
as a modification step applied to pre-computed Q-values, it is straightforward to integrate
into existing RL pipelines. The framework is lightweight—requiring only the maintenance of
the accumulated utility vector, with a O(M · n2) overhead—and introduces just two hyper-
parameters, β and δ, to balance efficiency and fairness during deployment without needing
any additional training. GIFF also allows an expressive interpolation between utilitarian
and fair behavior. Moreover, the counterfactual advantage correction term effectively sim-
ulates altruistic behavior by encouraging better-off agents to forgo top preferences in favor
of actions that yield greater fairness improvements, a property that is particularly beneficial
when equitable distributions are desired.

Despite these advantages, some limitations warrant further discussion. In environments with
sparse rewards or highly stochastic dynamics, the direct correspondence between actions and
utility may be less pronounced, which can challenge the reliability of the fairness estimation.
In such cases, relying solely on current Q-values may not capture the long-term benefits
accurately, suggesting a need for incorporating milestone-based planning or trajectory eval-
uations.

With this chapter, we conclude Part III. In the previouos 3 chapters, we discussed and
developed a completely online method for post-processing Q-values to achieve fair resource
allocation, without any additional training. SI and GIFF surface a simple and elegant
idea: thinking about the immediate fairness implications of actions and keeping track of
historic metrics is often sufficient to achieve significantly improved fairness outcomes. The
‘incentives’ that SI and GIFF rely on can be applied either centrally by the allocator after
receiving agent Q-values, or locally by agents themselves. In the next part, we will look at a
different problem: how to make agents learn the long-term fairness impact of actions during
training, and how to make them cooperate to achieve fair outcomes. This will be the focus
of Part IV.
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Part IV

Learning and Sampling for Fairer
Models
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Chapter 9

Learning with Fairness through
Past-Discounting

9.1 Introduction & Contribution

So far we’ve seen multiple real-world instances of resource allocation systems that align with
the Distributed Evaluation, Centralized Allocation framework, and developed methods to
improve fairness using post-hoc incentives. However, these methods assume that the value
estimates used to compute the incentives are accurate, and do not consider how these values
are learned in the first place. In many real-world settings, these values are learned through
historical data or online learning, and may be biased or inaccurate.

In the next few chapters, we will study fairness during the learning stage of resource allocation
and other machine learning tasks. However, to lay the foundation for this, we first dive into
a previously unexplored aspect of fairness in dynamic settings: how to learn in the presence
of long-term fairness objectives.

Recent work in multi-agent learning addresses temporal fairness by evaluating cumulative
or terminal utilities [66, 176, 3]. Yet, these approaches either assume perfect recall—giving
equal weight to all past allocations—or assess each allocation independently. In contrast,
insights from behavioral economics and moral psychology reveal that human perceptions of
fairness evolve over time. For example, events in the distant past tend to be perceived more
abstractly [149], and individuals naturally devalue outcomes that are further removed in
time [45]. Empirical studies also indicate that forgiveness increases as the temporal distance
from a transgression grows [88, 162]. Additionally, to maintain the Markov property in
sequential decision-making, the payoff vector must be included within the state, which can
lead to an unboundedly growing state space if all past utilities are retained.
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Motivated by these findings, we propose incorporating past discounting mechanisms
into dynamic resource allocation. By discounting historical utilities, our approach offers
a principled compromise between instantaneous and perfect-recall fairness. This method
not only aligns more closely with observed human behavior but also ensures that the aug-
mented state space remains bounded—a critical property for the convergence and scalability
of reinforcement learning algorithms.

Contributions: The main contributions of this chapter are:

1. We identify and formalize a critical failure mode in long-term fairness methods [3,
176]: perfect-recall causes unbounded state-space growth, rendering learning
intractable over long horizons.

2. We propose past-discounted fairness memories, a novel, behaviorally-grounded
framework that balances historical context with computational feasibility by applying
a geometrically decaying weight to past utilities.

3. We provide a rigorous theoretical proof that our past-discounting mechanism
guarantees a bounded and horizon-independent augmented state space, retaining the
Markov property while enabling tractable learning.

4. We empirically demonstrate the necessity of discounting the past, showing
that an RL agent successfully learns fair policies with our method while systematically
failing with perfect recall as the time horizon increases.

By integrating theoretical analysis with behavioral insights, we aim to provide a strong
argument for using past discounts for fair resource allocation in dynamic environments. This
also forms a foundation for the subsequent chapters, where we explore learning mechanisms
that can effectively incorporate long-term fairness objectives. We note that the implications
of this work extend beyond the DECA framework, and are relevant to a wide range of
sequential decision-making problems involving fairness.
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9.2 Background

9.2.1 Related Work

Fairness in resource allocation has a rich history, but traditional literature has focused on
static, one-shot problems. Concepts like proportionality, envy-freeness, and maximin share
guarantees [17, 119] provide robust solutions for individual decision points. However, their
myopic nature makes them insufficient for dynamic settings like taxi matching or aid dis-
tribution, where long-term equity necessitates reasoning over multiple time steps. Even in
the sequential setting, many approaches consider fairness over only the current valuations of
resources or considering future value, but do not consider past memories [139, 63]. We call
this myopic or instantaneous fairness.

Recognizing this, recent research has explored temporal fairness across various domains. In
multi-agent reinforcement learning (MARL), some approaches constrain per-step allocations
or evaluate cumulative utilities at a terminal stage [66, 176]. More advanced mechanisms
include forecasting for ride-hailing applications [80] and hierarchical frameworks to mediate
between efficiency and fairness [66]. Similar challenges are addressed in sequential voting [85]
and online fair division [5], where a series of interdependent choices necessitates a long-
term perspective. These works establish a clear consensus: achieving meaningful fairness in
sequential settings requires memory of the past.

The dominant paradigm for incorporating this memory is perfect recall, where agents track
the complete sum of historical utilities [176, 138, 3, 66, 28, 91]. The recent work by Alamdari
et al. [3] formalizes this by treating history-dependent fairness as a non-Markovian problem.
They show that by augmenting the state with a memory of past utilities (i.e., perfect recall),
one can restore the Markov property. However, this approach introduces a critical, unad-
dressed challenge: for a perfect memory, the augmented state space grows unboundedly with
the time horizon. This makes learning computationally intractable, especially in long-horizon
tasks. Our work directly addresses this limitation: we seek a memory mechanism that
is not only Markovian but also improves tractability.

This leaves the field caught between two extremes: myopic fairness, which is computationally
simple but ignores long-term equity (especially over past allocations), and perfect-recall
fairness, which is equitable in theory but can be computationally infeasible, as we show
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later. Our work introduces a third paradigm that occupies the practical middle ground:
past-discounted fairness. This approach is motivated by strong evidence from behavioral
economics and moral psychology, which shows that human fairness judgments are sensitive to
temporal distance. People naturally devalue outcomes that are further in the past [149, 45]
and are more forgiving of older transgressions [88, 162]. This concept is analogous to future-
discounting in standard reinforcement learning [106, 144], but its application to past-oriented
fairness memories to ensure tractability remains unexplored.

In summary, while prior work has correctly identified the need for memory in temporal
fairness, it has not provided a computationally viable solution for long-horizon problems.
Our contribution is to formalize a behaviorally-grounded, past-discounted memory that is
(i) sufficient to restore the Markov property with a bounded, horizon-independent state,
and (ii) provides a practical mechanism for learning fair policies in complex, long-running
systems. To the best of our knowledge, no existing work has considered using past discounts
to learn fair behavior.

9.2.2 Preliminaries

Social welfare functions provide a mathematical formulation to evaluate both fairness and
efficiency in resource allocation. Given a utility vector

Z = (z1, z2, . . . , zn) (9.1)

representing the utilities received by n agents, many social welfare functions have been
considered in the literature, including:

• Utilitarian Welfare, which maximizes the total utility without explicit fairness con-
siderations [132].

WU(Z) =
n∑

i=1

zi, (9.2)

• Egalitarian Welfare, which prioritizes the well-being of the worst-off agent. This is
also known as Rawlsian or maximin fairness [126].

WMMF (Z) = min
i

zi, (9.3)
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• Nash Welfare, which balances fairness and efficiency. This measure is rooted in
Nash’s bargaining solution [108] and has been influential in fair division research [20].

WN(Z) =
n∏

i=1

zi, (9.4)

• Generalized Gini Welfare, which is a family of functions that applies rank-based
weights to the agent utilities, offering a flexible approach to balancing equity and
efficiency [9, 93, 176].

Traditionally, these functions evaluate fairness at a single point in time, thereby ignoring
the history of past allocations and expectations for future ones. In dynamic settings like
DECA, several approaches extend these welfare functions by incorporating historical and
predictive elements. For example, some works cast the allocation problem as a Multi-Agent
Reinforcement Learning (MARL) task that optimizes fairness at an intermediate or terminal
state [66, 176, 138, 76], while others employ Non-Markovian Decision Processes that explicitly
account for the entire past trajectory of allocations [3].

In many formulations, the allocation at time t, denoted by At, is defined as a mapping of
resources to agents such that At

i represents the resources allocated to agent i. The welfare
corresponding to the post-allocation utility vector Zt|At is then given by W (Zt|At), and the
optimal allocation is defined as:

At∗ = argmax
A

W (Zt|A). (9.5)

Here, we denote by uA
i the utility derived by agent i from allocation A, and by ut

i the utility
actually received by agent i at time t.

There exist various methods to compute the utility vector Zt|A, and these choices influence
the resulting allocation. We discuss some popular approaches below, motivating and building
up to past-discounted fairness.
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9.3 Temporal Fairness in Resource Allocation

In dynamic resource allocation, fairness must be evaluated not only on the basis of the
current decision but also by considering past allocations and future expectations. In this
section, we present three paradigms for temporal fairness: Instantaneous fairness, perfect-
recall historical fairness, and discounted-recall historical fairness. We define each approach,
illustrate them with examples, and discuss their inherent limitations.

9.3.1 Instantaneous Fairness

Instantaneous fairness considers only the current allocation decision. Formally:

Zt
i | A = uA

i , (9.6)

which implies that fairness is assessed solely on the utility uA
i derived from the current

allocation. In this formulation, the welfare function W is optimized based solely on the
immediate utilities, yielding an allocation that is deemed fair at that specific time step.

Definition 4 (Instantaneous Fairness). An allocation exhibits instantaneous fairness at time
t if fairness is evaluated solely on the one-step utilities. For any candidate allocation A,
define

Zt | A =
(
uA
1 , . . . , u

A
n

)
. (9.7)

Then an instantaneous-fair allocation at time t is any optimizer

At∗ = argmax
A

W
(
Zt | A

)
, (9.8)

i.e., it selects the allocation that maximizes the welfare applied to the current-step utility
vector.

Although this approach often produces a solution that is optimal for that particular time step,
it neglects the temporal dimension by ignoring both historical allocations and anticipated
future resources. For example, consider:
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Example 2. Two agents, Alice and Bob, compete for two indivisible items: a cake and a
donut. Suppose

Alice: (ucake, udonut) = (0.2, 0.5), Bob: (0.3, 0.5).

In a purely instantaneous allocation, the donut is assigned to the agent who slightly benefits
from it more in that step (Alice, compared to the baseline 0.2). Over repeated interactions,
however, Alice may receive a disproportionate number of donuts, leading to a cumulative
imbalance.

Thus, while instantaneous fairness might maximize short-term efficiency, its disregard for
temporal dynamics can result in significant long-term disparities.

9.3.2 Perfect-Recall Historical Fairness

To capture the temporal aspect of fairness, perfect-recall historical fairness incorporates all
past allocations into the fairness evaluation. Instead of relying solely on the instantaneous
utility, we define an adjusted utility vector Zt that aggregates utilities over all previous steps:

Zt
i =

t∑
τ=0

uτ
i . (9.9)

Consequently, the post-allocation utility becomes:

Zt
i | A =

t−1∑
τ=0

uτ
i + uA

i (9.10)

= Zt−1
i + uA

i . (9.11)

In some cases, averaging these utilities over time may be preferable:

Zt
i | A =

Zt−1
i · (t− 1) + uA

i

t
. (9.12)

Definition 5 (Perfect-Recall Fairness). An allocation exhibits perfect-recall fairness at time
t if fairness is evaluated using all past allocations. For any candidate allocation A, define
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Zt | A by either:

(cumulative) Zt
i | A = Zt−1

i + uA
i , (9.13)

(averaged) Zt
i | A =

Zt−1
i · (t− 1) + uA

i

t
. (9.14)

A perfect-recall-fair allocation at time t is any optimizer

At∗ = argmax
A

W
(
Zt | A

)
, (9.15)

i.e., it selects the allocation that maximizes the welfare applied to the history-aggregated utility
vector.

This approach is especially relevant in domains such as long-term healthcare or education
funding, where addressing historical disparities is crucial. However, perfect recall may over-
compensate past imbalances. For instance:

Example 3. Suppose Alice is the sole participant for 10 steps and accumulates a high utility.
If Bob joins at step 11, perfect-recall fairness might allocate many future resources to Bob to
“catch him up.” This could be viewed as unfair to Alice, as her early contributions—made in
Bob’s absence—should not overly penalize her in future allocations.

9.3.3 Discounted-Recall Historical Fairness

To balance the extremes of instantaneous and perfect-recall fairness, we propose discounted-
recall historical fairness. This paradigm introduces a temporal decay factor γp ∈ [0, 1] that
gradually diminishes the influence of older allocations. The intuition is that while historical
context is important, its influence should naturally decay over time. Such a decay mechanism
is inspired by behavioral research, which indicates that humans discount temporally distant
events. Furthermore, incorporating past discounts aligns how we consider past utilities with
how future rewards are treated in sequential decision-making (SDM), where temporal decay
is crucial for ensuring convergence of returns and for tractable computation.
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Discounted Recall with Additive Utilities

In the additive setting, past utilities are discounted and then combined with the current
utility:

Zt
i | A = γp Z

t−1
i + uA

i . (9.16)

Here, γp governs the balance between immediate and historical considerations, with γp = 0

reducing to instantaneous fairness and γp = 1 recovering perfect-recall fairness.

Definition 6 (Discounted-Recall Fairness (Additive)). An allocation exhibits discounted-
recall fairness (additive) at time t if fairness is evaluated using the past-discounted update.
For any candidate allocation A, define

Zt
i | A = γp Z

t−1
i + uA

i for γp ∈ [0, 1]. (9.17)

A discounted-recall-fair (additive) allocation at time t is any optimizer

At∗ = argmax
A

W
(
Zt | A

)
, (9.18)

i.e., it selects the allocation that maximizes the welfare applied to the past-discounted cumu-
lative utilities.

Discounted Recall with Averaged Utilities

For averaged utilities, both the accumulated utility and the effective time denominator are
discounted. Let dt denote the past-discounted denominator at time t. Then:

Zt
i | A =

γpZ
t−1
i · dt−1 + uA

i

γpdt−1 + 1
. (9.19)

Definition 7 (Discounted-Recall Fairness (Averaged)). An allocation exhibits discounted-
recall fairness (averaged) at time t if fairness is evaluated using the past-discounted average
with denominator dt. For any candidate allocation A, define

Zt
i | A =

γpZ
t−1
i · dt−1 + uA

i

γpdt−1 + 1
. (9.20)
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Figure 9.1: Comparison of cumulative utility differences under different fairness paradigms.
(Left) Cumulative utility difference,

∑
UAlice −

∑
UBob, over time for Example 2, where

both agents participate from the start. (Center) Cumulative utility difference,
∑

UAlice −∑
UBob, over time for Example 3, where only Alice is active initially and Bob joins later.

(Right) Difference in perceived utility between Alice and Bob for all three methods for
Example 3. This plot shows the effect of γp on the perceived values, demonstrating how it
changes the speed at which we forget past decisions, interpolating between perfect-recall and
instantaneous fairness.

A discounted-recall-fair (averaged) allocation at time t is any optimizer

At∗ = argmax
A

W
(
Zt | A

)
, (9.21)

i.e., it selects the allocation that maximizes the welfare applied to the past-discounted average
utilities.

In both formulations, the computation of Zt depends only on the previous state—specifically,
the augmented state comprising Zt−1 (and dt−1 in the averaged case). This Markovian struc-
ture not only simplifies the computation but also provides a smooth interpolation between
instantaneous and perfect-recall fairness, while ensuring that the state space is augmented
in a tractable manner.

9.3.4 Comparison between the Different Paradigms

Figure 9.1 illustrates the evolution of the cumulative utility difference,
∑

UAlice −
∑

UBob,

under the three fairness approaches: Instantaneous, perfect-recall, and discounted-recall fair-
ness, as discussed in Examples 2 and 3. The allocations are made with the MMF objective,
using additive aggregation for perfect-recall and discounted-recall. In Figure 9.1(left), where
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both agents participate from the start, instantaneous fairness accumulates short-term differ-
ences leading to long-term unfairness, while perfect-recall fairness compensates by accounting
for all past allocations. Discounted-recall fairness offers a tunable middle ground, with the
discount factor γp controlling how quickly past utilities decay in importance.

In Figure 9.1(center), only Alice is active initially and Bob joins later. All approaches per-
form similarly in the initial phase. Instantaneous fairness keeps accumulating the imbalance
regardless of the history, while both perfect-recall and discounted-recall mechanisms move
towards equalizing the past imbalance. Perfect recall only starts allocating resources to Alice
again after equalizing the total utility. γp serves as a tuning knob which lets us control how
strongly we want the distant past to affect current allocations.

Finally, Figure 9.1(right) shows the inner workings of each fairness approach by plotting the
perceived differences between Alice and Bob in terms of Z. Instantaneous fairness seems to
always keep a low difference between the two agents locally, even as the total utility for Alice
keeps rising. Perfect-recall keeps an exact track of resources, considering the distribution
unfair even after many steps of allocating to Bob only. The decay of the line, particularly
visible for γp = 0.9 shows how discounted-recall slowly forgets past decisions, with values
close to 1 emulating longer memory.

9.4 Theoretical Results

In this section, we present theoretical results that highlight the advantages of past-discounted
fairness over perfect-recall fairness. We first focus on the boundedness of the augmented
state space, which is crucial for the convergence and scalability of reinforcement learning
algorithms, especially in long-horizon settings.

9.4.1 Additive Utilities

A key practical advantage of our past-discounted approach is that it bounds the cumula-
tive utility over time. In typical non-discounted fairness frameworks (e.g., [3, 176]), the
cumulative utility is computed as Zt

i =
∑t

τ=0 u
τ
i , which grows linearly with the time horizon

(i.e., Zt
i ≤ (t + 1)umax when ut

i ∈ [0, umax]). As a consequence, when the fairness state is
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augmented with these cumulative utilities, the state space expands unboundedly with time,
severely hampering the scalability and learnability of the problem.

Theorem 5 (State explosion under perfect recall). Let ut
i ∈ [0, umax] for all agents i ∈

{1, . . . , n} and times t ≥ 0, and define perfect-recall memory by

Zt
i =

t∑
τ=0

uτ
i . (9.22)

Then, for any uniform bin width ∆ > 0, the number of bins per coordinate needed to represent
Zt

i on a uniform grid satisfies

NPR
bins(t,∆) ≥

⌈(t+ 1)umax

∆

⌉
, (9.23)

so the grid over Zt ∈ Rn has cardinality at least
(
NPR

bins(t,∆)
)n, which grows linearly with t

per coordinate and exponentially with n. The linear dependence on t is tight.

Proof. For each i,

0 ≤ Zt
i =

t∑
τ=0

uτ
i ≤

t∑
τ=0

umax = (t+ 1)umax. (9.24)

A uniform grid with bin width∆ covering [0, (t+1)umax] requires at least
⌈
(t+1)umax/∆

⌉
bins

per coordinate. Across n coordinates (agents), the number of grid cells multiplies, yielding
the stated growth. Tightness holds by taking uτ

i ≡ umax, for which Zt
i = (t+ 1)umax.

Theorem 6 (Horizon-independent boundedness under past discounting). Fix γp ∈ [0, 1) and
umax > 0. Let ut

i ∈ [0, umax] and define the past-discounted memory by

Zt
i = γp Z

t−1
i + ut

i, Z0
i = u0

i . (9.25)

Then, for all t ≥ 0,

0 ≤ Zt
i ≤

umax

1− γp
and Zt

i =
t∑

k=0

γ t−k
p uk

i . (9.26)

The upper bound is tight: if ut
i ≡ umax, then Zt

i = umax/(1− γp).
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Proof. Unrolling the recursion yields

Zt
i =

t∑
k=0

γ t−k
p uk

i . (9.27)

Since uk
i ∈ [0, umax] and γ t−k

p ≥ 0,

0 ≤ Zt
i ≤ umax

t∑
k=0

γ t−k
p = umax

t∑
j=0

γ j
p ≤

umax

1− γp
. (9.28)

Moreover, the bound is tight. If ut
i ≡ umax, then

Zt
i = umax

t∑
j=0

γ j
p =

umax

1− γp

(
1− γ t+1

p

)
, (9.29)

so Zt
i is increasing in t and

lim
t→∞

Zt
i =

umax

1− γp
. (9.30)

Corollary 3 (Horizon-independent discretization under past discounting). Under the con-
ditions of Theorem 6, any uniform grid with bin width ∆ > 0 requires at most

NPD
bins(∆) =

⌈ umax

(1− γp)∆

⌉
(9.31)

bins per coordinate—independent of t. Consequently, a fixed-resolution discretization of the
augmented fairness state Zt has size independent of the horizon; across n coordinates the
grid has at most

(
NPD

bins(∆)
)n cells.

9.4.2 Averaged Utilities

Theorems 5 and 6 together show that past-discounted fairness avoids the state explosion
inherent in perfect-recall fairness for additive aggregation. Next we provide similar results
for the averaged aggregation.
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Theorem 7 (Averaged perfect recall requires unbounded augmented state). Define the run-
ning average update by

Zt
i =

(t− 1)Zt−1
i + ut

i

t
, Z0

i = u0
i , (9.32)

with ut
i ∈ [0, umax]. Then:

(i) (Non-Markov in Zt alone) There exist histories h, h′ with the same Zt but different
t such that, for the same ut+1

i , the next value Zt+1
i differs. Hence the process is not

Markov in (st,Zt) without carrying t (or an equivalent denominator).

(ii) (Unbounded augmentation) Any Markov augmentation that appends t yields an aux-
iliary variable whose support is {0, 1, 2, . . . }, i.e., unbounded in the horizon.

Proof. (i) From the update,

Zt+1
i =

t Zt
i + ut+1

i

t+ 1
, (9.33)

which depends on t even when Zt
i and ut+1

i are fixed. Take two histories with the same
Zt

i = z but different t and the same ut+1
i ; the resulting Zt+1

i differ, so Zt alone is insufficient for
Markov evolution. (ii) Appending t (or any one-to-one proxy such as the exact denominator)
restores Markovian evolution but makes the augmented state include a variable that grows
without bound as t→∞.

Theorem 8 (Past-discounted averaging admits a bounded Markov augmentation). Let γp ∈
[0, 1) and define d0 = 0, dt = γpdt−1 + 1, and

Zt
i =

γpdt−1 Z
t−1
i + ut

i

γpdt−1 + 1
, ut

i ∈ [0, umax]. (9.34)

Then:

(i) (Boundedness) dt =
∑t−1

k=0 γ
k
p ≤ 1

1−γp
and 0 ≤ Zt

i ≤ umax for all t.

(ii) (Markov sufficiency) The pair (Zt, dt) is a sufficient memory: the next (Zt+1, dt+1)

depends only on (Zt, dt) and current utilities.
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(iii) (Non-vanishing responsiveness) The marginal weight of the current utility in Zt
i equals

∂Zt
i

∂ut
i

=
1

γpdt−1 + 1
−−−→
t→∞

1− γp, (9.35)

so the influence of the current step does not vanish (contrast with the 1/t weight under
plain averaging).

Proof. (i) The recursion for dt solves to dt =
∑t−1

k=0 γ
k
p ≤ 1

1−γp
. Multiplying the Z-update by

γpdt−1 + 1 gives

(γpdt−1 + 1)Zt
i = γpdt−1 Z

t−1
i + ut

i, (9.36)

so Zt
i is a convex combination of Zt−1

i and ut
i with weights summing to 1; by induction and

ut
i ∈ [0, umax], we get Zt

i ∈ [0, umax]. (ii) (Zt, dt) updates deterministically from (Zt, dt) and
ut via the two recursions, hence is Markov-sufficient. Both coordinates are bounded by part
(i). (iii) Differentiate the update with respect to ut

i; the coefficient is (γpdt−1 + 1)−1. Using
dt−1 → 1

1−γp
yields the limit 1− γp.

Implications: Taken together, these results isolate why past discounting is preferable for
long-horizon learning. With additive perfect recall (Theorem 5), the augmented fairness state
necessarily grows with the horizon; any fixed-resolution representation explodes linearly in
t per coordinate (and exponentially in n). With averaged perfect recall (Theorem 7), the
values themselves stay bounded, but Markovization forces carrying an unbounded auxiliary
variable (the time index or equivalent denominator), so the augmentation still scales with the
horizon. In contrast, past-discounted schemes yield horizon-independent summaries: additive
discounting gives a tight uniform bound on Zt

i (Theorem 6) and the number of additional
states introduced by a fixed discretization is independent of the time horizon (Corollary 3).
Discounted averaging also provides a bounded sufficient statistic (Zt, dt) with non-vanishing
responsiveness of the current step (Theorem 8). Practically, this means that even in long-
horizon settings, the augmented state space remains fixed in size, enabling efficient learning
and planning. Moreover, the non-vanishing responsiveness ensures that recent allocations
meaningfully influence fairness evaluations, preventing the system from becoming overly rigid
due to distant past decisions.
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9.4.3 Half-life and Effective Memory

With past discounting, we also want to decide how much of the past to remember. The
discount factor γp controls this trade-off: values close to 1 retain more history, while values
near 0 emphasize recent allocations. However, we still need a systematic way to choose γp

based on the desired memory characteristics.

We introduce the term half-life to quantify how quickly past outcomes lose influence under
past discounting. Under the additive update Zt

i = γpZ
t−1
i + ut

i, the contribution of a utility
observed k steps ago is weighted by γ k

p at time t. The half-life t1/2 is the number of steps
after which this weight falls to one half of its initial value, i.e., it is defined by γ

t1/2
p = 1

2
.

This provides an interpretable way to choose γp based on how long past allocations should
meaningfully affect current fairness.

Definition 8 (Half-life). Under the additive past-discounted update Zt
i = γpZ

t−1
i + ut

i with
γp ∈ (0, 1), the half-life t1/2 is the number of steps after which the weight on a past contribution
is halved, i.e.

γ
t1/2
p = 1

2
⇐⇒ t1/2 =

ln(1/2)
ln(γp)

. (9.37)

Effective window (how much history is retained in total). The geometric weights
(1, γp, γ

2
p , . . .) have total mass

∞∑
k=0

γk
p =

1

1− γp
. (9.38)

It is convenient to call

Weff :=
1

1− γp
(9.39)

the effective window length. Think of it as: “discounting with γp behaves, in total weight,
like remembering roughly Weff recent steps equally.” Two immediate consequences:

γp = 1− 1

Weff
and ∂Zt

i

∂ut
i

= 1− γp =
1

Weff
. (9.40)
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So Weff directly tells you the instantaneous weight on the current step (larger window ⇒
smaller immediate weight, more smoothing).

“How much of the last m steps should matter?” If you want at least a fraction 1− ε

of the total influence to come from the most recent m steps, choose γp so that∑m−1
k=0 γk

p∑∞
k=0 γ

k
p︸ ︷︷ ︸

fraction from last m

= 1− γm
p ≥ 1− ε ⇐⇒ γp ≤ ε1/m. (9.41)

Equivalently, for a fixed γp, the last m steps account for 1− γm
p of the total weight.

Table 9.1 gives half-life and effective window for common γp.

Table 9.1: Half-life and effective window for selected γp.

γp t1/2 = ln(1/2)/ ln(γp) Weff ≈ 1/(1− γp)

0.80 3.11 5
0.90 6.58 10
0.95 13.52 20
0.97 22.77 33.3
0.99 68.97 100

9.4.4 Beyond Scalar Discounting: Linear Fairness Memories

We also connect our results to the well-established notion of system stability in control
theory. While we show past discounts as one surefire method of keeping the augmented
state-space bounded, other mechanisms may exist that achieve similar outcomes. We propose
this extension by modeling the fairness memory as a Linear Time-Invariant (LTI) system.
This powerful and well-established framework allows us to derive a universal condition for
tractable memory updates. We represent the evolution of the n-agent memory vector Zt ∈ Rn

with the following state-space equation:

Zt+1 = AZt + ut+1 (9.42)
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Here, ut+1 is the vector of utilities received at the current step, and the matrix A ∈ Rn×n is the
memory transition matrix. This matrix A encodes how the entire memory vector from the
previous step is transformed and carried forward, generalizing additive utility aggregation.
The central question becomes: for which matrices A will the memory Zt remain bounded
over arbitrarily long horizons?

The answer is provided by a cornerstone result from control theory, which we state here for
completeness.

Theorem 9 (LTI System Stability). Consider the update Zt+1 = AZt + ut+1 with A ∈ Rn×n

and ‖ut‖∞ ≤ umax for all t. The state vector Zt is uniformly bounded for all bounded input
sequences {ut} if and only if the spectral radius of A is less than one, i.e., ρ(A) < 1.

Proof. This is a classic result from linear systems theory establishing the condition for
Bounded-Input, Bounded-State (BIBS) stability. For a formal proof, see, e.g., [113].

Implications for Temporal Fairness. This general theorem provides a powerful lens
through which to view our previous findings, grounded in fundamental principles of system
stability.

• Perfect Recall, where A = I (the identity matrix), has a spectral radius of ρ(I) = 1.
The theorem correctly predicts that this system is unstable and its memory will grow
unboundedly, formalizing the core problem we identified in Theorem 5.

• Additive Past-Discounting, where A = γpI, has a spectral radius of ρ(γpI) = |γp|.
As long as γp < 1, the stability condition is met, guaranteeing a bounded memory. This
shows that our central result in Theorem 6 is also supported by this general stability
principle, lending further credence to the use of past-discounts.

This reveals that any attempt to incorporate long-term memory into fairness must satisfy
the condition ρ(A) < 1. More generally, the connection of additive fairness memories to
Theorem 9 outlines a design rule for richer memory paradigms that allow cross-agent mixing
or modeling memory across multiple time scales as long as A is Schur-stable. This provides a
rigorous foundation for extending our work. While our method is demonstrably effective, this
framework offers a clear path to design more sophisticated and nuanced fairness memories
while retaining tractability.
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9.5 Experimental Results

To empirically validate our theoretical findings, we design an experiment to demonstrate
the computational necessity of past-discounting for learning fair policies in long-horizon
settings. Our central hypothesis is that with longer horizons a reinforcement learning (RL)
agent optimizing for long-term fairness will fail to learn effectively under perfect recall due
to the state-space explosion predicted by our theory, while an agent using past-discounting
will learn successfully and tractably.

9.5.1 Experimental Setup

Environment. We use a dynamic resource allocation environment with n = 10 agents
over an episode of length T . At each timestep, nr = 2 indivisible resources become available.
Each agent i has an immediate utility for the resources, represented by a “needs” vector,
drawn from U(0, 1). If allocated a resource, the agent’s immediate utility is equal to this
value. To create a challenging fairness scenario, we designate two “advantaged agents” whose
needs are consistently drawn from a higher distribution, U(0.8, 1.0). This creates a natural
tension where a myopic, efficiency-maximizing policy would perpetually favor the advantaged
agents, leading to severe long-term inequality.

Learning Problem. We frame the task as an RL problem where a central allocator must
learn a policy π(st)→ at.

• State (st): The state consists of the current needs vector and the fairness memory
vector from the previous step, Zt−1.

• Action (at): The action is a discrete choice from the set of all
(
n
nr

)
possible pairs of

agents to receive the resources.

• Reward (rt): The reward signal is a weighted sum of an efficiency component Ut and
a potential-based fairness component Ft: rt = (1− λ) · Ut + λ · Ft.
In our experiments, we set λ = 0.9, as our main objective is to learn to improve fairness,
with utility acting as a secondary shaping reward. The efficiency term Ut =

∑
i u

t
i is

the total utility allocated at the current step. The fairness term Ft = W (Zt)−W (Zt−1)
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is the change in the social welfare function, which directly rewards actions that improve
the fairness state.

The agent’s goal is to maximize the cumulative reward. We conduct experiments using two
distinct welfare functions, W (·): Egalitarian Welfare and Nash Welfare.

Models. We train a Proximal Policy Optimization (PPO) agent [130] from the Stable Base-
lines3 library [122] for 1 million total timesteps under three different memory configurations,
corresponding directly to the paradigms discussed in our paper:

1. Perfect-Recall (γp = 1.0): The agent observes the true cumulative utility, Zt =∑t
τ=0 uτ . As predicted by Theorem 5, this leads to an unbounded state space.

2. Past-Discounted (γp ∈ {0.9, 0.99, 0.999}): The agent observes the discounted utility,
Zt = γpZt−1 + ut. Following Theorem 6, this ensures the state space remains bounded.

3. Myopic (γp = 0.0): The agent only observes immediate needs, lacking any historical
context to correct for long-term imbalances.

We conduct our experiments across different horizons ranging from 100 steps per episode to
10000 steps per episode. Each configuration was run 10 times for statistical confidence.

9.5.2 Results for Additive Utility Aggregation

We compare the converged performance of each method after training for 1 million steps,
computing metrics by averaging over the last 10% of the episodes. We additionally evaluate
the performance of each agent using the Gini coefficient, a standard measure of inequality
where 0 represents perfect equality. The results are shown in Figures 9.2a and 9.2b.

The Myopic agent performs poorly across all scenarios, confirming that memory is essential
for learning fair behavior. By only observing immediate needs, it cannot correct for the
accumulating advantage of certain agents, resulting in high inequality.

The Perfect-Recall agent demonstrates the critical failure mode predicted by Theorem 5.
While effective at short horizons (T ≤ 500), its performance collapses as the episode length
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(a) Final converged welfare function value. (b) Gini coefficient of the converged distribution.

Figure 9.2: Comparison of welfare and inequality with additive aggregation as episode length
increases. Perfect Recall sees degradation with longer horizons.

grows. At T = 10, 000, its ability to maintain fairness is no better than the myopic agent
in both experiments. This failure is a direct consequence of its unbounded state space; as
the cumulative utilities in Zt grow, it makes learning harder, preventing the PPO algorithm
from converging to a stable and effective policy.

On the other hand, Past-Discounted agents are able to learn regardless of the horizon.
Benefiting from a stable, bounded state representation, they can learn a robust policy that
maintains a low Gini coefficient even over this extended horizon.

Diving deeper into the Past-Discounted results reveals how the choice of the discount factor,
γp, is critical for performance. The agent with γp = 0.999, which has an effective memory
window of 1000 steps, closely mimics the behavior of the Perfect-Recall agent on horizons up
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to that length. Beyond a 1000-step horizon, however, the methods diverge: the Perfect-Recall
agent’s performance collapses, while the Past-Discounted agent’s performance improves.

Furthermore, our results show that the optimal choice of γp depends on the specific fairness
objective. With the dense signal from Nash Welfare, a shorter memory (γp = 0.9,Weff =

10) is sufficient for the agent to learn a fair policy. However, with the sparser signal from
Egalitarian Welfare—where the reward only changes when the identity of the worst-off
agent is affected—a longer memory (γp = 0.99,Weff = 100) is required to learn effectively.

This highlights a key insight for practitioners: selecting an appropriate discount factor in-
volves balancing the complexity of the environment with the nature of the fairness signal.
Denser signals may allow for shorter effective memories, while sparser signals necessitate
longer ones (higher γp) to ensure the agent accumulates enough information to act fairly. In
our experiments, a γp of 0.99 proved to be a robust choice across both welfare functions.

9.5.3 Results for Averaged Utility Aggregation

To ensure our findings are robust, we conducted a parallel set of experiments using an av-
eraged utility aggregation model instead of an additive one. In this configuration, the
agent’s fairness memory, Zt, represents the time-averaged utility for each agent. The core
experimental setup, including the environment with advantaged agents and the PPO learn-
ing algorithm, remained identical to the additive case. The results, shown in Figures 9.3a
and 9.3b, confirm that the fundamental insights from our main analysis hold true for aver-
aged utilities as well.

The Myopic agent, lacking any historical context, again fails to produce equitable outcomes,
serving as a baseline for high inequality. The Perfect-Recall agent, which maintains a per-
fect running average of all past utilities, initially performs well on short horizons. However,
as predicted by our theoretical results, this model requires an unbounded state augmentation
to track the time index t. We observe a similar performance collapse as the episode length
grows, with the agent’s ability to maintain fairness degrading significantly on horizons of
5,000 steps or more. This confirms that even when utility values are bounded by averaging,
the need for an ever-growing time counter makes learning intractable.
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(a) Final converged welfare function values. (b) Gini coefficients of converged distributions.

Figure 9.3: Comparison of welfare and inequality with averaged aggregation as episode length
increases. Perfect Recall sees degradation with longer horizons.

In contrast, the Past-Discounted agents using the averaged update demonstrate robust and
scalable performance. By using a bounded, horizon-independent state augmentation (Zt, dt),
these agents consistently learn fair policies across all tested horizons. Note that in the plot for
Nash Welfare (Figure 9.3a (bottom), it appears Perfect Recall is similar to the best methods
because of the scale, as the Myopic results are extremely bad. The performance does get
meaningfully worse, as can be seen in the Gini plots. The values are all negative because
the sum of logs of values less than 1 (as is the case with averaged zi) is always negative.

With averaged aggregation, a new mechanism also enters the play: vanishing responsiveness.
Without past-discounts, it is difficult for the Perfect Recall method to distinguish between
decisions made at early time-steps versus later in the episode. Because averaging divides
by the history size, the change in Zt when t is large becomes vanishingly small. Thus,
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Figure 9.4: Additive Egalitarian Welfare: Training curves across different episode
lengths.

with long horizons, the Perfect Recall method receives only tiny reward signals from the
fairness component for a majority of the training steps. This effect is countered by using
past discounting, where the effective time window makes sure transitions later on in the
episode also get non-vanishing responsiveness.

These results provide compelling empirical validation for our central thesis. While perfect
recall is theoretically appealing, its unbounded memory requirement makes it computation-
ally intractable for learning fair policies over long horizons. Past-discounting is not merely a
heuristic but a practical necessity, providing a bounded and stationary state representation
that enables stable learning and scalable long-term fairness.

9.5.4 Detailed Training Curves

We also provide detailed training curves for all experimental configurations discussed above.
Each figure corresponds to a specific combination of welfare function (Egalitarian or Nash)
and utility aggregation method (Additive or Averaged). Within each figure, we present
results across various episode lengths to illustrate how each memory model performs as the
time horizon increases.

Each plot shows three key metrics over the course of 1 million training steps:

172



Figure 9.5: Additive Nash Welfare: Training curves across different episode lengths.

• Total Utility: The sum of immediate utilities allocated at each step, averaged over
the episode.

• Fairness Score: The value of the specific welfare function being optimized.

• Gini Coefficient: A measure of inequality in the final distribution of cumulative
utilities, where 0 represents perfect equality.

The shaded regions in the plots represent the standard error across 10 independent runs.
For the averaged Egalitarian experiments (Figure 9.6), we observed that all memory models
struggled to learn a stable policy with the fairness weight λ = 0.9. To enable effective
learning, we increased the fairness weight to λ = 0.999 for these runs, which provided a
stronger, more consistent signal for the agent. All other experiments were conducted with
λ = 0.9.

These are the general trends to observe in all these experiments:

• As the horizon is increased, the perfect recall method starts exhibiting worse perfor-
mance in terms of fairness.
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Figure 9.6: Averaged Egalitarian Welfare: Training curves across different episode
lengths (run with λ = 0.999).

• The myopic policy converges to a utility of 1.8 per time step, indicating that it consis-
tently picks the advantaged agents whose average need would be 0.9.

• The effective window’s effect is visible based on how closely past-discounted experi-
ments track perfect recall. We expect each method to be close to perfect recall for
horizons of similar or smaller scale to the effective time window of the selected γp.

• In some cases, it looks like the poorly performing methods are catching up as the steps
approach 1e− 6. This further adds to the strengths of the past-discounting approach:
the increased complexity of the state-space is making the problem much harder to
learn from, making sample complexity worse. So even if Perfect Recall should be
able to learn given sufficient time, this is very long compared to the steps needed for
past-discounted agents, and gets longer as the horizon increases.

9.6 Conclusion

In this work, we introduced a framework for incorporating past-discounted historical utilities
into dynamic resource allocation—a strategy inspired by behavioral economics and moral
psychology, which show that humans naturally discount the impact of distant past events
[149, 45]. By applying a discount factor γp to past utilities, our method enables decision-
makers to reason over accumulated utilities while effectively balancing short-term and long-
term fairness considerations.
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Figure 9.7: Averaged Nash Welfare: Training curves across different episode lengths.

Crucially, the past-discounting approach ensures that the augmented state space remains
bounded. In contrast to traditional non-discounted fairness methods—where the state space
grows linearly with the time horizon and thus becomes computationally intractable—our
framework yields a joint state space whose size is independent of time. This boundedness not
only improves the sample complexity and convergence of reinforcement learning algorithms
in multi-agent settings, but also provides a principled mechanism to manage the trade-off
between immediate outcomes and historical context.

With this core mechanism in place, the next chapter dives into algorthms that enable learning
the long-term fairness effects of current actions for DECA problems.
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Chapter 10

Learning Fairness in Multi-Agent
Resource Allocation

10.1 Introduction & Contribution

In this chapter, we present DECAF, a general framework for learning fair policies in multi-
agent resource allocation problems under the Distributed Evaluation, Centralized Allocation
(DECA) paradigm. The methods developed previously in this dissertation focus on myopic
fairness, which is useful in settings with no access to centralized training or where utilities are
black-box. Acting as a bridge between the field of fair multi-agent reinforcement learning and
the resource allocation problems discussed so far in this dissertation, this chapter introduces
novel methods to learn Q-functions that balance fairness and efficiency in DECA settings,
in addition to a suite of environments that mirror popular fairness-aware multi-agent RL
benchmarks.

To incorporate fairness in the learning process, we enable agents to learn long-term fairness
effects of their actions, combining this with utility estimates to compute allocations. We
introduce three strategies:

• Joint Optimization (JO): A scalarized multi-objective learning approach that jointly
optimizes for fairness and utility.

• Split Optimization (SO): A method that learns separate fairness and utility estimators,
enabling online trade-off adjustments for fairness and utility.

• Fair-Only Optimization (FO): A fairness-focused approach that modifies an existing
black-box utility function to incorporate fairness considerations.

176



Our framework also accommodates a variety of fairness metrics, including variance, α-
fairness, maximin fairness, and generalized Gini functions (GGFs), without requiring struc-
tural changes. DECAF also handles a key limitation in our previous myopic methods (SI
and GIFF), namely the inability to learn long-term fairness effects of actions. This is em-
bodied in the JobAlloc and Job environments, requiring agents to learn to undertake locally
suboptimal action to achieve better long-term fairness.

Contributions: The main contributions of this chapter are:

1. We introduce DECAF, a general framework for learning fair policies in multi-agent
resource allocation problems under the DECA paradigm.

2. We propose three novel algorithms (JO, SO, FO) that enable agents to learn Q-
functions balancing fairness and efficiency, accommodating various fairness metrics.

3. We develop a suite of environments that mirror popular fairness-aware multi-agent
RL benchmarks, demonstrating the effectiveness of our methods in achieving superior
fairness-utility trade-offs compared to baselines.

10.2 Background

10.2.1 Related Work

Significant research has addressed algorithmic bias, where ML models, such as those used in
hiring decisions [123], can exhibit harmful biases. We refer readers to an extensive survey
by Mehrabi et al. [102] for a review of recent work. These studies typically focus on debi-
asing the outputs of predictive models to meet fairness criteria such as equalized odds [58]
or demographic parity [35]. However, our work diverges from this approach. Instead of
correcting biases in predictions, we aim to develop algorithms that inherently promote fair
decision-making via the actions they optimize.

In this work, our focus is on learning fair policies in multi-agent RL with resource constraints.
Prior work has explored fairness in RL broadly [47], but a few methods are especially relevant.
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FEN [66] uses a hierarchical network to optimize the coefficient of variation, learning when
agents should act greedily or fairly. However, it lacks resource constraints and requires inter-
agent communication. Other works model fairness as multi-objective optimization, treating
each agent’s utility as a separate objective and optimizing a social welfare function [176,
138]. These require learning over the full joint action space [138] or use decentralized policy
gradients [176], which limits applicability under global constraints.

The DECA approach allows us to consider global constraints while allocating resources,
opening up the scope for better global solutions, which none of the prior approaches allow.
The distributed evaluation allows each agent to only learn a local value function, which
reduces the complexity when compared to learning a joint policy. Further, our Split and
Fair-Only approaches allow changing the trade-offs between utility and fairness post-training,
which provides additional flexibility that previous approaches lack.

10.2.2 DECA Problems

In the context of Distributed Evaluation, Centralized Allocation (DECA), our primary goal
is to integrate fairness into the decision-making process of resource allocation in multi-agent
systems. Formally, we seek to maximize a combined measure of system utility and fairness,
represented as:

max (1− β)UT + βFT (10.1)

where UT denotes the total utility at time T and FT represents the fairness measure, weighted
by β.

We use the DECA optimization framework, as defined in Section 2 (Eq. 2.4-2.6), to model
the resource allocation problem.

We model agents as Q-learners without strategic behavior, that learn to predict the utility
of their actions in the presence of the central allocator. The central allocator uses these
predictions to solve an integer linear program (ILP) that maximizes the total predicted
utility while satisfying resource constraints.
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10.3 DECAF: Fairness in DECAs

In this section, we describe DECAF, our framework for incorporating fairness into DECA
problems using Q-Learning. Specifically, we detail how we can specify and learn the fairness
objective in Eq. 10.1 through the use of decomposed fairness rewards, and a modified Q-
Learning algorithm to learn from these rewards using centralized training.

10.3.1 Fairness Reward

Previous work has considered learning to optimize a single social welfare function (SWF) that
captures the notions of fairness and utility together, like the Coefficient of Variation used
by FEN [66] or α-fairness and the Generalized Gini Function (GGF) used by SOTO [176].
With DECAF, we try to learn a class of objectives that trade off between system utility and
fairness, characterized by a trade-off variable β (Eq. 10.1), with the aim of enabling flexible
trade-offs between the two.

Let Z = {zi}i∈α denote the vector of accumulated agent utilities (averaged or total). We
interpret this utility as ‘accumulated wealth,’ and look to make allocations that can result in
a fairer distribution of this wealth. Let Zπ

t represent the distribution of agent utility metrics
at time t following policy π. Then, we define a fairness function F : Rn → R as a mapping
of vector Z to a real value, and our fairness objective is maximizing FT = F(Zπ

t=T ). Most
popular SWFs and fairness functions can be cast into this form.

To realize this objective in DECAF, we compute a fairness reward based on the allocation
made at each timestep. Let At = {At

i}i∈α denote the action allocation at time t, where
each At

i is the action assigned to agent i as a result of solving the ILP. The fairness reward
Rf (st,At) is a vector-valued signal that reflects how the selected allocation impacts system
fairness. Specifically, it is computed as the per-step change in the fairness function:

∆F|At = Ft+1 −Ft (10.2)

= F(Zt+1)− F(Zt) (10.3)
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A naive way to decompose this reward is to evenly divide it among agents. This is commonly
done in collaborative multi-agent RL when agents are optimizing a shared goal.

Rf (st,At) =

[
∆F|At

n

]
i∈α

(10.4)

Alternatively, specialized decompositions can be designed to give a more informative signal
to each agent. For example, if variance is used as the fairness function (Ft = −var(Zt)):

∆F|At = −var(Zt+1) + var(Zt) (10.5)

= − 1

n

∑
i∈α

(
zt+1
i − z̄t+1

)2
+

1

n

∑
i∈α

(
zti − z̄t

)2 (10.6)

Rf (s,A) =
[
− 1

n

(
zt+1
i − z̄t+1

)2
+

1

n

(
zti − z̄t

)2]
i∈α

(10.7)

Observe that this reward only depends on the agent’s own metric value and the average
metric. Thus, each iteration, apart from the local observation, each agent only needs to
be communicated information about the average utility of all agents to reliably predict this
value. This could be done by the central agent, or by message passing between the agents.

For the main experiments of this paper, we use variance as our fairness function, with the
reward function in Eq. 10.7 as the fair reward. However, our methods are not limited to
using variance. We also provide reward decompositions and experiments with other fair-
ness functions including α-fair, GGF, and maximin functions, showing the generality of our
approach.

10.3.2 DECAF Problem Formulation

With the fairness machinery in place, we define the DECAF problem D as the tuple

D =
〈
α, Sf , O, {Ai}i∈α, T, Ru, γ, c, F, β, Rf

〉
, (10.8)

where 〈α,O, {Ai}, T, Ru, γ, c〉 are as in DECA, Sf is the fairness augmented state space
including information from the accumulated utility vector Zt = {zti}i∈α (e.g. the current
average utility or the entire vector Z), F : Rn → R is a fairness function evaluated over
the accumulated utility vector Zt = {zti}i∈α, β ∈ [0, 1] is a trade-off parameter, and Rf :
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Sf ×
∏

i Ai → Rn is a decomposed fairness reward satisfying∑
i∈α

[
Rf (st,At)

]
i
= F(Zt+1)− F(Zt) , ∆F

∣∣At. (10.9)

At each time t, agents locally predict per-action scores Q(oi, a) that combine utility and
fairness estimates. The centralized allocator then solves the fairness-aware ILP

max
xi(a)∈{0,1}

∑
i∈α

∑
a∈Ai

xi(a)Q(oi, a) (10.10)

s.t.
∑
a∈Ai

xi(a) = 1, ∀i ∈ α, (10.11)∑
i∈α

∑
a∈Ai

xi(a) c(a)k ≤ Rk, ∀k ∈ {1, . . . , K}, (10.12)

where R ∈ RK is the available resource vector and c(a) ∈ RK is the per-action consumption.
As in DECA, actions include a null action to ensure feasibility; only resource-consuming
actions are constrained by (10.12).

Q(oi, a) is the key workhorse in DECAF, and understanding how to learn it is the focus of
the next section. We present three approaches to learn Qf that differ in how they estimate
and combine utility and fairness. All three approaches use the same ILP formulation above
to compute allocations, differing only in how Qf is learned.

10.3.3 Algorithms

Given the fair reward Rf described above, our approach targets the DE step to improve
fairness, by changing the Q-values used in the ILP (Eq. 10.10) to also account for fairness.
We do this modifying Q to be an estimator of the combined fair-efficient objective, with a
weight β ∈ [0, 1] used to regulate relative value of fairness and utility.

We use experience replay with centralized training to learn the Q-function, where an expe-
rience τ = 〈o,A, ru, rf , o′〉 stores a joint transition across all agents, with utility rewards ru
and fair rewards rf . Let θ denote the parameters of the Q-function. Given a replay buffer
D, we want to minimize the loss function Jθ = Eτ∼DL(δ(τ)), where δ(τ) is the Bellman error
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(a) Joint Optimization (JO) (b) Split Optimization (SO) (c) Fair-Only (FO)

Figure 10.1: Illustration of our three DECAF methods to learn fairness. Each subfigure
shows how the values propagate for a single agent. The red lines and text denote the actual
reward to the learning model, which is used to update weights using TD learning. (a) Joint
Optimization learns to predict a single combined value. (b) Split Optimization learns two
separate estimators for utility and fairness, and combines their output. (c) Fair-Only assumes
a black-box utility model U∗, and learns a fairness estimator only, combining their outputs
to make decisions.

of the transition τ , and L is the MSE loss. We propose three approaches for integrating
fairness, illustrated in Figure 10.1.10

• Joint Optimization (JO): A single estimator optimizes a weighted combination of fair-
ness and utility.

δ(τ) = (1− β)ru + βrf + γQθ(o′)−Qθ(o,A) (10.13)

• Split Optimization (SO): Separate estimators for fairness (Fθ(·)) and utility (Uθ(·))
allow dynamic adjustment of their trade-off during policy execution.

δf (τ) = rf + γFθ(o′)− Fθ(o,A) (10.14)

δu(τ) = ru + γUθ(o′)− Uθ(o,A) (10.15)

Q(o,A) = (1− β)Uθ(o,A) + βFθ(o,A) (10.16)
10Unless stated, we use bold terms to denote vectors, and overload Q-functions to also operate on vectors

to compute a vector of outputs. Further, we use Q(o) as a shorthand for computing Q-values for all possible
actions for each observation in o.
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Algorithm 10.1: DECAF Algorithm
Initialize: agent network Qθ, target network Qθ′

Initialize: ε (exploration rate)
Initialize: replay buffer D

1 for episode = 1 to Neps do
2 Decay ε according to decay schedule
3 RunEpisode(Qθ, ε, T , env, D)
4 if episode % k == 0 then
5 RunEpisode(Qθ, 0, ∞, env, D) // Run validation with ε = 0

// Save validation objective

6 if episode % τ == 0 then
7 Qθ′ ← Qθ // Update target weights

8 Load model with best validation objective value
9 Run 50 validation episodes using RunEpisode(Qθ, 0, ∞, env, D)

10 Save validation results

• Fair-Only Optimization (FO): A fairness estimator (Fθ(·)) adjusts a pre-existing utility
function U∗(·) to incorporate fairness, useful when utility functions are provided externally.

δf (τ) = rf (s, a) + γFθ(o′)− Fθ(o,A) (10.17)

Q(o, A) = (1− β)U∗(o,A) + βFθ(o,A) (10.18)

Our learning algorithm is based on Double Deep Q-Learning [59], which uses a target network
to stabilize updates. The key differentiating factor is in how the target values are computed.
When learning from an experience, we compute the optimal action A∗ in the successor state
by solving the ILP (Eq. 10.10) using the online Q-network, and then compute the Q-value
of the selected actions using the target network. The models are updated using the rewards
(stored in the experience) obtained after the ILP allocation of the previous state, as shown in
the red text and arrows in Figure 10.1. For SO and FO, we package the utility and fairness
estimators into the Q-function, and compute the optimal successor action using both. Then,
we independently update each estimator using the TD error of their respective objectives.
For FO, we skip training the utility estimator. SO and FO offer the additional benefits of
interpretability, as during execution, we are able to discern how much of the decision was
based on the utility gain and fairness improvement respectively.
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Algorithm 10.2: RunEpisode (Executes a single episode )
1 Function RunEpisode(Qθ, ε, T , env, D):
2 Reset environment, get initial observation o0

3 for t = 1 to Nsteps do
4 Sample a random number r ∈ [0, 1]
5 if r < ε then
6 Qt = Qrandom // Random Q-values for exploration

7 else
8 Qt = Qθ(ot) // Q-values from the agent

9 at = solve_ILP(Qt, env.constraints) // Use ILP to compute optimal action
10 (Rf,t,Ru,t, ot+1) = env.step(at) // Take step in environment
11 Store transition (ot, at,Ru,t,Rf,t, ot+1) in replay buffer D
12 if t%T == 0 then
13 update(Qθ, Q′

θ, D, env)

Algorithm 10.1 shows the overall training loop used for our experiments, with Algorithm 10.2
showing how each episode is executed. We decay epsilon to 0.05 over half of the total number
of episodes. T , k, τ decide how frequently we learn, validate and update the target model
respectively. Algorithm 10.3 and Algorithm 10.4 detail how the update step is performed
for joint and split models. The update for FO is identical to SO, except omitting the update
for the utility model.

10.4 Theoretical Results

SO also provides some useful properties described below.

For this section, we use an alternate notation, replacing β with η = β
1−β

to make the equations
easier to read, such that:

(1− β)U + βF ⇔ U + ηF

This does not affect the allocation made by the ILP, as it only scales all Q-values by 1/(1−β).
This would only be undefined when β = 1, but we avoid that condition in our proofs. As
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Algorithm 10.3: Update for Joint Optimization
1 Function Update(Qθ, Qθ′, D, env):
2 Sample a mini-batch of n experiences from replay buffer D
3 for each experience 〈o,A, ru, rf , o′〉 in the mini-batch do
4 Compute Q-values for the successor observation Qθ(o′)
5 Solve ILP to get the optimal allocation A∗ for the next observation o′:
6 A∗ = solve_ILP(Qθ(o′), env.constraints)
7 Compute Q-values for A∗ using the target network:
8 Qθ′(o′,A∗)
9 Compute the target for the TD update:

10 target = (1− β)ru + βrf + γQθ′(o′,A∗)
11 Compute the TD loss:
12 loss = (Qθ(o,A)− target)2
13 Perform gradient descent on the TD loss to update Qθ

β → 1, η →∞, and for any β′ > β, η′ > η. Note that in the theorem statements, we replace
β with η, but the proofs are equivalent.

The following results hold for any fairness function used in the DECAF formulation.

Proposition 1. As ηtest −→ 0, all fair-only models behave in a utility-maximizing manner.

We state this without proof. It is easy to follow how this holds, as at η = 0, the fairness
model does not play any role in the decision making.

Theorem 1. Given perfect estimates for utility and fairness, increasing η always improves
the one-step fairness gain for SO with γ = 0.

Proof. We assume that the utility and fairness estimators are converged, i.e., the estimates
of fairness and utility are correct. For the following discussion, assume the environment has
evolved over some time t and is at a state st. We consider what changes when we change
η at this state. Variables used henceforth are conditioned on st, wherever reasonable. We
make the conditioning on st implicit and do not notate it, to make it easier to read.

With γ = 0, the optimal utility and fairness estimates equal the one-step return, i.e. the
change in utility and fairness because of the resulting joint action. Note that these values
are not known to the agents prior to the allocation as they depend on the joint actions of
all agents, so computing these estimates is not trivial.
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Algorithm 10.4: Update for Split Optimization
1 Function Update(Qθ, Qθ′, D, env):
2 Sample a mini-batch of n experiences from replay buffer D
3 Unpack Qθ into Uθ and Fθ

4 Unpack Qθ′ into Uθ′ and Fθ′

5 for each experience 〈o,A, ru, rf , o′〉 in the mini-batch do
6 Compute the combined Q-values for the successor observation:
7 Qθ(o′) = (1− β)Uθ(o′) + βFθ(o′)
8 Solve ILP to get the optimal action A∗ for the next observation o′:
9 A∗ = solve_ILP(Qθ(o′), env.constraints)

10 for model in {U, F} do
11 if model is U then
12 Set Mθ = Uθ, Mθ′ = Uθ′ , and r = ru
13 else
14 Set Mθ = Fθ, Mθ′ = Fθ′ , and r = rf
15 Compute the target for the TD update:
16 target = r + γMθ′(o′,A∗)
17 Compute the TD loss:
18 loss = (Mθ(o,A)− target)2
19 Perform gradient descent on the TD loss to update Mθ

Let Utot(A) and Ftot(A) be defined as follows, given an allocation A:

Utot(A) =
∑
i∈α

U(Ai) (10.19)

Ftot(A) =
∑
i∈α

F (Ai) (10.20)

We remind the reader that Ai refers to the action assigned to agent i in the allocation A.

Let Zt represent the agent metrics at time t. Further, let A∗ represent the optimal allocation
from the ILP with η as the trade-off weight. Since A∗ is optimal, it follows that for all other
possible allocations Ao:

Utot(A∗) + ηFtot(A∗) ≥ Utot(Ao) + ηFtot(Ao) (10.21)

Utot(A∗)− Utot(Ao) ≥ η(Ftot(Ao)− Ftot(A∗)) (10.22)
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We are interested in finding what happens to the allocation when we increase η. For η′ > η,
note that the left side of Eq. 10.22 remains the same. Since utility estimates are not affected
by changing η, any other allocation Ao can only be selected over A∗ if the following condition
holds:

Utot(A∗) + η′Ftot(A∗) ≤ Utot(Ao) + η′Ftot(Ao) (10.23)

Utot(A∗)− Utot(Ao) ≤ η′(Ftot(Ao)− Ftot(A∗)) (10.24)

Combining Eqs.10.22 and 10.24, we get the following:

η(Ftot(Ao)− Ftot(A∗)) ≤ η′(Ftot(Ao)− Ftot(A∗)) (10.25)

Ftot(A∗)(η′ − η) ≤ Ftot(Ao)(η
′ − η) (10.26)

Since η ≥ 0 and η′ > η, Eq. 10.26 can only be true if Ftot(Ao) > Ftot(Ao).

Thus, any allocation Ao that is optimal (and thus selected by the ILP) for η′ > η is guaran-
teed to have equal or better fairness than the allocation A∗ at η.

We also state the corollary to Theorem 1.

Corollary 4. Given perfect estimates for utility and fairness, decreasing η always improves
the one-step utility gain for SO with γ = 0.

The proof follows a similar structure to Theorem 1.

We also show the following useful property:

Theorem 2. For a large enough η, the fairest allocation will be selected with perfect utility
and fairness estimators for SO with γ = 0.

Proof. Let Af denote the allocation with the largest fairness gain:

Af = argmax
A

Ftot(A)
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For simplicity, let us assume no two allocations have the same Ftot(A). For any other
allocation Ao, we have:

Ftot(Af ) > Ftot(Ao) (10.27)

Then, Af will be optimal and selected by the ILP if the following condition holds:

Utot(Af ) + ηfFtot(Af ) ≥ Utot(Ao) + ηfFtot(Ao) (10.28)

ηf ≥
Utot(Ao)− Utot(Af )

Ftot(Af )− Ftot(Ao)
(10.29)

We can compute an upper bound for ηf by considering the range of values that Utot and Ftot

can take. Let Umax = maxA Utot(A), and Fmax = maxA,A6=Af
Ftot(A).

Then, we have the following:

ηf ≥
Utot(Ao)− Utot(Af )

Ftot(Af )− Ftot(Ao)
(10.30)

≤ Umax − Utot(Af )

Ftot(Af )− Ftot(Ao)
(10.31)

≤ Umax − Utot(Af )

Ftot(Af )− Fmax

= ηuf (10.32)

Eq. 10.32 gives us an upper bound for ηf . Thus, for all η > ηuf , Af will be the optimal
allocation.

Corollary 5. For a small enough η, the most utilitarian allocation will be selected with
perfect utility and fairness estimators for SO with γ = 0.

The proof follows a similar structure to the proof for the previous theorem.

These theorems ensure that for any state, we will select actions that improve fairness in the
long run starting from that state as η is increased. These properties also empirically hold
when γ 6= 0, as our experiments demonstrate. This adaptability is a major strength of SO:
It allows a degree of flexibility that other methods do not possess. Specifically, SO allows
users to vary the trade-off weight β during runtime, and the behavior can be expected to
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be monotonic in the direction of change. For γ = 0, Theorem 1 and its corollary guarantee
that the space of selected allocations is Pareto-efficient with changing β at each time step.

10.5 Experimental Setup

We conduct experiments for maximizing the objective in Eq. 10.1, where the system utility
is the sum of all agent utilities at the end of an episode, and the fairness is measured as the
negative of the variance of agent resources at the end of the episode. We perform experiments
for a variety of β values, repeating each configuration 5 times for each of our three settings:
Joint Optimization (JO), Split Optimization (SO) and Fair-Only Optimization
(FO). We were unable to use off-the-shelf multi-agent RL libraries because of their lack
of support for constrained central decision making. Thus, we implemented versions of the
learning algorithm (DDQN with ε-greedy TD(0) learning), as described in Section 10.3. The
network architecture has two hidden layers of dimension 20, and output of dimension 1. The
utility model used for FO is randomly selected from the JO models trained with β = 0. We
included features indicating the relative advantage of each agent as a signal for fairness, in
addition to the features describing the local observation of each agent.

10.5.1 Environments

To evaluate our methods, we created new DECA environments of varying difficulty, based on
existing fair MARL benchmarks [66]. We reformulate them as resource allocation problems,
adding explicit resource constraints and creating action spaces corresponding to resources.
From simplest to most complex, we have the following:

• BiasedDM is a simple setting with one resource per timestep and a biased utility function
that favors certain agents, creating a gap between fairness and optimality.

• JobAlloc introduces basic coordination: agents compete to claim an exclusive job, and
while a greedy agent can monopolize it, fairness requires agents to sometimes give up the
job so others can benefit—making collaboration essential.
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BiasedDM JobAlloc Job Plant Matthew

Figure 10.2: Illustration of all five environments

• Job extends this to a grid world where agents move to job locations but must avoid
collisions, adding spatial constraints.

• Plant increases complexity by requiring agents to collect different combinations of re-
sources to complete tasks, introducing combinatorial dependencies.

• Matthew is the most complex, modeling the Matthew effect [127, 49], where early allo-
cations give lasting advantages, leading to compounding inequality over time.

It is important to note that while these environments have been designed to appear similar at
a high-level as the versions used in the baselines [66, 176], they are completely different under
the hood, incorporating agent and resource constraints and modifying the action spaces to
align with the resource allocation tasks.

We describe each environment in detail below, and provide an illustration of all five envi-
ronments in Figure 10.2.

JobAlloc

JobAlloc focuses on coordination under exclusivity. A single job (resource) is available, and
four agents must learn to take turns occupying it to ensure fair access. A greedy strategy
allows one agent to monopolize the job, but a fair outcome requires agents to sometimes
relinquish the job so others can benefit, which involves temporary self-sacrifice.

Action dynamics: At each timestep, all agents evaluate two actions: attempting to occupy
the job or forfeiting it. However, only one agent may occupy it at a time, and a transition
can only happen if no agent is on the job at the beginning of the timestep. This means
successful transfer requires coordination: the current occupant must vacate, so that another
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agent may attempt to claim it at the next time step. This constraint introduces a “gap step”
where no one receives a reward, making fair transitions more costly and difficult.

There are 4 agents, and one episode lasts 100 steps.

Job

Job builds on JobAlloc by introducing a spatial grid, where agents must navigate toward
a fixed job location. The job remains in the center of the grid, and only one agent can
occupy it at a time. A fair outcome requires agents to not only reach the job but also time
their arrivals to avoid collisions and take turns accessing the reward. This emulates the Job
environment in Jiang and Lu [66] with added constraints.

Action dynamics: Each agent occupies a position on a 7× 7 grid and can move in the four
cardinal directions or remain still. The job location is fixed at the center. Agents indepen-
dently score their movement preferences each timestep, and the centralized decision-maker
resolves conflicts and determines the final set of moves. Movement is constrained—agents
cannot leave the grid or move into an occupied location—so timing and coordination are
essential to sharing the job fairly.

There are 4 agents on the grid, and one episode for this environment lasts 100 steps. Agents
are able to observe nearby grid cells in a 3× 3 area centered on the agent.

Plant

Plant is a multi-resource, multi-goal environment where five agents must collect combina-
tions of three resource types to construct units and earn rewards. Each agent has a unique
requirement profile—some easier than others—leading to natural inequality in unit comple-
tion rates. A fair allocation in this environment involves compensating for these differences
to balance agent-level success over time.

Action dynamics: 5 agents operate on an 8 × 8 grid containing eight randomly placed re-
sources of three types. Each agent submits preferences for which resource to pursue, and a
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centralized decision-maker allocates resources to avoid conflict. Agents move deterministi-
cally toward assigned resources. When an agent collects the needed combination of resources,
they build a unit and receive a reward. Each agent has a requirement of a set of resources
it must collect so that it can construct this unit. The requirements are:

{(2, 1, 0), (1, 0, 1), (1, 0, 0), (1, 3, 0), (0, 1, 2)}

For example, agent 1 requires two resources of type 1 and one resource of type 2 following
which it can get a reward. Some agents are given easier requirements to fulfill, which creates a
bias in the number of units agents produce. The resources and agent locations are randomly
initialized at the beginning of each episode. The differing resource requirements add a
combinatorial challenge to both planning and fairness. An action corresponds to an agent
‘claiming’ a resource, with other agents unable to pursue resources already allocated to other
agents. Upon collection of a resource, another resource of the same type appears in a random
location on the map.

There are 5 agents, and one episode for this environment lasts 200 steps. Agents are able to
observe nearby grid cells in a 5× 5 area centered on the agent.

Matthew

Matthew is designed to showcase the Matthew effect: early advantages amplify over time,
leading to persistent inequality. Ten agents compete for three resources per timestep on
a continuous 2D plane. Agent speeds grow proportionally to their size, and a size ceiling
exists to prevent agents from growing too large for the environment bounds. Agent and
resource positions are 2-D coordinates in [0, 1]. At the beginning of each episode, agent
and resource positions are randomly initialized. To show the Matthew effect, 4 agents are
initialized to have a larger initial size than other agents, making them more likely to secure
early rewards—which further increase their speed and size. Fairness here means interrupting
this compounding feedback loop to ensure long-term balance in access and growth.

Action dynamics: At each step, agents estimate the utility of pursuing each available re-
source. The centralized decision-maker assigns which agent gets to pursue which resources.
Once a resource is assigned, the agent moves in a straight line toward it and cannot switch
targets mid-motion. Unassigned agents perform a null action resulting in random movement.
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Agents receive a unit reward when they collect a resource, in addition to a small increase
in size and speed. Resources allocated to agents are reserved, and other agents cannot pick
them up. A new resource only spawns when an agent reaches its allocated resource, not
when it is allocated. The dynamics encourage cumulative advantage, as resource collection
leads to further growth, making early interventions crucial to promoting fairness.

There are 10 agents, and one episode for this environment lasts 200 steps.

BiasedDM

BiasedDM is a minimal environment that isolates the trade-off between fairness and utility.
In each timestep, a single resource is available, and the decision-maker must choose which
agent among five will receive it. The twist is that the decision-maker’s utility is biased:
higher-indexed agents yield more utility. A fair policy in this setting must avoid allocating
all resources to the most “valuable” agent and instead distribute allocations more evenly
over time.

Action dynamics: At each step, agents communicate utilities for getting the resource or
not getting it, and the decision-maker selects one of the five agents to receive the resource.
Because the optimal (utility-maximizing) strategy is to always choose the same agent, fairness
requires intentional deviation from that utilitarian solution to give other agents a share of
the resource. This could entail the advantaged agent learning to have a smaller difference in
its valuation of getting versus not getting the resource, allowing the decision-maker to hand
it to another agent.

There are 5 agents, and one episode for this environment lasts 100 steps. In other environ-
ments, fairness is computed as the variance over the accumulated rewards for each agent. In
this environment, however, fairness is computed over the resource rate, which is the fraction
of steps in which an agent received the resource (zi ∈ [0, 1]). This is an example of an
averaged payoff metric, as described in Chapter 2. We compute zi as follows:

zi =
Num. resources

time
(10.33)
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This also results in much smaller variances, thus our hyperparameter search for this domain
explores the higher range of β values more.

10.5.2 Baselines

As noted in our Related Work section, FEN [66] and SOTO [176] are the most relevant
approaches that generalize to multiple domains; we thus include them as baselines in our ex-
periments. However, both assume settings where agents act independently without resource
constraints. To adapt them to the DECA framework, we evaluate two strategies for making
constrained decisions using their per-agent policies:

• Policy-as-Q (‘_ILP’ suffix): We interpret action probabilities from a learned policy
π as proxy Q-values Q(oi, a) = π(oi, a) and input them into the ILP (Eq. 10.10) for
centralized allocation.

• Masked Sequential (‘_Mask’ suffix): Agents select actions sequentially in a random-
ized order at each timestep. Each agent samples from its policy, with infeasible actions
masked out based on remaining resource availability. The randomized agent order is used
to mitigate ordering bias.

We add the extra features that SOTO requires (only for SOTO), and train SOTO with both
the α-fair and GGF objective described in their paper [176]. We implement shared weights
across agents.

FEN and SOTO Implementation Details

For FEN and SOTO, we use 5 times the number of training steps as used for DECAF, to
allow the PPO based approaches sufficient trajectories to learn from, and to better match
the experiments in the respective papers. We do not use past discounts and warm starts. For
BiasedDM, we chose the reward vector to be the number of resources each agent received (1
for each agent), instead of the biased utility to the decision-maker (0.2 · i for agent i). Since
our fairness metrics operate on the vector of resources as well, and since FEN and SOTO
aim to learn fairness, this was the obvious choice. We also ran experiments where the reward
vector was based on the decision-maker’s biased utility, and found the solutions to be poor
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for both utility and fairness based on resources, so we omit them in our results. However,
the greedy self-oriented model in SOTO was trained using the decision-maker’s reward.

We used FEN without gossip, where the agent is directly communicated the distribution
information, without need for inter-agent communication rounds. This is expected to be
the stronger version of FEN. For all models, we used the same features from the DECA
environments, containing the agent’s relative advantage as a feature. In addition to this,
SOTO also required the entire payoff distribution Z and information about nearby neighbors
for the tiered team-oriented network.

The Job environment uses a shaping reward for the distance to the job as a scaled penalty.
For the Job environment for SOTO, we reduced the weight of the shaping reward to 0.01
to minimize its effect on the optimization. We found this to be the best setting for learning
in this environment. The ILP version of SOTO was not able to learn at all in this setting,
even when we completely removed the shaping reward. Again, the inability to use shaping
rewards is a significant handicap for methods like SOTO, since they optimize fairness over
the rewards. Our methods explicitly decouple learning utility and fairness, so they are more
expressive, and able to learn better especially at intermediate values of β.

10.5.3 Model Architecture and Training Details

All our models use a learning rate of 0.0003 with the Adam optimizer. For all environments
except BiasedDM, we train for 1000 episodes, and run validation every 50 steps for model
selection. For BiasedDM, we train for 200 episodes, and validate every 20 episodes.

The neural network architecture for all models is the same, with two fully connected hidden
layers, of dimension 20, with ReLU activations. The output (1-dimensional) does not have
any activation function. We implement our networks using pytorch.

We use a replay buffer of size 250000, where one experience is a joint transition across
all agents. During training, we sample experiences from the replay buffer, and for each
experience, we evaluate actions for all agents using the current online network, solving the
ILP to get the best joint action. Then, we score the post-decision state for each agent using
the target network, and compute the MSE loss between the target value and value estimates
of the selected action from the online network.
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Table 10.1: Evaluation of all models on multiple metrics for each environment. For JO,
SO, and FO, the values in the bracket denote the β value selected based on the model that
maximizes 0.1·U - 0.9·var(Z). The selected β value is indicated in brackets. The values in
bold are the best in each row.

Environment Metric JO(β) SO(β) FO(β) FEN SOTO(α-Fair) SOTO(GGF)

BiasedDM

α-Fair -8.09(1) -8.3(0.999) -8.19(0.9995) -8.15 -8.15 -8.15
GGF 0.35(1) 0.3(0.999) 0.33(0.9995) 0.33 0.33 0.33
Maximin 0.16(1) 0.12(0.999) 0.15(0.9995) 0.15 0.15 0.15
System Utility 58.31(1) 63.65(0.999) 63.38(0.9995) 59.95 60.22 60.24
Variance -0.0007(1) -0.0033(0.999) -0.0022(0.9995) -0.0014 -0.0015 -0.0015

JobAlloc

α-Fair 12.71(0.2) 12.69(0.2) 12.71(0.2) -35.31 -7.39 1.06
GGF 43.11(0.2) 43.41(0.2) 43.8(0.2) 12.59 19.5 29.62
Maximin 21.79(0.2) 22.21(0.2) 22.71(0.2) 0 3.49 10.62
System Utility 96.28(0.2) 95.81(0.2) 96(0.2) 99.89 94.42 90.92
Variance -4.44(0.2) -2.54(0.2) -1.48(0.2) -1839.76 -923.46 -421.93

Job

α-Fair 10.97(0.2) 12.07(0.2) 10.77(0.2) -35.89 -55.21 5.03
GGF 37.12(0.2) 37.88(0.2) 26.65(0.2) 11.87 0 22.17
Maximin 16.99(0.2) 18.13(0.2) 13.13(0.2) 0 0 4.9
System Utility 88.43(0.2) 88.63(0.2) 61.68(0.2) 94.88 0 80.57
Variance -25.14(0.2) -13.38(0.2) -4.59(0.2) -1683.49 0 -242.3

Plant

α-Fair 15(0.8) 14.77(0.8) 14.54(0.8) -35.48 -20.75 -20.62
GGF 35.67(0.8) 34.63(0.8) 33.45(0.8) 1.4 10.28 10.89
Maximin 16.61(0.8) 15.98(0.8) 15.74(0.8) 0 3.62 4.08
System Utility 101.72(0.8) 99.38(0.8) 94.89(0.8) 13.31 42.57 43.84
Variance -6.34(0.8) -6.75(0.8) -4.99(0.8) -41.64 -54.29 -49.91

Matthew

α-Fair 20.03(0.2) 23.4(0.5) 20.71(0.5) -29.04 12.45 12.64
GGF 14.41(0.2) 19(0.5) 11.92(0.5) 1.73 4.6 4.67
Maximin 3.64(0.2) 8.86(0.5) 5.09(0.5) 0.36 1.66 1.69
System Utility 140(0.2) 108.1(0.5) 85.5(0.5) 47.39 42.77 43.02
Variance -26.95(0.2) -1.28(0.5) -5.17(0.5) -45.9 -3.33 -3.32

We ran all our main experiments on a university compute cluster, with each experiment run-
ning on a single CPU node with 12GB RAM. Experiment runtime varied with environment
choice. Training a single model with one β value took between 30 minutes (BiasedDM) and
2 hours (Matthew). Evaluation, as for the generalization experiments, was performed on a
2019 MacBook Pro, where one episode took 2-5 seconds to run, and we bootstrap over 5
runs and report the average performance.

10.6 Experimental Results

Figure 10.3 shows the performance of all three DECAF methods (JO, SO, FO) on the five
domains discussed above. For each method, we varied the hyperparameter β controlling
the fairness-utility trade-off (Eqs. 10.13, 10.16, 10.18), starting with β = 0 (top-left) and
increasing to β = 1 (bottom-right). As mentioned in Section 10.3, we present results where
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Figure 10.3: Change in system utility and fairness as β is increased, with β = 0 at the top
left β = 1 at the bottom-right. For all domains, we can see that split and joint optimization
perform similarly, while learning only fairness can sometimes be slightly worse. All our
methods Pareto-dominate SOTO and FEN. Each point depicts the average performance
over five different models trained at that β value, and the lines show the Pareto front for
each method.

we optimize for variance as the fairness function here. Additional results on learning with
different fairness functions are included in Section 10.6.7.

10.6.1 Efficacy of the Fairness-Utility Optimization

For all domains, all three methods are able to learn expressive policies which lie at various
points close to the Pareto front. This shows that the optimization allows the model to trade
off utility and fairness to show diverse behaviors as required by the user. This also confirms
that the fairness reward proposed for minimizing variance is a good signal.

10.6.2 Comparison Against Baselines

Although we adapt FEN and SOTO to operate in the DECA setting, their underlying learn-
ing algorithms assume on-policy transitions from decentralized policies. The introduction of
resource constraints fundamentally alters the environment dynamics, breaking this assump-
tion. As a result, their performance degrades—especially in complex domains like Matthew
and Plant, where coordinated, long-term strategies are necessary. In simpler settings, where
greedy decisions align with utilitarian outcomes, these methods can still recover reasonable
policies. However, even when optimizing social welfare functions like GGF or α-fairness,
they struggle to find high-performing strategies under constraints.
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(a) SO models (b) FO models (c) Approximated Pareto fronts

Figure 10.4: Generalization analysis on the Matthew environment. (a) and (b) show the
generalization of SO and FO models trained on βtrain and tested on βtest. Brighter colors
indicate better outcomes for utility (top) and variance (bottom). (c) Approximated Pareto
fronts using sparse βtrain evaluated on other β values for the Matthew domain.

Among the adapted baseline variants, the masked versions outperform their ILP counter-
parts, as ILP-based selection produces trajectories that violate the assumptions of policy
gradient methods. However, masking also limits coordination and suffers from order sen-
sitivity. In contrast, DECAF handles global constraints and large, combinatorial action
spaces more naturally, giving it a clear advantage in the DECA setting. As shown in Fig-
ure 10.3, DECAF consistently Pareto-dominates both FEN and SOTO across all domains,
with SOTO_Mask (GGF) being the most competitive baseline. Table 10.1 presents results
for selected β values of JO, SO, and FO for each environment, showing DECAF’s advantage
across multiple metrics, even when trained on variance only.

10.6.3 Comparison of DECAF Methods

In our results, JO and SO generally exhibit similar performance characteristics, suggesting
that simultaneous evolution of utility and fairness estimates is beneficial. FO is also very
competetive, but in complicated environments (e.g., Matthew), it falls below the Pareto
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front. This underperformance is likely due to out-of-distribution transitions for the fixed
utility model, which are more problematic in FO when a large fairness weight β is used,
causing a larger shift in the state distribution and resulting in degraded utility estimates.
We expect this to be a bigger issue in more complicated environments, or with poor black-box
utility functions.

10.6.4 Generalization Using Split Optimization (SO)

Figure 10.4a shows detailed results for the Matthew environment, when using SO. We eval-
uate each model trained on a particular βtrain on all other βtest. This allows us to see how
well the trained fairness and utility models generalize when the operating β is changed. Note
that for all these models, β is not provided as a feature to the Q-function.

The diagonal elements show the behavior when training and testing is done on the same β

value. From the plots for system utility (Figure 10.4a(top)) and variance (Figure 10.4a(bot-
tom)), we can see that as βtest increases, variance improves, and as βtest decreases, utility
improves. This is the expected behavior, and the major advantage of SO over JO. With
JO, the model only predicts a single value, so we are unable to change the trade-off weight
during evaluation, and we require a unique model for each β that we want the model to work
for. However, with SO, selecting just a few spread out β values can allow us to extrapo-
late between them, providing online adaptability. This shows that SO has the flexibility to
function well at operating points away from the βtrain that it is trained for.

Figure 10.4c (top) shows how well a few selected models can generalize to the Pareto front.
We pick βtrain values evenly spaced across the search space, and evaluate the model on all
βtest, picking the closest βtrain in order of the search space. We can see that the approxi-
mated Pareto front closely matches the actual Pareto front, even with just 3 models, further
demonstrating the strength of SO. These observations hold for other environments as well,
and the results are included in Section 10.6.9.
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10.6.5 Effectiveness of Fair-Only Optimization (FO)

Like SO, FO is also able to generalize well when different βtest are used to evaluate the learned
models (Figure 10.4b). Because the utility model is fixed, all models achieve high utility as
βtest −→ 0 (Figure 10.4b (top)). Further, all models also improve fairness as βtest grows larger
(Figure 10.4b (bottom)). The behavior change from utility-oriented to fairness-oriented is
much sharper in FO when compared to SO. Looking at Figure 10.4c (bottom), we can again
see that even FO has the ability to generalize from only a few models to cover the entire
Pareto front. Despite being Pareto-dominated by SO and JO at intermediate β values in
some domains, FO has the advantage of reliability: A trusted black-box utility model can
be used in conjunction with a possibly smaller fairness model, with the guarantee to behave
optimally as βtest is reduced. When such a model is available, FO is the best choice, given
its competent performance and lower computational load.

10.6.6 Learning with Other Fairness Functions

As mentioned earlier, we are not restricted to using variance and the given decomposition.
We show here results for three more functions: α-fairness, GGF , and maximin.

1. α-fairness The α-fair function can be stated as:

Fα(Z) =
∑
zi∈Z


z1−α
i

1−α
α 6= 1

log zi α = 1
(10.34)

With α = 1, this is equivalent to proportional fairness or log Nash Welfare, both popular
notions of fairness, while at α = 0 it represents the utilitarian objective. In our experiments,
we use α = 1.

2. Generalized Gini Function (GGF) Given a sequence of positive, fixed, strictly
decreasing weights w, the GGF function can be stated as:

Gw(Z) =
∑
i∈α

wiz
↑
i (10.35)
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Figure 10.5: Results training DECAF with α-fairness, GGF and maximin fairness functions.
The lines show the Pareto fronts for each model type.
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Here, z↑ represents the vector obtained by sorting the Z vector. This function can also rep-
resent a diverse set of SWFs including utilitarian and maximin fairness. In our experiments,
we use decreasing negative powers of 2 as the weights (i.e. w = [1, 2−1, 2−2, . . . 2−(n−1)]).

For both of the above objectives, we use the equal decomposition, where the fairness reward
is computed as an equal division of the change in the metric value across all agents.

Rf (st,At) =

[
∆F|At

n

]
i∈α

(10.36)

3. Maximin Fairness This function captures the worst off utility of any agent:

FMMF (Z) = min(Z) (10.37)

This is a hard objective to learn, as the maximin objective changes only when the worst-
off agent is improved. We decompose this reward by combining the global signal with the
per-agent contribution towards improving the minimum. Intuitively, each agent receives
a reward for a joint action that improves the minimum, but the agents that were at the
minimum (and improved) receive a larger reward.

rf,i =
min(Z′)−min(Z)

n
(10.38)

rf,i = rf,i +

z′i − zi if zi = min(Z)

0 otherwise
(10.39)

rf,i = rf,i +

z′i − zi if z′i = min(Z′)

0 otherwise
(10.40)

Rf,i =
rf,i∑
j rf,j

(min(Z′)−min(Z)) (10.41)

10.6.7 DECAF Results with Other Fairness Metrics

Figure 10.5 shows the results of our approaches when using different fairness functions,
with the decompositions as described above. In general, we observe our methods offer a
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good range of trade-offs in all environments, often Pareto-dominating SOTO and FEN. We
describe some additional details about these results in this section.

In almost all environments, it is possible to get significant fairness improvement starting
from the utilitarian model. The only exception is the Plant environment for α-fair and GGF,
where the utilitarian solution is almost optimal for fairness as well. In Job and JobAlloc,
SOTO masked models are competitive, especially for the α-fair fairness function, while some
DECAF models are not as performant. This may suggest the existence of a more informative
decomposition for this function which can lead to better learning. In BiasedDM, SOTO and
FEN face a significant disadvantage, as they can not contend with the misaligned fairness
signal. Thus, they can either know the system utility, or the payoffs on which fairness is
based. In the prior case, the learned fair policy performs poorly for both utility and fairness,
as it tries to equalize the accumulated value from the decision maker’s perspective, or, as in
the latter case (selected for the results shown), only looks at the resource distribution and
has no idea of the utility to the decision maker.

α-fair and GGF could also be decomposed to compute per-agent contributions, but since the
metrics treat all agents indepependently, the interaction between agent utilities is harder to
learn, especially for the Job and JobAlloc environment, where being fair requires a globally
suboptimal decision in terms of utility. In other environments, the pressure for fairness is
better captured in the ILP optimization, by the valuations of other agents that could benefit
more from getting certain resources.

10.6.8 On the Importance of Past Discounting and Warm Starts

We also highlight two departures from prior work in our implementation of DECAF for
learning fairness: (1) We discount the agent metrics Z over the past, and (2) we implement
warm starts for initializing Z instead of initializing at 0. The past discounts are necessary
to account for the time dependence of various normalized fairness metrics, like the Gini
coefficient and coefficient of variation, or the variance over normalized agent metrics. In
these cases, actions taken early on can cause larger changes to the fairness metric while
actions taken after a sufficient history has been established have an imperceptible effect. This
is undesirable in long-horizon settings, but can be remedied by past discounts, effectively
‘forgetting’ events that happened far in the past. The warm starts function to counteract
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Table 10.2: Warm start (w) and past discount (γp) values for different environments and
fairness functions used for DECAF.

Matthew Plant Job JobAlloc BiasedDM

α-fair w 0 0 0 0 0
γp 1 1 1 1 1

GGF w 0.1 0.1 0.1 0.1 0.1
γp 1 1 1 1 1

Maximin w 5 1 3 3 2
γp 0.995 0.995 0.995 0.995 0.999

Variance w 5 1 3 3 2
γp 0.995 0.995 0.995 0.995 0.999

the other pitfall in some fairness metrics: The zero vector is perfectly fair, and any changes
can incur a large fairness penalty. Adding randomized warm starts helps in preventing the
algorithm from converging to this trivial solution. In practice, we keep the warm start values
small, so that the past discounts effectively scale them down to zero over the course of an
episode.

Past Discounts and Warm Starts

Past discounts and warm starts significantly helped in improving the stability of learning in
our experiments, especially with variance as the fairness function. Small initial perturbations
(that are smoothed out over time using past discounts) help in exploration of different states,
as well as in avoiding the cold start problem where any action would lead to a worse state
and hence agents learn to avoid taking beneficial actions. For variance, we used warm starts
based on the size of the maximum rewards possible in an episode in each environment. For
BiasedDM, the warm starts are used to create an initial ’resource rate’ by normalizing based
on the number of total warm start resources, as this environment uses resource rates as the
payoff vector Z .

For α-fair, we used α = 1 for the experiments, and hence we avoided using warm starts for
this metric, as the log function is sensitive to small perturbations especially with near-zero
utilities. For GGF, we used a warm start of 0.1 for each environment. For both of these
functions, we used no past discounting, as the metrics are additive functions over agent
utilities, so any past discounting would cause negative fairness gains. For maximin, we used
the same past discounting and warm start values as variance. The warm start and past
discount values for all environments are given in Table 10.2.
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Given a warm start value of w, we compute an initial distribution of pseudo-resources by
uniformly sampling from a region of width w/4 centered around w. For additive utilities,
we use past discounts to decay the accumulated payoffs in Z before adding the current time-
step’s reward. If γp is the past discount factor, and Rt,i is the resource value allocated to
agent i at time t, then we compute:

zt+1
i = γpzi +Rt,i

For averaged rewards (as in BiasedDM), where the payoff zi = #resources/#timesteps, we
compute the discount by reweighting both the numerator and denominator. Note that this
can be easily extended to act as a ‘resource rate’ where the denominator is the number of
potential resources the agent could have received, instead of the time.

zti =
resi
ti

resi = γpresi +Rt,i

ti = γpti + 1

zt+1
i =

resi
ti

10.6.9 Extended Results with Variance

Here we provide additional results for our methods, including providing confidence intervals
for our main results, additional results for generalization, and more comparison to baselines.

Confidence Intervals for Results

We provide confidence intervals for system utility and fairness separately as we vary β, as
plotting this on a Pareto plot (as in the main results) would be hard to read (Figure 10.7).
An interesting thing to note here is that we see a phase lag between when variance starts
to reduce, and when utility starts to drop. This shows there is a range of solutions where
fairness can be improved without significantly harming the utility.
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(a) Matthew (b) JobAlloc (c) Job

(d) Plant (e) BiasedDM

Figure 10.6: Comparisons of selected DECAF models against the three baselines, scaled to
fit on the same axes. We omit results for ILP versions of FEN and SOTO due to their poor
performance. We selected DECAF models (trained on variance) that maximized 0.1U −
0.9var(Z). The numbers in brackets denote the selected β value for our models.

Approximating the Pareto Front

We also show generalization results by generating approximate Pareto fronts for all methods
(Figure 10.8) based on a limited set of βtrain models, showing that the SO and FO methods
generalize very well even without training for all intermediate β values. One interesting thing
to note here is that FO falls under the Pareto front with intermediate β values, showing how
a tuned utility model also helps in guiding agents towards better decisions.

Comparison of Selected Models

Figure 10.6 shows the performance of selected DECAF models trained on variance when
evaluated on different metrics on all environments, compared to the baselines. We can see
DECAF models perform much better on all metrics. For BiasedDM, all methods were able
to converge to approximately the same fairest policy, so the differences in the figure are
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Figure 10.7: Effect of changing β on variance (top row) and utility (bottom row) for all three
methods on all five environments. The shaded area shows the 1-σ error bar. We observe
that the performance of FO has large variation for intermediate β values.

small. The variance for SO might appear large, but we point out that this variance is scaled
10000 times, and the actual values are all very close to zero.

Generalization Heatmaps

We also provide the generalization results for varying βtest for both Split (Figure 10.9a)
and Fair Only (Figure 10.9b) models for all environments. We note that the general trends
noted in the main experimental results hold, with each model able to improve fairness as
βtest is increased. Further, in all cases, FO maximizes utility at βtest = 0, and has a sharper
transition between utility-maximizing and fairness-maximizing behavior.

10.6.10 Limitations

Our work assumes a fully cooperative setting, where agents are self-interested, but still report
truthful utilities, and the decision-maker is motivated by social welfare. In the presence of
strategic agents, our approach might not yield the same results.

Our approach centers on an ILP optimization by the central decision-maker, which may
not always be tractable. However, many resource allocation problems allow LP relaxations,
and with certain assumptions, polynomial-time allocation algorithms like the Hungarian
algorithm can be used instead. Additionally, message-passing and network based methods
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(a) BiasedDM (b) JobAlloc (c) Job (d) Plant (e) Matthew

Figure 10.8: Approximate Pareto fronts for Split Optimization and Fair-Only Optimization
models for variance across different environments. The top row represents SO models, while
the bottom row represents FO models.

may also be used to arrive at a global solution in the absence of a central authority. We do
not explore these avenues in our paper.

Our experiments use handcrafted domains based on prior work, which may not capture the
full complexity of real-world systems. However, we show how existing approaches fail in all
but the simplest tasks, while DECAF is able to generate strong fairness-efficiency tradeoffs
even in complicated environments like Plant and Matthew.

10.7 Conclusion

We introduced DECAF, a framework for learning fair-efficient behavior in our newly formal-
ized DECA model for multi-agent resource allocation. DECAF is among the first approaches
to optimize fair resource allocation under resource constraints, supporting diverse problem
settings by decoupling fairness and utility metrics. Split and Fair-Only optimizations enable
online trade-offs between utility and fairness without retraining, enhancing interpretability.
Our results demonstrate the flexibility and effectiveness of DECAF across various scenarios,
while overcoming limitations of decentralized MARL approaches that rely on policy gradi-
ents. Our framework currently relies on Q-Learning, as deriving a policy gradient approach
for DECA problems is challenging due to the dynamic state-action space and the indirect
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relationship between agent ‘policies’ and actions resulting from constrained action selection.
Addressing this challenge is a promising direction for future research. Additionally, our fair-
ness decomposition is modular; approaches like VDN [143] or QMIX [125] could be integrated
to improve credit assignment for the fair reward, further strengthening our framework.

In this chapter, we developed an in-processing approach to improve fairness in multi-agent re-
source allocation with a centralized decision-maker. Next, we will explore the pre-processing
stage. Departing from resource allocation domains, we instead look at data collection
pipelines for continual training in a location prediction setting, casting the data acquisi-
tion problem itself as a repeated resource allocation problem with a fixed budget.
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(a) SO models (b) FO models

Figure 10.9: Evaluation of Split Optimization (left) and Fair-Only Optimization (right)
models trained on βtrain (for variance) and evaluated on βtest across different environments.
Brighter colors indicate better outcomes.
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Chapter 11

Fairness in the Data Collection Stage:
Location Prediction

11.1 Introduction & Contribution

The previous chapters covered post-processing and learning-based techniques for improving
fairness in AI decision-making, specifically within the DECA framework. Now, we broaden
our scope to examine fairness before learning: in the data collection stage of AI systems.
This may be thought of as a “pre-processing” intervention, with a ‘meta’ DECA problem:
given a limited budget for data acquisition, how can we select data points to maximize both
accuracy and fairness in downstream models?

We conduct this investigation in the context of next-location prediction, a core task in spatio-
temporal modeling with wide-ranging applications. Next-location prediction has become a
central task in applications ranging from mobility planning and retail analytics to public
health surveillance. By forecasting where individuals are likely to go, these models support
downstream services such as route recommendation, targeted advertising, and resource al-
location. However, while accuracy remains the dominant benchmark for evaluating model
performance, little attention has been paid to how predictive quality is distributed across
different segments of the population.

In this work, we examine the fairness implications of large-scale mobility prediction. Specif-
ically, we conduct the first comprehensive audit of state-of-the-art next-location prediction
models trained on real-world data from millions of users. Our findings reveal consistent
disparities in predictive accuracy across racial and ethnic groups, with some groups system-
atically receiving less accurate predictions than others.
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To support fairness analysis and intervention in the absence of individual-level demographic
labels, we introduce a novel clustering algorithm called Size-Aware K-Means (SAKM). This
method clusters users in latent mobility space while matching target group proportions
derived from census data, yielding demographically grounded proxy labels. These clusters
enable us to estimate group-level performance metrics and track disparities throughout train-
ing.

Building on this foundation, we propose Fairness-Guided Incremental Sampling (FGIS), a
lightweight data acquisition strategy for improving equity in low-resource prediction set-
tings. FGIS prioritizes users from underrepresented or underperforming groups during data
collection, balancing fairness and accuracy via a tunable tradeoff parameter. Importantly,
this intervention operates purely at the data level—requiring no access to user features or
modifications to model architecture.

We evaluate our approach using two predictive models: a graph-based MetaPath2Vec model
for statewide fairness auditing, and an additional transformer encoder model for controlled in-
tervention experiments in a representative subregion (Tarrant County, Texas, United States).
Our results show that FGIS can reduce group disparities by over 40% in early training stages
with minimal impact on final accuracy. These gains are especially pronounced in low-data
regimes, highlighting the value of fairness-aware sampling when data is limited or expensive
to collect.

Contributions: The main contributions of this chapter are:

1. Audit at scale: First large‐scale fairness audit on a SOTA location prediction model
with 4.9 million users, uncovering up to 15% accuracy difference between groups.

2. SAKM proxy labels: A novel size‐constrained k-Means variant that enforces arbi-
trary census‐derived cluster sizes, enabling demographic fairness evaluation without
individual attributes.

3. FGIS sampling: A plug-and-play batch sampling algorithm that over-samples under-
performing groups, reducing early‐stage Total Demographic Parity Violations (TDPV)
by over 40% with minimal overhead.

212



4. Empirical validation: Demonstrated across two architectures (MetaPath2Vec and
Transformer) and multiple geographies, achieving equity gains with under 1% long-
term accuracy trade-off.

11.2 Background

11.2.1 Related Work

Mobility and POI Prediction: Recent studies have demonstrated the value of deep
learning for point-of-interest (POI) prediction tasks. Transformer-based models have shown
strong performance when enriched with auxiliary information, such as travel mode, which
helps improve next-location forecasting [62]. Other work has focused on the role of routine
detection in understanding user behavior, with findings suggesting that consistent travel
patterns can inform customer relationship strategies in ridesharing platforms [31]. To al-
leviate the challenge of limited real-world data, synthetic datasets such as SynMob have
been proposed, offering realistic GPS trajectories for robust model training [175]. Addi-
tionally, personalized destination prediction has been explored in contextless settings using
transformer models trained on partial trajectories [150]. We refer readers to a recent review
by Graser et al. [55] on the use of trajectory data for prediction tasks. Zhang et al. [169]
present a recent approach to POI prediction, using a colocation network to identify and use
similarities between users to more accurately determine visitation patterns. We will use the
model from this paper for the bulk of our analyses.

Algorithmic Fairness: Research on algorithmic fairness has produced a rich taxonomy of
group‐ and individual‐level criteria. Group fairness notions quantify disparities in aggregate
error or allocation rates across protected groups, with Demographic Parity (also called Sta-
tistical Parity) being one of the earliest and most widely adopted definitions. A predictor
satisfies demographic parity when its positive‐prediction rate is identical for every group [35].
Follow-up work proposed alternative group metrics—most notably equalized odds and equal-
ity of opportunity, which require parity of error rates or true-positive rates conditional on
the ground truth [58]. Complementary research advocates individual fairness, urging that
“similar individuals be treated similarly,” though this is difficult to enforce when similarity
measures are ill-defined.
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Fairness goals are shaped by modeling assumptions and data limitations [105, 11]. De-
mographic parity remains appealing in settings like mobility prediction, where ground-truth
labels are limited, as it depends only on observed prediction disparities. We use demographic
parity as a diagnostic tool, adapting it to the multi-group setting.

Fairness in Active Learning: Fair active learning aims to select data points for labeling
in a way that enhances model fairness. Early work in this area focused on balancing label
acquisition to satisfy group fairness constraints in supervised settings [136]. More recent
studies have extended this to streaming scenarios [160] and developed sampling methods
that promote fairness without requiring group labels during training [117]. Our setting
differs significantly, as we treat it as a data acquisition problem, rather than a labeling
problem. We do not assume access to user features (e.g., location traces) at selection time.
Instead, we assume a pool of users, each associated with a known group label, and develop a
strategy for sampling users in a way that promotes fairness in data acquisition. Our approach
is feature-agnostic and focuses on balancing data representation across groups to improve
model equity.

Fairness in Mobility Prediction: Fairness concerns have only recently reached spatio-
temporal modeling. Early efforts focused on equitable demand prediction for ride-hailing and
public-transit systems [166, 80, 174]. Beyond demand forecasting and ridehailing, POI rec-
ommendation studies have proposed fairness metrics to ensure balanced exposure of venues
or user segments. For instance, Weydemann et al. [161] introduced utility- and diversity-
based fairness criteria to mitigate popularity bias and ensure equitable treatment across user
demographics. More recent work has begun to examine whether predictive systems system-
atically underperform for marginalized communities [173, 171], highlighting the need for
algorithmic interventions that can reduce error disparities without compromising accuracy.

Summary: Our paper differs from prior mobility fairness research in two key ways. First,
we audit individual-level next-location prediction, in contrast to previous work that focuses
on region-level demand or recommendation outcomes. This allows us to reveal disparities
that persist even over short horizons and individual trajectories. Second, instead of applying
fairness regularizers or post-hoc adjustments, we propose a data acquisition strategy that im-
proves demographic parity with minimal impact on predictive performance—complementing
model-side fairness interventions in the literature.
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Size-based Clustering: Existing attempts to control cluster sizes either force equal
cardinality or impose only broad capacity limits, leaving no practical tool for matching an
arbitrary quota vector π. Constrained and “balanced” k-means variants guarantee |C1| =
· · · = |Ck| via repeated Hungarian assignment [13, 98], while flow-based approaches minimize
a cost plus a penalty for deviation from uniform sizes [90]. Capacity-constrained k-means
from operations research merely caps the load per cluster [51], and exact-quota mixed-integer
or conic formulations scale only to a few thousand points [129]. In contrast, our Size-Aware
k-Means keeps Lloyd-style updates but adds dual Lagrange steps, efficiently steering each
cluster toward any prescribed proportion vector.

11.2.2 Prediction Task

Our paper focuses on evaluating the fairness of next-location prediction models trained on
large-scale mobility data. The underlying task is to forecast where a user will go next based
on their historical movement patterns. Formally, each user’s trajectory is represented as a
time-ordered sequence of visits to points of interest (POIs), where each visit is encoded as a
POI identifier and a timestamp.

Given such a sequence, the model is trained to predict the user’s next POI. This task is
inherently challenging due to the wide variability in user behavior, the heterogeneity of POIs
across regions, and the complex temporal dynamics of human mobility. Moreover, mobility
patterns are shaped by socioeconomic and spatial factors, which may result in uneven model
performance across different user groups.

To evaluate predictive performance, we use the top-k accuracy metric over a fixed future
time window. In our analysis, we adopt a one-week lookahead period, and report the
1-week Acc@20 metric. This measures the fraction of test instances (users) for which at
least one of the user’s actual future POI visits during the next week appears in the top-20
predictions generated by the model.

This formulation allows us to quantify how well the model anticipates user behavior at a
practically meaningful granularity. Importantly, it also enables disaggregated evaluation
by demographic group, allowing us to assess whether certain populations systematically
experience lower prediction accuracy, which forms the basis of our fairness audit.
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11.2.3 Disparity Measurement

We consider group fairness in our evaluations, where we use a modified version of demo-
graphic parity [35, 58] called Total Demographic Parity Violations (TDPV):

TDPV =
∑
i<j

∣∣zgi − zgj
∣∣ (11.1)

Here, zg denotes the prediction accuracy for group g, measured as the average top-k predic-
tion accuracy in that group. This metric captures the total disparity in performance across
demographic groups by summing the absolute pairwise differences in accuracy. A lower
TDPV indicates more equitable accuracy distribution, while a higher TDPV signals that
some groups experience significantly better or worse performance than others. The metric
is symmetric and unweighted, treating all group pairs equally regardless of their population
sizes.

11.3 Fairness Analysis

We aim to determine whether next-location prediction models trained on large-scale mobility
data exhibit systematic disparities in performance across racial and ethnic groups. Our audit
examines whether unequal prediction accuracy may arise from spatial bias, imbalanced data
coverage, or overfitting to overrepresented populations. We describe the various components
of our analysis below.

11.3.1 Model: MetaPath2Vec

To evaluate fairness in a realistic predictive setting, we use the MetaPath2Vec model [169], a
state-of-the-art approach for next-location prediction in heterogeneous networks. The model
operates over a bipartite user-POI graph, where nodes represent users and POIs, and edges
represent observed visits.

MetaPath2Vec performs random walks guided by predefined meta-path schemas (e.g., user-
POI-user) to generate sequences of nodes, which are used in a skip-gram objective [34] to
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learn latent embeddings. This enables the model to position each user close to visited and
structurally similar POIs in the embedding space. These embeddings are then used to predict
the next POI a user is likely to visit.

11.3.2 Texas Mobility Dataset

We evaluate the model on mobility data collected from mobile devices detected in Texas
between January 1 and April 15, 2021. This dataset was sourced from a third-party location
analytics firm and collected passively via mobile applications, depending on user permissions.
The raw dataset contains data point including a hashed device ID, timestamp, and GPS
coordinates. Pings matched to known POIs also include metadata such as name, category,
and address.

From this raw stream, we constructed anonymized trajectories for approximately 4.9 million
users, comprising ordered sequences of visits to over 530,000 unique POIs. Each user tra-
jectory varies in length from 1 to 2,625 visits, with an average of 67. Home locations are
inferred using nighttime GPS activity and assigned to ZIP Code Tabulation Areas (ZCTAs);
no exact coordinates or personal identifiers are retained.

We use results from a pre-trained MetaPath2Vec model trained on user data from this
anonymized Texas dataset in our analysis.11

11.3.3 Demographic Data and Motivation

Since individual demographic attributes are not available in the dataset, we infer coarse
group membership using publicly available census statistics. This is essential for evaluating
whether the model yields unequal outcomes across demographic groups despite being trained
without such labels.

11The processed trajectory dataset and the trained model’s results were obtained with permission from
the original authors [169]. We are unable to share the dataset publicly due to constraints imposed by the
original authors.
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Table 11.1: Texas Population by Race and Ethnicity
Demographic Group Percentage (%)
Hispanic or Latino (any race) 39.8
White alone (not Hispanic) 38.7
Black or African American alone 12.0
Asian alone 5.6

We focus on the four largest racial and ethnic groups in Texas—Hispanic or Latino,
White (non-Hispanic), Black or African American (non-Hispanic), and Asian (non-
Hispanic)—which together account for 96.1% of the population [153] (see Table 11.1).

Using census-reported racial composition at the ZCTA level, we estimate a probability dis-
tribution over each user’s group membership based on their home ZCTA. We also perform
complementary analysis at the county level, using the same inference procedure. We com-
pute fairness metrics at both ZCTA and county resolution to examine whether disparities
persist across geographic scales. These inferred probabilities are used solely in aggregate
form to evaluate fairness, and are never treated as ground-truth labels.

11.3.4 Evaluation Method

To estimate group-level disparities in predictive performance, we compute top-20 prediction
accuracy within a one-week lookahead window (1-week Acc@20). A prediction is considered
correct if any POI visited in the next week appears in the model’s top-20 ranked list.

Because we lack individual-level race/ethnicity labels, we adopt two common assumptions:

1. Geographic representativeness: Users in each region (ZCTA or county) are treated
as a random sample of that region’s population.

2. Intra-region uniformity: Prediction accuracy is assumed constant across demo-
graphic groups within a region.
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Group-Level Accuracy (zg) Computation.

To estimate prediction accuracy for each demographic group, we aggregate model perfor-
mance over geographic regions using census-based priors. For each region r, we compute the
average top-20 prediction accuracy ar based on all users assigned to that region.

Let nr denote the number of users in region r in the dataset, and let pg,r be the proportion
of group g in that region according to census data. We estimate the number of correct
predictions attributable to group g in region r as:

cg,r = ar · nr · pg,r (11.2)

The total number of correct predictions and total population for group g are:

Cg =
∑
r

cg,r =
∑
r

ar · nr · pg,r (11.3)

Ng =
∑
r

nr · pg,r (11.4)

The group-level accuracy is then defined as:

zg =
Cg

Ng

(11.5)

This value represents the expected prediction accuracy experienced by a typical member of
group g, assuming geographically uniform accuracy within each region. The resulting zg

values are used to compute fairness metrics throughout our analysis.

11.4 Fairness Audit: Observed Disparities

Using the trained MetaPath2Vec model, we evaluate next-location predictions for all users
based on the 1-week Acc@20 metric. To examine variation in model performance, we assess
disparities along two dimensions: geography and race/ethnicity.
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Figure 11.1: Top-20 prediction accuracy over a one-week lookahead period across Texas
counties and ZCTAs.

Figure 11.2: Differences in urban vs. suburban prediction accuracy in Dallas (left) and
Houston (right).
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11.4.1 Geographic Disparities

To assess spatial variation, we compute the average prediction accuracy at both the county
and ZIP Code Tabulation Area (ZCTA) levels, based on each user’s inferred home region.
The geographic distribution of accuracy is shown in Figure 11.1.

We observe that prediction accuracy tends to be higher in northeastern Texas, particularly in
areas with greater population density and more abundant data coverage. In contrast, western
Texas, which is more sparsely populated, generally exhibits lower predictive performance.

However, the relationship between population density and model accuracy is not strictly
monotonic. In major metropolitan areas such as Dallas and Houston (Figure 11.2), suburban
regions often achieve higher accuracy than central urban zones. We attribute this to the
increased difficulty of predicting mobility in dense urban areas with a high concentration of
nearby POIs, which introduces greater ambiguity despite larger data volumes.

11.4.2 Racial and Ethnic Disparities

We next assess disparities in predictive performance across racial and ethnic groups. Using
the group-level estimation procedure described earlier, we compute the expected accuracy
experienced by a typical member of each demographic group. Table 11.2 reports the mean
Acc@20 by group at both the ZCTA and county levels. In addition, Figure 11.3 presents
kernel density estimates of the accuracy distributions across the population of each group,
showing the density of users at each accuracy level.

Our analysis reveals that White users are expected to experience the highest accuracy, fol-
lowed by Hispanic, Asian, and Black users. This disparity is more pronounced at the ZCTA
level, while county-level aggregation tends to smooth out local differences. Nevertheless, the
observed gap in performance across groups persists at both geographic resolutions, suggest-
ing systemic disparities in the model’s predictive behavior. These disparities may reflect
uneven data distribution, differential mobility patterns, or structural biases learned during
training.
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Figure 11.3: Kernel density estimates of group-level prediction accuracy distributions. Note:
density reflects intra-group distribution, not relative group sizes.

Table 11.2: Mean Acc@20 by Group and Region, including Total Demographic Parity Vio-
lations (TDPV)

Group ZCTA County
White 0.390 0.383
Hispanic 0.355 0.359
Asian 0.346 0.353
Black 0.335 0.351
TDPV 0.174 0.102

11.5 Group-Aware Incremental Sampling

Having identified a clear bias in the model predictions, we look at a solution to mitigate
disparities in next-location prediction. We consider a practical setting in which model devel-
opers acquire mobility data over time, subject to budget constraints. Suppose there exists
a large population of potential users, each with a hidden trajectory history, from which a
learning agent incrementally samples training data. Our goal is to actively guide this sam-
pling process to improve fairness across demographic groups, by constructing training sets
that yield more equitable predictive performance.

This strategy requires some notion of group membership for each user. While individual-level
demographic attributes are not observed, we assume access to coarse-grained proxy labels
based on the user’s home region. These proxies are inferred using publicly available census
data and are used solely in aggregate form to steer the sampling process.

Let U denote the full user population and let Dt ⊂ U be the training set at iteration t,
initialized as D0 = ∅. At each round t = 1, . . . , n, the agent selects a batch of B users from
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Algorithm 11.1: SAKM: Size-Aware K-Means with Permutation Search (Main)
Input : Data X ∈ RN×d, target proportions π, clusters k
Parameter: Step-size η, tolerance τ , max iterations T , restarts ninit
Output : Best cluster assignments z and centroids {µj}

1 Lbest ←∞
2 for s = 1 to ninit do
3 Initialize centroids {µ1, . . . , µk}
4 for each permutation π′ of π do
5 z, {µj},L ← RunSAKMInnerLoop(X, {µj},π′, η, τ, T )
6 if L < Lbest then
7 Save z, {µj},Lbest ← L

8 return best z, {µj}

U \ Dt−1, optionally conditioned on their (inferred) group, and adds them to the dataset:
Dt = Dt−1∪St, where |St| = B. A predictive modelMt is trained on Dt and evaluated using
top-k accuracy. For each group g, we compute the group-specific accuracy z

(t)
g = Acck(Mt |

g). Note that in this model, the full set of user features is only acquired after we decide to
sample them.

We aim to guide the sequence of samples {St}nt=1 to reduce disparity across the z
(t)
g metrics,

by adaptively prioritizing users from groups that are underrepresented or underperforming.
To support this group-aware sampling, we require user-level group assignments that reflect
the demographic makeup of the population. Since individual attributes are not observed,
we turn to unsupervised clustering to assign users to demographic groups in a principled
way. Our goal is to generate proxy labels that align with census-reported racial proportions
at the regional level. This leads us to a constrained clustering approach that incorporates
group size targets into the clustering objective, which we describe next.

11.5.1 Size-Aware K-Means for Proxy Demographic Grounding

Our fairness-aware sampling strategy assumes access to group membership labels, but
individual-level demographics are not observed in our dataset. To address this, we construct
proxy demographic labels based on available census priors at the ZCTA level. These priors
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Algorithm 11.2: RunSAKMInnerLoop: Assignment and Multiplier Updates
Input : Data X, initial centroids {µj}, target proportions π′, step-size η, tolerance τ ,

iterations T
Output: Final assignments z, centroids {µj}, objective L

1 Initialize λj ← 0 for all j
2 for t = 1 to T do
3 for each user xi do
4 Assign zi ← argminj ‖xi − µj‖2 + λj

5 for each cluster j do
6 Update µj ← mean of {xi : zi = j}
7 for each cluster j do
8 Let nj ← #{i : zi = j}
9 λj ← λj + η ·

(nj

N
− π′

j

)
10 if centroids shift < τ then
11 break

12 Compute L ←
∑

i ‖xi − µzi‖2
13 return z, {µj},L

give us coarse estimates of racial group proportions, which we use to guide an unsupervised
clustering process.

Rather than assigning users to groups arbitrarily or uniformly, we seek a principled parti-
tioning that reflects the demographic composition of the local population. To this end, we
embed users into a latent space derived from their mobility trajectories and cluster them into
k groups, one per racial category. While these clusters may not align exactly with true group
identities, they offer a structure that is both data-driven and demographically grounded.

Algorithm

We implement a modified clustering algorithm, Size-Aware K-Means (SAKM), which extends
standard k-means to enforce user-defined cluster size constraints. Given a target group
distribution π = (π1, . . . , πk), SAKM aims to produce clusters of sizes close to πg ·N , where
N is the total number of users.
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SAKM introduces a Lagrangian penalty in the assignment step, so the cost of assigning a
point xi to cluster g becomes:

cost(xi, g) = ‖xi − µg‖2 + λg (11.6)

where µg is the centroid of cluster g and λg is a Lagrange multiplier that penalizes deviations
from the target size. These multipliers are updated iteratively as:

λg ← λg + η ·
(ng

N
− πg

)
(11.7)

where ng is the current number of points in cluster g. To resolve the label ambiguity and
improve convergence quality, we run the optimization over all permutations of the target
proportions π and select the clustering with the lowest objective (inertia). This permutation
search is motivated by a key challenge in centroid initialization: if a randomly initialized
centroid is far from the true region of the corresponding size, the resulting cluster may
fail to attract the intended mass of points. By evaluating all k! permutations of the size
targets, SAKM increases the likelihood that size constraints are matched with semantically
meaningful partitions.

While the worst-case complexity grows factorially with the number of groups, this remains
tractable in our setting where k = 4. For larger k, the cost could be reduced using combina-
torial assignment methods such as the Hungarian algorithm with O(k3) complexity, which
we explored but do not report in this paper.

The full algorithm is presented in Algorithms 11.1 and 11.2.

11.5.2 FGIS: Fairness-Guided Sampling Strategy

Given the proxy group assignments produced by SAKM, we now seek to actively construct
training datasets that reduce disparities in model performance across groups. At each iter-
ation, we select new users from the population based on the expected impact their group
membership will have on fairness outcomes.
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Algorithm 11.3: Fairness-Guided Incremental Sampling Loop
Input : Full user set U , proxy group labels g(u) ∈ {1, . . . , G}, batch size B,

rounds n
Parameter: Sampling trade-off β, initial accuracy estimate z

(0)
g = 0.1

Output : Accuracy metrics {z(t)g } for t = 1 . . . n
1 Initialize dataset D0 ← ∅; seen user counts xg ← 0 for all g
2 Set accuracy estimates z(0)g ← 0.1 for all g
3 for t = 1 to n do
4 St ← Sample(U \ Dt−1, {xg}, {z(t−1)

g }, B, β)
5 Dt ← Dt−1 ∪ St
6 Train modelMt on Dt

7 EvaluateMt to obtain group accuracies {z(t)g }
8 Update xg ← xg +#{u ∈ St : g(u) = g}

9 return accuracy metrics {z(t)g }

Our strategy for Fairness Guided Incremental Sampling (FGIS) is based on the following
intuition: additional data improves group-level accuracy zg, but with diminishing returns—
each new user contributes less than the last. Moreover, not all groups benefit the same from
additional samples: improving underrepresented or underperforming groups will offer greater
marginal gains in fairness. We therefore design a sampling rule that assigns higher weight
to groups expected to most improve performance parity, by increasing the weights of groups
with lower data representation and lower accuracy.

Recall that zg denotes the top-k accuracy for group g under the current model, and let xg

denote the number of users from group g currently included in the training set. We define
the sampling weight for group g as:

wg ∝ [zg · (xg + 1)]−β (11.8)

where β ∈ [0,∞) is a tunable parameter controlling the trade-off between uniform sampling
(β = 0) and fairness-aware sampling (β > 0). This form reflects a first-order approximation
of the expected fairness gain from sampling group g: groups with low accuracy zg and few
seen users xg are prioritized, while groups that already perform well or have large training
representation are de-emphasized.
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Algorithm 11.4: Sample: Fairness-Aware Batch Selection
Input : Candidate users C with group labels g(u),

Group counts {xg}, group accuracies {zg}, batch size B, mini-batch size
m, trade-off β
Output: Sampled batch St of B users

1 Initialize sampled set St ← ∅
2 while |St| < B do
3 Compute group weights wg ∝ [zg · (xg + 1)]−β

4 Normalize {wg} to form group-level distribution pg
5 Assign each user u ∈ C \ St probability pg(u)
6 Sample m users from C \ St using these probabilities
7 Add sampled users to St; update counts xg accordingly
8 return sampled users St

Ideally, we would sample a single user, retrain the model, and update the group accuracy
estimates before sampling the next. This would allow the weights wg to reflect the most up-
to-date performance information. However, retraining after every user is computationally
prohibitive. As a first simplification, we instead train the model once per batch of B users.

Even within a single batch, the weights wg depend on xg, which changes as users are added to
the training set. To sample accurately under this dependency, we would need to recompute
wg after each individual selection. As a second simplification, we instead sample users in
mini-batches of size m, updating xg and wg after each mini-batch rather than after each
user. In practice, we find that this approximation performs comparably when m is small.
We use m = 50 and B = 1000 in our experiments.

To implement this, we maintain per-group accuracy estimates and user counts over sampling
iterations. At each sampling step, we compute group weights using the formula above,
map weights to per-user probabilities, and select a small mini-batch of users to add to the
training set. The procedure repeats until the batch budget is exhausted. We use log-domain
computation to maintain numerical stability and re-normalize probabilities after each mini-
batch. Algorithms 11.3 and 11.4 outline this process.

This iterative, mini-batch design ensures that sampling remains responsive to updated ac-
curacy estimates as the model improves. The resulting datasets reflect a data-efficient path
toward performance parity, trading off global representativeness for reduced inter-group vari-
ance in a controlled manner.
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11.6 Experimental Setup

To evaluate our proposed approach, we train models on the location dataset with a variety of
β values, showing how this parameter changes the utility-fairness tradeoff. Since retraining
on the entire Texas dataset for multiple β and getting confidence intervals is prohibitive,
we select Tarrant County as a representative region within Texas. Further, to evaluate
the effectiveness of our approach beyond the MetaPath2Vec model, and to also measure the
relative strength of MetaPath2Vec, we additionally train a transformer encoder based model
for location prediction, based on work on using transformers for mobility prediction [62].
The selection criteria for Tarrant County and model details, hyperparameters, and other
details about the experimental setup are described next.

11.6.1 Metapath2Vec

We adapt the MetaPath2Vec architecture introduced by [34] and follow the evaluation frame-
work of [169], which leverages user–POI visitations and user-user colocations to construct
heterogeneous networks for predicting consumer visits. In our implementation, we construct
a user-POI visitation network, where nodes represent users or POIs, and edges indicate ob-
served visits. We then generate Meta-path-guided random walks (e.g., user–POI) sequences
to capture structural and semantic proximity, enabling the model to learn user and POI
embeddings (dusers and dpois) via a skip-gram model. We then compute similarities between
POIs using Euclidean or cosine distance in the embedding space.

For each user in the test set, we compute the k closest POIs based on embedding distances.
These k POIs are treated as predicted next visits. A hit is recorded if the user visits at least
one of the predicted POIs during the first week of the holdout period. We evaluate hit rate
using k = 20.

Table 11.3: MetaPath2Vec Model Settings and Hyperparameters
Setting Value
Walks per Node 10
Walk Length 100
Embedding Dimension (d) 128
Neighborhood Size 7
Negative Samples 5
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11.6.2 Transformer Encoder

Transformer architectures are widely used in sequence modeling and represent a strong al-
ternative for mobility prediction. In particular, we adapt a transformer-based architecture
introduced by Hong et al. [62], originally designed to improve next-location prediction by
jointly modeling travel sequences and travel modes. Their model employs a transformer en-
coder to capture spatiotemporal dependencies in mobility histories, with an auxiliary head
trained to predict the next travel mode alongside the next location. In our implementation,
we retain the core sequence modeling architecture but omit the auxiliary travel mode pre-
diction to reduce complexity and accommodate datasets without modality labels. We add
periodic embeddings for the time to next location during training, and compute user embed-
dings (of size duser) using the approximate home location coordinates. For the transformer
encoder, the inputs are sequences of POIs and their timestamps. The embedding layer (of
size dbase) is computed by embedding the POI IDs and adding a time-of-day embedding,
before applying sinusoidal position encoding. The next POI prediction is computed by con-
catenating the user embedding, time-to-next embedding and sequence embedding (from the
transformer encoder), and computing logits over all possible POIs after a feedforward layer.
The resulting probability distribution gives us the top-k POI prediction, which is then used
to compute downstream metrics.

Table 11.4 shows the configuration for the transformer model used.

Setting Value Parameter Value
LR 0.001 # Layers 4
LR decay 1e-6 # Heads 4
LR Warmup 2 Feedforward 512
ES Patience 2 Base Emb. (dbase) 256
ES LR drop 0.33 User Emb. (duser) 8

FC Dropout 0.1
Table 11.4: Transformer Model Settings and Hyperparameters

11.6.3 Tarrant County Subset

Our experiments require training and evaluating models many times—both to probe the
fairness–accuracy tradeoff under different sampling conditions and to compute confidence
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intervals via bootstrapping. To keep these repeated runs tractable, especially for the Trans-
former model, we restrict our analysis to a subset of the Texas dataset focused on a single
county.

We select this county for our case study using a simple two-step filter. First, we compute
a population-weighted disparity score for each county, defined as the product of inter-group
accuracy variance and county population under the original state-level MetaPath2Vec model.
This score highlights regions where predictive disparities are both large and demographically
consequential. Second, we limit to counties with fewer than 200,000 total trajectories to
ensure practical training costs.

Tarrant County emerged as the top candidate, exhibiting significant fairness gaps under the
statewide MetaPath2Vec model while remaining computationally manageable for repeated
analysis. After removing users and POIs outside of Tarrant County, the final filtered dataset
contained 170,000 user trajectories and 39,000 unique POIs.

11.6.4 Implementation Details

All experiments were conducted on a shared university compute cluster. Each run was
allocated a single GPU with 8GB of VRAM and 32GB of system RAM. Each training
iteration sampled 1,000 users, and the models were trained over 10 such iterations, yielding
a total of 10,000 unique sampled users per experiment. After sampling and adding each new
batch, a new model was initialized and trained from scratch. A full experiment consisting
of 10 iterations typically completed within 24 hours. To assess statistical significance and
reduce variance, we repeat each configuration with 10 random seeds and report aggregate
metrics. The transformer model for predicting next location for Tarrant county had 22.9M
trainable parameters.

The underlying dataset spans the period from January 1 to April 15, 2021. The training
split spans the period from January 1 to March 15, and models were evaluated on a held-out
test period from March 15 to March 22 (one week). For the transformer model, we further
divided the training set into two parts for training and validation: the model was trained
on data from January 1 to March 1 and validated on sequences from March 1 to March 15.
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Figure 11.4: Calibration curves for the different demographic groups.

Model selection and early stopping were based on validation accuracy, with learning rate
decay triggered by validation plateaus.

This evaluation protocol ensured a consistent lookahead period of one week for computing
the Acc@20 metric, aligning with the evaluation framework used in our earlier fairness audit.

11.7 Experimental Results

11.7.1 SAKM Calibration

We used the exhaustive Size-Aware K-Means algorithm to generate proxy labels for users
in Tarrant County, using the ZCTA level census data to set cluster sizes. We performed 50
maximum K-means iterations and 2 random initializations. To validate the SAKM output,
we compare the resulting cluster proportions to the original census-derived target distribu-
tion. Figure 11.4 shows the calibration curves for all groups, after filtering for ZCTAs with
fewer than 10 users to reduce noise. SAKM consistently yields clusters that match the tar-
get distribution within a small margin, confirming that our proxy labeling aligns with the
intended demographic structure. This grounding enables meaningful downstream evaluation
and intervention in our group-aware prediction tasks.

11.7.2 Alignment with Audit Results

To establish a baseline and analyze the relative performance of the two selected prediction
approaches, we train models with β = 0 (uniform sampling) and β = 100 on the Tarrant
County dataset. Table 11.5 summarizes the results. We find that MetaPath2Vec is a much
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Table 11.5: Accuracy@20 after the final step (Mean ± SE) by group for MetaPath2Vec and
Transformer models. Higher β value results in a lower TDPV while maintaining accuracy.

Group MetaPath2Vec (%) Transformer (%)
β = 0 β = 100 β = 0 β = 100

Overall 50.07± 0.09 50.45± 0.10 28.08± 0.24 28.07± 0.21
White 52.63± 0.11 52.30± 0.13 29.87± 0.28 29.71± 0.20
Hispanic 48.80± 0.12 49.26± 0.12 27.91± 0.21 27.96± 0.26
Asian 45.03± 0.18 47.43± 0.11 23.82± 0.16 24.16± 0.17
Black 46.40± 0.13 48.12± 0.10 24.81± 0.30 25.00± 0.20
TDPV 25.19± 0.57 15.77± 0.49 21.23± 0.35 19.62± 0.42

(a) β = 0: White and Hispanic groups converge to
higher accuracy.

(b) β = 100: Fairness‐aware sampling reduces dis-
parity.

Figure 11.5: Evolution of group accuracy over training steps for the transformer model.

stronger model compared to the the transformer-based approach. We attribute this to the
difference in tasks and structure. While Zhang et al. [169] trained to identify new/future
visits using colocation networks, the transformer-based approach [62] trains on next-location
prediction. This also indicates the graph-based MetaPath2Vec model benefits significantly
from structural information within the training data.

Second, we see that the trends observed in the fairness audit hold even for Tarrant County,
with White being the most favored group, followed by Hispanic. This also gives credibility
to our SAKM approach used to ground the pseudo-group labels, as it results in clusters with
meaningful separation. Finally, the β = 100 columns show how FGIS improves fairness by
bringing these group accuracies closer together without reducing overall accuracy.
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(a) β = 0: White and Hispanic groups converge to
higher accuracy.

(b) β = 100: Fairness‐aware sampling reduces dis-
parity.

Figure 11.6: Evolution of group accuracy over training steps for the MetaPath2Vec model.

Before analyzing the effect of FGIS, we examine how predictive performance evolves across
demographic groups as training progresses with uniform sampling. Figures 11.5a and 11.6a
show the group-wise Acc@20 scores over sampling steps, using SAKM-assigned proxy labels.

We observe that users labeled as White and Hispanic consistently achieve higher accuracy
than those labeled as Black or Asian. This pattern closely mirrors the disparity trends
identified in our statewide audit using the MetaPath2Vec model, despite differences in model
architecture and geographic scope. These findings reinforce two key points: (1) The SAKM-
based proxy labeling produces clusters that meaningfully reflect underlying performance
disparities, even without access to true demographic labels; and (2) the observed disparities
are not model-specific artifacts, but likely reflect structural imbalances in the data itself.

This alignment validates the utility of the SAKM proxy labels for group-level fairness eval-
uation, and provides a consistent baseline against which we evaluate the fairness impacts of
our sampling intervention.

Then, Figures 11.5b and 11.6b show this same evolution with a high β value (β = 100).

11.7.3 Impact of Fairness-Guided Incremental Sampling (FGIS)

To evaluate the effect of FGIS, we run experiments with varying values of the fairness weight
parameter β. A higher value of β places more emphasis on equitable sampling when selecting
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(a) Transformer

(b) MetaPath2Vec

Figure 11.7: Evolution of TDPV and Accuracy over training steps for both models. Higher
β values are in green.

the next batch. We assess the effects of increasing β on both predictive accuracy and fairness
disparity.

Accuracy Impact of Increasing β:

Figures 11.7a(right) and 11.7b(right) presents the evolution of top-20 accuracy over succes-
sive sampling steps, where each line corresponds to a different β value (with higher β shown
in green). In early iterations, we observe a small drop in accuracy with higher β However,
as more users are sampled and the training set grows, the gap in performance rapidly closes.
By step 4, all settings converge to a similar accuracy and accuracy starts plateauing, sug-
gesting that fairness-aware sampling does not significantly compromise long-term predictive
performance.
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Figure 11.8: Percentage reduction in TDPV using FGIS, compared to using β = 0 for the
transformer model (left) and the MetaPath2Vec model (right), with shaded region showing
the 95% bootstrapped confidence interval.

Fairness Impact (TDPV Reduction):

The effect of FGIS on fairness is illustrated in Figures 11.7a(left) and 11.7b(left), which shows
the change in demographic parity violations (TDPV) over training steps. We find that larger
β values consistently reduce TDPV, with improvements of up to 30% (transformer) and 50%
(MetaPath2Vec) in early iterations and sustained gains of around 10% (transformer) and
35% (MetaPath2Vec) by the final step. These trends are further quantified in Figure 11.8,
which shows the percentage reduction in TDPV relative to the baseline (β = 0) along
with 95% bootstrapped confidence intervals. We see that the MetaPath2Vec models benefit
significantly more from FGIS, possibly due to their higher predictive power.

Pareto Analysis of Accuracy-Fairness Tradeoff:

To visualize the joint behavior of accuracy and fairness, Figure 11.9 plots the trajectory of
each β configuration in phase space, with Acc@20 on the vertical axis and TDPV on the
horizontal axis. Each line traces the model’s performance over time, and colors follow the
same scheme as previous figures (red = low β, green = high β). The green trajectories clearly
Pareto dominate the red ones—achieving lower disparity without sacrificing final accuracy.
This suggests that FGIS effectively navigates the fairness-utility tradeoff, yielding substantial
disparity reduction with minimal performance cost.
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(a) Transformer (b) MetaPath2Vec

Figure 11.9: Evolution of TDPV and Accuracy@20 over training steps in phase space for
both models. The ideal point is top-left. Higher β values are in green.

11.7.4 Discussion

Our experiments show that FGIS delivers substantial early reductions in performance dispar-
ity (30-50% TDPV drop) with almost no long-term accuracy penalty—by the fourth batch
all strategies converge to the same Acc@20. This demonstrates that fairness-aware sampling
can secure equity gains quickly without sacrificing overall utility in location prediction tasks.

The fact that SAKM-derived proxy clusters reproduce the statewide MetaPath2Vec audit
trends and mirror them under a Transformer in Tarrant County confirms that our census-
informed clustering captures the key structural biases. Even without true demographic
labels, these proxies enable effective, unsupervised fairness interventions.

As FGIS requires only group counts and periodic accuracy estimates, it can be slotted into
any incremental data-collection pipeline with a single tuning parameter β. Future work might
validate SAKM against ground-truth surveys, explore adaptive β schedules, and extend to
other regions or attributes. By choosing who to collect data from rather than overhauling
models, we unlock a lightweight, scalable route to fairer mobility predictions.
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Limitations:

Our study has certain limitations that we address here. First, while our statewide fairness au-
dit uses a strong graph-based model (MetaPath2Vec), our intervention analysis is restricted
to a single county due to computational constraints. While Tarrant County was carefully
selected as a representative and demographically diverse subregion, the generalizability of
our findings to other geographies or models is an important future task.

Second, our fairness evaluations depend on proxy group labels derived from SAKM. While
these proxies align with census distributions and reflect known disparities, they are not a
substitute for ground-truth demographic attributes.

Finally, our sampling strategy introduces a fairness-utility tradeoff via a manually selected
hyperparameter β. Future work could explore adaptive approaches that dynamically balance
this tradeoff during data acquisition.

11.8 Conclusion

We present the first fairness audit of large-scale individual-level next-location prediction and
propose a lightweight intervention for reducing group disparities. Our audit reveals consistent
performance gaps across geographic, racial and ethnic lines, even in high-performing models
like MetaPath2Vec. To address this, we introduce Fairness-Guided Incremental Sampling
(FGIS), a data-first intervention which steers data collection toward underrepresented or
underperforming groups. Using proxy labels from Size-Aware K-Means (SAKM), our method
achieves up to 40% disparity reduction with minimal accuracy loss.

Together, these results underscore the risks of overlooking fairness in mobility prediction and
demonstrate that simple, model-agnostic sampling strategies can yield meaningful equity im-
provements without requiring access to sensitive user data or changes to model architecture.

Although the link to DECA is tenuous in this chapter, we conclude here the study of fairness
in temporal resource allocation in the presence of resource constraints. Our journey so far
has covered identifying real-world fairness concerns through designing visualizations, devel-
oping myopic post-processing general methods for fairness, building algorithms for learning
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long-term fairness in dynamic settings (in-processing), and finally, designing data-centric
interventions to mitigate bias as a pre-processing intervention. Recognizing the changing
times in the field of AI, our next chapter thinks about fairness in the Gen AI era, developing
evaluations for detecting bias in reward models used in RLHF finetuning.
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Part V

Detecting and Quantifying Bias in the
GenAI Era
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Chapter 12

Detecting Prefix-Bias in LLM-based
Reward Models

12.1 Introduction & Contribution

Large Language Models (LLMs) have seen a large growth in research and usage [1, 148].
Their ability to understand context and generate and analyze text has proven their utility
in applications from code completion [128] to medical diagnosis [140]. This is thanks to the
large amounts of pre-training that models undergo, which deployers can leverage for different
use cases. However, to efficiently use LLMs for different tasks, we need to fine-tune them on
task-specific information [10, 115, 142].

This finetuning can be done in multiple ways, the simplest being Supervised Fine Tuning
(SFT), where domain data is used to train the model with next-token prediction. Reinforce-
ment Learning with Human Feedback (RLHF) is a paradigm popularized by the InstructGPT
paper [115], and further used by Anthropic [10], Llama [148, 147] and other popular language
models. When using RLHF, a preference model or Reward Model (RM) is trained to dis-
criminate between pairwise responses to an input prompt to give higher scores for responses
that are preferred by human reviewers [115]. These reward models are used for reinforcement
learning to guide fine-tuning, using algorithms like proximal policy optimization (PPO) [130]

There have been studies [48, 137, 12] looking at bias in language models. However, to the
best of our knowledge, no one has studied bias in reward models in the context of RLHF
fine-tuning. Further, there has been limited study of prefix bias, where changing the prefix
to a prompt can change the model’s behavior. RMs are typically used to evaluate prompt-
response pairs and assign a value to them, which then trains the finetuned model to prefer
the response that receives a higher reward. If the reward model’s preferences are biased,
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it may poison the downstream model and cause undesirable learned behavior. Thus, it is
important to create ways to identify and mitigate bias in the reward model stage.

In this final chapter, we study bias in reward models by explicitly conditioning candidate
responses on different demographic identifiers using short textual prefixes.

Contributions: The main contributions of this chapter are:

1. We design auto-influence and cross-influence, two methods for evaluating the
prefix-bias in a learned reward model. We also present winrate deviation and ac-
curacy deviation, metrics for quantifying auto-influence and cross -influence respec-
tively.

2. We train and evaluate reward models on a variety of open datasets and show the
presence of racial and gender bias using these metrics. We also use different model
architectures and show that this bias is present for all of them, suggesting that the
bias is learned from the datasets.

3. We conduct experiments to identify the source of the bias and uncover patterns based
on the training dataset used, and present a solution using data augmentation to fix
this issue.

12.2 Background

12.2.1 Related Work

Bias in LLMs: The study of bias in LLMs has become a pressing and active field of
research [68, 48, 57, 114], driven by their widespread use in sensitive domains. Early work
focused on how training data can encode systemic biases [32, 12], while more recent research
has highlighted specific downstream harms, such as racial disparities in clinical advice [114]
and gendered patterns in name-based completions [57, 68]. A recent survey [48] provides
a broad overview of these challenges. Prefix bias has also been studied in recent work; for
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instance, Chaudhary et al. [25] use prefix perturbations to measure LLM robustness in a
certification setting, but they do not consider the reward modeling stage.

Several recent studies have taken an identity-grounded approach to evaluating bias in LLMs
and reward models. Kantharuban et al. [67] find that chatbots often reflect racial stereotypes
based on inferred user identity, blurring the line between personalization and harm. Eloun-
dou et al. [38] introduce the concept of first-person fairness, showing how name-based probes
can surface demographic biases in chatbot behavior. These works underscore the importance
of evaluating LLM behavior through demographic context. However, in this work, we focus
on developing metrics to evaluate and quantify prefix bias in Reward Models. We explore
the biases that may exist and appear in the Reward Model stage, which can introduce biases
to the fine-tuned model due to an inaccurate learned reward function. As such, this work is
orthogonal to the rich field of analyzing bias in pre-trained and deployed LLMs.

Language Model Fine-tuning: Trained on vast corpora, language models also possess
vast information. However, to constrain their outputs to suit a particular use case, and to
ensure their outputs are aligned with our expectations, LLMs need to be fine-tuned on cu-
rated data [10, 115, 142]. Reinforcement Learning from Human Feedback (RLHF) [115, 10]
is a popular technique for achieving LLM alignment. RLHF aims to collect human pref-
erences in terms of pairwise rankings, which are then used to learn a preference model or
Reward Model (RM). The RM is then used to fine-tune the LLM using Proximal Policy
Optimization (PPO) [130], which is a popular reinforcement learning algorithm. Reward
models may also be used for best-of-n (BoN) sampling of the model outputs. While there
exist other finetuning methods like supervised finetuning (SFT) and direct preference opti-
mization (DPO) [121], we focus on methods that rely on reward models, because of their
widespread use.

Reward Models: It is known that reward models can have generalization and misspec-
ification issues [21]. Recent work on reward model overoptimization [50] has shown that
larger reward models exhibit lower susceptibility to reward hacking, and increasing training
data reduces overoptimization. This study considered reward models with up to 3 Billion
parameters. A follow-up paper showed that using ensembling in reward models helps to
reduce overoptimization [29]. However, these papers do not consider any bias resulting from
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overoptimization. In a more related vein, Mire et al. [104] demonstrated that reward models
penalize African American Language (AAL), leading to representational disparities.

To the best of our knowledge, bias in LLM-based reward models using prefix-based attacks
has not been studied, and our work is the first to show its existence when training popular
open-weight language models [147, 148, 6, 170, 92] on popular RLHF datasets [10, 39].

12.2.2 Learning Reward Models

Reward models are an integral part of reinforcement learning systems. They endow the
models with the ability to reason about their actions and provide an optimization target. A
reward model takes as input a combination of states and actions and tells the RL agent the
associated reward. Since the objective of RL is typically to maximize the total or expected
reward, agents learn to take actions with the best-expected returns given the current state. If
the reward is misspecified, the policy may not reflect the intended behavior. In the context
of LLM fine-tuning, the RM is intended to provide feedback about the LLM’s generated
output, and RLHF aims to use the RM to make the model learn to produce output that has
a higher reward.

The reward model is initialized using a pre-trained LLM with an added value head. The
RM then takes a sequence as input and predicts a scalar reward for it. To learn a reward
model, the technique proposed by InstructGPT [115] is to get human reviewers to rank a
set of responses to an input based on the criteria of choice (e.g. helpfulness, harmlessness,
instruction following). Then, using this ranking, we can learn a reward model by minimizing
the loss in Equation 12.1, where σ is the sigmoid function.

L = − log(σ(S(c)− S(r))) (12.1)

Here, S(t) is the reward model’s score for text t, and c and r are the chosen (preferred)
response text and rejected (less preferred) response text respectively, based on the human
reviewer’s ranking. We describe how c and r are constructed in Section 12.2.3.

243



12.2.3 Using Reward Models for Evaluation

In this section, we describe our preprocessing steps and evaluation methodology. Reward
models are used to compare different responses to the same query. Given a dataset D, we
define an input data point as the tupleDi = 〈q, a1, a2〉 containing a query q and two responses
a1 and a2. Without loss of generality, we use the convention that a1 is the preferred/better
response. Many RLHF datasets [10, 39] datasets are available in this format. For training
and evaluation using such datasets, we preprocess the dataset using the following template:

T (q, a1, a2) =“Prompt:”+ q + “Response1:”+ a1 + “Response2:”+ a2+

“Is response 1 better than response 2? A:”

This template, formatted as a natural language question, leverages the reward model’s lin-
guistic capabilities. However, the model’s output (S(t)) remains a scalar value. Sequences
c (chosen) and r (rejected) are constructed for each data point by flipping the order of
responses to mitigate input-order bias:

c = T (q, a1, a2) (12.2)

r = T (q, a2, a1) (12.3)

Then, S(c) − S(r) is the reward model’s preference for a1 versus a2. We then compute the
scores c and r and plug them into the loss (Eq.12.1) to train the reward model. This technique
of explicitly asking the model to compare both responses results in a better agreement rate
compared to directly scoring each response and can be adapted during PPO training by
making a2 be the empty string to get independent scores [39]12.

To measure how well a reward model performs, we use the agreement rate, which encodes
how often the reward model’s preferences align with the human preferences. We concisely
represent the above process for a trained reward model M as M(q, a1, a2), a shorthand for
preprocessing the sample, computing rewards for each input and comparing them (Eq.12.4).

12A similar structure is used by SteamSHP, a reward model released by Ethayarajh et al. [39]
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This also serves as the accuracy function.

M(q, a1, a2) = 1[S(c) > S(r)] (12.4)

12.3 Evaluating Prefix Bias in Trained Reward Models

Reward models are intended to assign higher scores to responses that better align with
human preferences, ideally focusing on the semantic quality of those responses. In this work,
we investigate whether reward models’ preferences can systematically shift when the same
response is framed with different demographic indicators—such as race or gender—even when
the underlying content remains unchanged.

To test this, we introduce a controlled intervention: we prepend short identity-related prefixes
(e.g., “I am a woman.” or “I am a man.”) to responses before passing them to the reward
model. These prefixes serve as stand-ins for demographic context. They do not reflect how
users typically phrase inputs or how RLHF data is collected, but allow us to isolate whether
the reward model’s scoring function changes based solely on these surface-level cues.

While this setup uses explicit markers, similar forms of demographic information—whether
mentioned earlier in a conversation, embedded in system prompts, or inferred from user
profiles—can realistically appear in deployed systems. Our method offers a repeatable, in-
terpretable way to test whether such identity cues influence model preferences. We refer to
this effect as prefix bias.

Prefix bias can have real-world implications. If a reward model consistently favors responses
from one identity group over another, even when the responses are substantively identical,
this bias may propagate through fine-tuning and reinforcement learning, potentially leading
to inequitable model behavior at deployment. Identifying and quantifying this vulnerability
is therefore a key step toward developing more robust and fair LLM systems.

To evaluate prefix bias in reward models, we ask two questions:

Q1. How much do different prefixes affect the model’s preference for the same
answer?
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Q2. How does the addition of prefixes affect model accuracy?

These are important and distinct questions, revealing the model’s susceptibility to different
prefixes and its ability to disambiguate between different qualities of responses despite this
susceptibility.

Here, we describe Auto-Influence and Cross-Influence, our methods to quantify these
effects. Specifically, we measure a model’s susceptibility and robustness given a pair of
prefixes p1 and p2, which may be indicators of demographic membership.

12.3.1 Auto-Influence

Auto-Influence measures the sensitivity of the reward model to different prefixes while keep-
ing the other text constant. Specifically, for a dataset Du consisting of unique query-response
pairs q → a, we calculate the winrate w(Du,M, p1, p2) of reward model M as:

w(Du,M, p1, p2) =
1

|Du|
∑

q,a∈Du

M(q, p1 + a, p2 + a) (12.5)

where p1 and p2 are the prefixes applied to the response a. This winrate represents the
model’s preference for p1 over p2. If the model is unbiased, the winrate should average to
0.5. Deviations from this value indicate susceptibility to prefix bias. The auto-influence is
then captured as the magnitude of the winrate deviation ω:

ω(Du,M, p1, p2) = w(Du,M, p1, p2)− 0.5 (12.6)

12.3.2 Cross-Influence

Cross-influence assesses the model’s robustness when different prefixes are applied to cor-
rect and incorrect answers. Unlike auto-influence, which examines preference shifts, cross-
influence evaluates the model’s ability to maintain accurate rankings despite the introduction
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Table 12.1: Gender group prefixes used.
Name Prefix
Pe ””
Pwo ”I am a woman. ”
Pm ”I am a man. ”

Table 12.2: Race group prefixes used.
Name Prefix
Pe ””
Pb ”I am black.”
Pw ”I am white.”
Ph ”I am hispanic.”

of prefixes. Accuracy, a key component of this metric, is defined as:

acc(D,M, p1, p2) =
1

|D|
∑

q,a1,a2∈D

M(q, p1 + a1, p2 + a2) (12.7)

where acc(D,M, p1, p2) measures the proportion of cases where the model correctly ranks
a1 above a2 given prefixes p1 and p2. Using this, the cross-influence is calculated as the
magnitude of the accuracy deviation α:

α(D,M, p1, p2) = acc(D,M, p1, p2)− acc(D,M, pe, pe) (12.8)

where pe denotes an empty prefix. Here, α(D,M, p1, p2) quantifies how much the accuracy
changes when prefixes are introduced. A near-zero accuracy deviation implies that the model
is robust against prefix-induced perturbations, while a high absolute value suggests that
prefixes disproportionately impact the model’s decisions. This metric provides a nuanced
view of how biases introduced by prefixes interact with the reward model’s inherent ranking
capabilities.13

These two metrics can yield complementary insights. For instance, a model may exhibit
high auto-influence (strong preference for one prefix) but low cross-influence (overall accu-
racy remains unaffected), suggesting that prefix bias does not overwhelm response quality.
Conversely, a strongly biased model may show both high auto-influence and cross-influence.

It is important to note that the existence of prefix bias is not inherently problematic. How-
ever, biased reward models can be exploited to produce unsafe or undesirable outputs, such
as bypassing safety mechanisms to produce unsafe outputs. Identifying such biases is crucial
for developers aiming to ensure equitable and robust model behavior. When bias is detected,
it signals the need for corrective actions to mitigate disparities across groups.

13These metrics are also laid out in Table 12.8 in the Appendix.
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12.4 Experiments

We conduct a comprehensive evaluation across multiple publicly available preference
datasets, including the Stanford Human Preferences (SHP) and Anthropic-HH datasets.
The SHP datasets comprise posts from multiple subreddits where users seek assistance or
advice, paired with comments on these posts. Pairwise comparisons of these comments are
provided, with preferences inferred from the number of upvotes each comment received. This
setup naturally lends itself to training reward models on a helpfulness task, and contains var-
ious distinct natural subsets based on the subreddits. Similarly, the Anthropic-HH dataset
provides labeled data for helpfulness and harmlessness tasks, which we evaluate in its entirety
and on its harmlessness-specific split.

Our experimental process follows a structured methodology. First, we select a model archi-
tecture (e.g., Llama 2-7B) and train a reward model using the original, unmodified preference
dataset. Next, we introduce a pair of prefixes, p1 and p2, and evaluate the model’s auto-
influence and cross-influence using the metrics described earlier. This process is repeated for
all prefix pairs within a predefined set, p1, p2 ∈ P . The choice of prefixes P is task-dependent;
for example, we use prefixes relevant to detecting gender and racial biases in our experiments
(Tables 12.1 and 12.2). As discussed earlier, we treat these prefixes as a diagnostic tool to
probe model sensitivity to demographic context, rather than as naturally occurring inputs
in RLHF datasets.

For each evaluation, we construct a matrix of pairwise comparisons. For winrate deviation
(auto-influence), this matrix is symmetric along the diagonal. In contrast, the accuracy
deviation (cross-influence) matrix is asymmetric, as it captures directional differences when
prefixes are applied to correct and incorrect responses.

To simplify interpretation, these matrices are further summarized by computing the average
magnitudes of deviations. This compressed representation provides a concise metric for
assessing bias within a given (model architecture - preference dataset) pair, enabling direct
comparison of patterns across different models and datasets.
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Table 12.3: Winrate deviation for Llama 2
7B, legaladvice dataset (gender)

p1 p2
Pe Pm Pwo

Pe - -0.4297 -0.4884
Pm 0.4297 - -0.4046
Pwo 0.4884 0.4046 -

Table 12.4: Accuracy deviation (percentage)
for Llama 2 7B, legaladvice dataset (gender)

p1 p2
Pe Pm Pwo

Pe 0% -3.66% -17.96%
Pm 1.62% -0.37% -9.16%
Pwo 8.95% 5.81% -0.1%

Table 12.5: Winrate deviation for Llama 2
7B, legaladvice dataset (race)

p1 p2
Pe Pb Ph Pw

Pe - -0.4942 -0.4471 -0.4059
Pb 0.4942 - 0.3189 0.2938
Ph 0.4471 -0.3189 - 0.2338
Pw 0.4059 -0.2938 -0.2338 -

Table 12.6: Accuracy deviation (%) for
Llama 2 7B, legaladvice dataset (race)

p1 p2
Pe Pb Ph Pw

Pe 0% -15.18% -11.62% -4.71%
Pb 7.96% -0.42% -1.68% 7.17%
Ph 7.33% -1.94% 0.26% 7.28%
Pw 0.84% -10.21% -9.21% 0.42%

12.4.1 Training details

For all models and datasets, we trained for one epoch on the default train-test split included
in the huggingface dataset. We performed a hyperparameter search to find the best learning
rate for each model. We finally used a learning rate of 1e− 4 for flan-t5-large and 1e− 5 for
all other models. We truncated all text input to have a max sequence length of 1500 tokens.
Experiments were performed on a shared compute cluster with A100 nodes, and training
and evaluating one model-dataset-prefix combination took around 2.5× 16 GPU hours.

12.5 Experimental Results

We evaluate multiple datasets and reward model architectures to analyze bias and robustness.
This section begins with a focused case study with a single model and dataset, then expands
to consider the effects of model architecture and dataset choices.

249



Table 12.7: Average Winrate and accuracy deviations for different language model architec-
tures for the SHP/legaladvice dataset. The first row shows the accuracy of the reward model
on the original dataset.

Group Met-
ric

opt-
350m

flan-
t5-
large

gpt-j-
6b

falcon-
7b

llama-
7b

llama-
2-7b

llama-
2-13b

accu-
racy

70.55% 79.48% 79.45% 79.35% 79.11% 79.06% 81.88%

gender ω̄ 0.439 0.479 0.417 0.364 0.454 0.441 0.374
gender ᾱ 0.042 0.11 0.139 0.062 0.096 0.053 0.058
race ω̄ 0.322 0.484 0.38 0.333 0.409 0.366 0.335
race ᾱ 0.024 0.123 0.125 0.069 0.118 0.054 0.077

12.5.1 Case study: Llama 2 7b and SHP/legaladvice

As discussed, the SHP dataset contains various splits, each representing different subreddits.
For this analysis, we use the legaladvice subreddit, where users seek guidance on legal
issues. Prior work reports a state-of-the-art (SOTA) accuracy of approximately 81%[39] on
this dataset. We fine-tune the Llama 2-7B model[148] as the reward model on this dataset
for one epoch with a learning rate of 1e-5, achieving a baseline accuracy of 79.05%.

To evaluate gender bias, we select three prefixes (Table 12.1) and compute pairwise com-
parisons. Tables 12.3 and 12.4 summarize the winrate and accuracy deviations, respectively.
We observe that the prefix Pwo exhibits a strong auto-influence over Pm and Pe, indicating
a significant preference for this group when the response remains constant. For instance,
in 98.8% of cases (0.500 + 0.488), the model selects responses with the Pwo prefix over the
empty prefix.

This preference is also reflected in accuracy. Adding the Pwo prefix to the correct response
improves accuracy, while adding it to the incorrect response reduces accuracy by up to 18%.
This suggests that the reward model disproportionately relies on prefix information rather
than the actual content of the responses.

We extend this analysis to racial bias using four prefixes (Table 12.2). Similar trends emerge,
with the Pb prefix demonstrating the highest winrate deviations (Table 12.5). Additionally,
appending this prefix to incorrect responses reduces accuracy by up to 15% (Table 12.6)
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Figure 12.1: (Left) Average winrate deviation (auto-influence) and (Right) average accuracy
deviation (cross-influence) for different dataset-model combinations, using the gender group
prefixes.

showing a high cross-influence. These results highlight the model’s susceptibility to biases
embedded in prefixes.

Figure 12.2: (Left) Average winrate deviation (auto-influence) and (Right) average accuracy
deviation (cross-influence) for different dataset-model combinations, using the race group
prefixes.

12.5.2 Effect of Pre-trained Model Choice

In the previous section, we used Llama-2 7B as pretrained weights to initialize the reward
model. Here, we investigate the impact of the choice of pre-trained models on observed
biases, specifically in terms of auto-influence and cross-influence.

251



We evaluate seven open-source models of varying architectures and scales. Each model
undergoes one round of hyperparameter tuning to optimize the learning rate before training
for one epoch on the legaladvice dataset’s training split. Post-training, we evaluate each
of them for prefix bias.

We aggregate the winrate and accuracy deviations into single metrics: average winrate
deviation (ω̄) and average accuracy deviation (ᾱ). These metrics, defined as the mean
absolute values across all comparisons, are bounded within [0, 0.5] for winrate deviation and
[0, 1] for accuracy deviation. Ideally, both metrics should approach zero.

Table 12.7 presents the results. Our evaluation includes one small model (opt-350m), several
medium-sized models (≈7B parameters), and one larger model (Llama 2-13B). Among these,
opt-350m exhibits the lowest cross-influence vis-a-vis ᾱ, likely due to its lower baseline ac-
curacy. Medium-sized models, such as Falcon-7B and Llama 2-7B, demonstrate comparable
performance, with slightly lower ᾱ values indicating relative robustness to prefix bias. No-
tably, Llama 2-13B achieves higher baseline accuracy and lower ᾱ and ω̄ values, suggesting
that larger models are more resistant to such bias.

Across all models except opt-350m, prefixes meaningfully affect accuracy. Furthermore,
all models exhibit high ω̄ values, indicating susceptibility to prefix-induced biases. These
findings suggest that the observed biases might originate from the dataset used to learn the
reward model rather than the pre-trained model being used.

12.5.3 Evaluation of Different Datasets

We compare four subsets of the SHP dataset, selected based on the number of samples and
achievable accuracy as seen in previous work [39]. We also examine Anthropic’s HH dataset,
both as a whole and with its harmlessness split.

SHP

We use data from four subreddits: legaladvice, explainlikeimfive, askhr, and
askacademia. Prior work reported an accuracy between 70% and 80% on these datasets,
and they each contain a comparable amount of data, on the order of 10k data points.
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Figure 12.3: Distribution of pairwise winrates for SHP datasets. Each bar represents the
distribution of winrates across all model architectures (excluding opt-350m). Positive values
mean the first group is preferred over the second group in the comparison. We see that the
preference patterns are similar across all SHP datasets.

Figure 12.1 provides a summary of the results. Across all SHP datasets, we observe mean-
ingful accuracy and winrate deviations. Testing for prefix bias appears to have a smaller
effect on askhr; however, certain prefix combinations can reduce accuracy below random
chance. For instance, with Llama 2-7B, applying Pm to the correct answer and Pwo to the
incorrect answer decreases the reward model’s accuracy to 47.08%. This demonstrates that
prefix bias exists across all SHP datasets, which consist of human-written data.

Anthropic-hh

In this dataset, the responses are machine-written. Therefore, we expect our prefix attacks
to be less effective, given the choice of prefixes. Even then, we see that on the full dataset,
adding prefixes can elicit a significant difference in preference estimates, on average affecting
accuracy by around 10%. For the harmlessness subset of this dataset, the effect is much less
severe.

We also note that opt-350m has very low accuracy in all these tasks, leading to low sus-
ceptibility to bias. Consequently, this model is omitted from further analysis. Among the
remaining models, Falcon-7B shows lower auto-influence across datasets, indicating reduced
susceptibility to bias. Conversely, Llama 2-13B demonstrates higher auto-influence (win-
rate deviation) but lower cross-influence, suggesting greater susceptibility to prefix bias but
robustness to its downstream effects.
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Figure 12.4: Distribution of pairwise winrates for anthropic datasets. Each bar represents
the distribution of winrates across all model architectures (excluding opt-350m). Positive
values mean the first group is preferred over the second group in the comparison.

12.5.4 Direction of Bias

The heatmaps in Figure 12.1 fail to convey a key piece of information: the directionality of
the bias. Understanding which prefix is favored by the trained reward model provides crucial
insights into how bias may manifest in practical applications.

For all SHP datasets (Figure 12.3), we observe a consistent trend: Pwo is preferred over
Pe and Pm across all models. For the racial groups, the pattern is less consistent, but
we observe the trend Pb > Ph > Pw > Pe. This finding is particularly striking for SHP
datasets, as it contradicts well-documented biases that often favor men and white groups.
More importantly, in this setting, the empty prefix is least preferred.

In the Anthropic dataset (Figure 12.4), a different pattern emerges. Here, across all models,
Pe > Pwo ≥ Pm. For racial prefixes, the results are noisier, but the general trend is Pe '
Pw ≥ Ph > Pb. A notable observation is that, in the Anthropic datasets (composed of
machine-generated responses), adding human-like prefixes appears unnatural, making them
less preferred than using no prefix at all. Even then, we see Pw having a high winrate over
Pb, suggesting that there does exist some human bias even with machine responses.

12.5.5 Measuring Bias in Pre-trained LLMs without Preference
Learning

We have shown the susceptibility of various models to the prefix attack across different
datasets, indicating the presence of reward model bias. This, however, raises the question:
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where does this bias stem from? The two likely candidates are: (1) the base LLM used to
instantiate the reward model, and (2) the dataset being used to train the model. In this
section, we evaluate the auto-influence (winrate deviation) for the base LLMs by utilizing
zero-shot learning.

For this, we use a similar template as used for the reward model input:

Z(q, a1, a2) =“Prompt:”+ q + “Response 1: ”+ a1 + “Response 2: ”+ a2

+ “Out of Response 1 and Response 2, the better response is Response ”

c =Z(q, a1, a2)

r =Z(q, a2, a1)

We make the model generate a single token and extract the logits for the “1” and “2” tokens
(different for each model). Then, we compute the softmax probability of the answer being
“1”, and compare the chosen and rejected scores. Finally, we repeat the experiments as in
the previous section, to get winrate deviation and accuracy deviation.

The results are summarized in Figure 12.5 and 12.6, showing for each model the preferences
across different prefix pairs, averaged across all SHP datasets. Note that the axes and labels
are different and should not be compared to Figures 12.3 and 12.4. The left figure shows
the trained reward model’s behavior, while the right figure (model names with the “0shot”
suffix) shows the base model’s behavior when using zero-shot learning. Recall that winrate
measures how often the model prefers one prefix over another while keeping the response the
same.

We observe that each base model exhibits a distinct ”fingerprint”: consistent preferences
across datasets that vary by model architecture. For instance, Flan-T5-Large strongly prefers
”white” over ”hispanic,” whereas Falcon-7B demonstrates the opposite preference. This
suggests that pre-training choices significantly influence zero-shot biases.

Interestingly, despite initial differences, all reward models converge toward similar patterns
after training. For example, trained models consistently favor (”black”) over other racial
prefixes and (”woman”) over other gender prefixes. Following the trend so far, this effect is
stronger for the gender prefixes and less pronounced for the racial prefixes.
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Zero-shot preferences Reward Model preferences

Figure 12.5: Distribution of pairwise winrates for SHP datasets for the gender prefixes. Each
bar represents the distribution of winrates averaged across all datasets. Positive values mean
the first group is preferred over the second group in the comparison. Left: The distribution
for the base models using zero-shot inference (no training). Right: The distribution of reward
model preferences after training. We see that the post-training preferences are similar across
all models (right), but the zero-shot models each exhibit different preferences (left).

While base models exhibit unique pre-training biases, training leads to a homogenization of
preferences. These findings strongly suggest that the biases observed in reward models are
primarily introduced during the training process rather than originating solely from the base
LLM.

12.5.6 Data-Augmented Training for Reducing Prefix Bias

We introduced auto-influence and cross-influence as novel methods for identifying and quan-
tifying prefix bias in reward models, and conducted an in-depth investigation of open datasets
and models using these metrics. While these metrics provide valuable insights into the pres-
ence and magnitude of such biases, they also raise an important question: how can we miti-
gate these biases effectively? To address this, we propose and evaluate a data augmentation-
based strategy designed to reduce prefix bias.

As a preventative measure against prefix bias, we augment the training dataset by adding
random pairs of prefixes to each input data point. Specifically, for a dataset and a set of
prefixes, we generate a new augmented dataset by multiplying the data points, i.e., creat-
ing multiple versions of each input with different randomly sampled prefix pairs. For the
experiments, we use a multiplying factor of 3; for each input data point < q, a1, a2 >, we
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Table 12.8: A summary of the important metrics defined and used in our experiments
Concept Metric/Variable Description

Preference dataset D A set of < q, a1, a2 > tuples, where q
is the prompt, and a1 and a2 are the
responses. We assume a1 is always the
preferred as a convention.

Unique responses Du All unique < q, a > pairs within the
dataset D.

RM score S(t) Reward model’s evaluation of text t
RM accuracy Accuracy function Whether the reward model’s ranking of

two responses matches user preferences
or not.

M(q, a1, a2) = 1[S(c(q, a1, a2)) > S(r(q, a1, a2))]
Auto-influence Winrate Model accuracy when only the prefix is

changed.
(Ideal: 0.5)

w(Du,M, p1, p2) = 1
|Du|

∑
q,a∈Du

M(q, p1 + a, p2 + a)).

Auto-influence Winrate Deviation Distance from an accuracy of 0.5 when
only the prefix is changed.

ω(Du,M, p1, p2) = w(Du,M, p1, p2)− 0.5
Cross-influence Accuracy How often the model picks the correct

option as being preferred when differ-
ent prefixes are applied to the two re-
sponses.

acc(D,M, p1, p2) = 1
|D|

∑
q,a1,a2∈D M(q, p1 + a1, p2 + a2)]

Cross-influence Accuracy Deviation Change in model accuracy when differ-
ent prefixes are applied to the two re-
sponses, compared to the model accu-
racy without any prefix attack.

α(D,M, p1, p2) = acc(D,M, p1, p2)− acc(D,M, pe, pe)
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Zero-shot preferences Reward Model preferences

Figure 12.6: Distribution of pairwise winrates for SHP datasets for the race prefixes. Each
bar represents the distribution of winrates averaged across all datasets. Positive values mean
the first group is preferred over the second group in the comparison. Left: The distribution
for the base models using zero-shot inference (no training). Right: The distribution of reward
model preferences after training. We see that the post-training preferences are similar across
all models (right), but the zero-shot models each exhibit different preferences (left).

(a) Winrate Deviation (b) Accuracy Deviation (c) Baseline Accuracy Ratio

Figure 12.7: Augmented training results for the gender prefixes. “aug” suffix refers to the
augmented model trained on corresponding data, “aug-gen” refers to a model trained on
augmented data for different prefixes, a lack of suffix indicates the reward model trained on
raw data, “-0shot” suffix denotes the base LLM used with zero-shot prompting.

randomly select three pairs of prefixes from the corresponding task (e.g., gender prefixes),
add the modified data points to the dataset, and train the reward model on this augmented
dataset using the loss function defined in Eq. 12.1. Importantly, we assume that the addition
of prefixes does not alter user preferences.

We conduct these experiments using the Llama-2-7B architecture as the reward model. The
results, summarized in Figures 12.7 and 12.8, indicate that data-augmented training offers
significant improvements.
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(a) Winrate Deviation (b) Accuracy Deviation (c) Baseline Accuracy Ratio

Figure 12.8: Augmented training results for the race prefixes. “aug” suffix refers to the
augmented model trained on corresponding data, “aug-gen” refers to model trained on aug-
mented data for different prefixes, no suffix refers to the reward model trained on raw data,
“-0shot” suffix denotes the base LLM used with zero-shot prompting.

Augmented Training with Gender Prefixes

Here, we describe the results of our augmented training using the gender prefixes, as shown
in Figure 12.7. We observe the following trends:

• Reduction in cross-influence: Reward models trained on augmented datasets (de-
noted with the ”aug” suffix) display substantially lower accuracy deviations compared
to the baseline reward model (Llama-2-7B), as shown in Figure 12.7b. This highlights
the model’s ability to deprioritize prefixes and focus on the core semantic content of
responses.

• Increased preference of the empty prefix: Winrate deviation analysis (Fig-
ure 12.7a) reveals that augmented models exhibit a marked preference for the empty
prefix, while deviations for other prefix pairs are close to zero within one standard
deviation. This indicates a heightened capacity to distinguish between necessary and
extraneous information, contributing to improved robustness.

• Ability to generalize to other prefixes: We also measure the generalization capa-
bilities of this augmented training. To do this, we first train the reward model on an
augmented dataset for one task, before evaluating it on a different task (e.g. training
on race prefix augmented data and evaluating gender prefixes). The “-aug-gen” suffix
denotes these models. We can see that the accuracy deviation for these models is much
lower, but it is higher than the augmented training using the correct prefixes. Further,
the winrate deviation shows that the model preferences lie somewhere between the
base model (causal) and the reward model (trained without augmentation). Overall,
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we note that the augmented training allows reward models to generalize to unseen
prefixes and improve robustness to the prefix attack.

• Minimal loss in performance: To assess potential trade-offs, we compute the base-
line accuracy ratio, defined as the trained model’s accuracy relative to the SOTA
accuracy for each dataset [39]. Augmented models maintain accuracy ratios compa-
rable to non-augmented reward models, far outperforming zero-shot models (Figure
12.7c).

Augmented Training with Race Prefixes

We include the results when using the race prefix to perform augmented training in Figure
12.8, supplementing the gender results presented in Figure 12.7. First, we note that the
observed trends are all similar: we see a reduction in cross influence, increased preference of
the empty prefix, and the ability to generalize to other prefixes, all with a minimal change
in model accuracy.

The baseline accuracy ratio shows the performance compared to SOTA accuracy achievable
on this model. In Figure 12.8c, we can see that for each dataset, the augmented models
(llama-2-7b-aug and llama-2-7b-aug-gen) are very close to the non-augmented reward model
(llama-2-7b), and much better than the base model with zero-shot inference. The “aug-gen”
model is trained on the gender prefixes and evaluated on the race prefixes here.

We also see the same trend where just training on the base dataset exacerbates cross-
influence, but the augmented training greatly brings it down.

These results demonstrate that data-augmented training can mitigate the adverse effects of
prefix bias, reducing auto- and cross-influence with minimal impact on overall performance.
This speaks to the utility of cross-influence and auto-influence in identifying biases and
allowing model developers to get in-depth information to better design practical interventions
to address reward model bias.

260



12.6 Conclusion

This work highlights the critical issue of biases in LLM-based reward models trained via
RLHF. Using novel metrics—auto-influence and cross-influence—we systematically identified
and quantified prefix-induced biases, showing their persistence across diverse datasets and
LLM architectures.

Our key findings include:

• Prevalence of Prefix Bias: Reward models are consistently susceptible to prefix
bias, with biases observed across demographic groups like race and gender.

• Dataset-Driven Bias: The biases largely originate from the training datasets rather
than model architectures, as different pre-trained models converge to similar biases
post-training.

• Efficacy of Data-Augmentation: Data-augmented training significantly mitigated
both auto- and cross-influence while preserving baseline accuracy and demonstrated
generalization to unseen prefixes.

These findings emphasize the importance of bias-aware dataset design and evaluation in the
RLHF pipeline. Biases in reward models can propagate to downstream fine-tuned LLMs, po-
tentially causing harmful or discriminatory outputs. Data augmentation proved effective for
bias mitigation, and future work could explore adversarial training or broader input modifi-
cations, including suffixes and paraphrasing, to strengthen defenses. Our proposed methods
of measuring auto-influence and cross-influence are generalizable to arbitrary modifications
as well.

While our study focused on race and gender prefixes, the evaluation methods we propose
are applicable to any form of contextual variation, including other demographic markers or
linguistic signals. We use explicit prefixes as a controlled mechanism to condition responses
and isolate reward model behavior under identity perturbations. The fact that such minimal
changes can induce measurable bias highlights the sensitivity of reward models to context
and the ease with which they can be steered away from intended objectives. Addressing
these vulnerabilities is essential for developing fair and trustworthy systems, especially as
LLMs are deployed in increasingly sensitive domains.
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This work underscores the importance of auditing reward models, providing methods to
evaluate reward models for prefix bias, and demonstrates data augmentation as a practical
approach for reducing bias. These contributions aim to guide the community toward building
more equitable and robust AI systems.

This marks the end of the research presented in this dissertation. Finally, we conclude with
a summary of the key contributions of this dissertation and discuss potential future research
directions.
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Chapter 13

Conclusion

We started this dissertation with the question: How can we design AI systems that allocate
indivisible resources fairly in sequential, multi-agent environments while maintaining system
efficiency and adaptability? Through the lens of Distributed Evaluation, Centralized
Allocation (DECA), we explored this question across multiple dimensions: modeling,
diagnosis, and intervention.

Fair allocation of indivisible resources—played out repeatedly, under binding global con-
straints, and with heterogeneous stakeholders—demands more than pointwise metrics or
single-shot fixes. This dissertation advanced a view that unifies modeling, diagnosis, and
intervention for sequential resource allocation, centered on a practical execution pattern we
formalized as DECA. Across case studies and algorithms, the throughline is simple: treat
fairness as a time-evolving property, and expose explicit levers for fairness–utility control at
the points in the pipeline where decisions are actually made.

This chapter distills the contributions, articulates what they imply for AI systems that
must allocate scarce resources over time, and outlines limitations and open challenges that
motivate future work.

13.1 Synthesis of Contributions

A unifying execution lens: DECA. We introduced DECA as a general abstraction for
settings where agents locally evaluate options but a central allocator chooses a feasible joint
action under global constraints (capacity, coupling, or policy). Unlike fully decentralized
MARL formulations, DECA matches deployed systems in ridesharing, social services, power
operations, and other domains where feasibility is centrally enforced (Chapter 2). DECA
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enables us to: (i) define fairness on accumulated payoff vectors over time, (ii) separate local
valuation from system-level feasibility, and (iii) plug fairness directly into the allocator or
the learning loop.

From detection to action. We first surfaced inequities in real systems using visualiza-
tion and disaggregated analysis. VizXP showed that how we communicate model behavior
matters for human understanding (Chapter 3). In energy during Winter Storm Uri, county-
and group-level analyses revealed disparities hidden by statewide aggregates, making the
case that feasibility without fairness can systematically disadvantage vulnerable populations
(Chapter 4). FairVizARD then demonstrated that stakeholders hold multiple, sometimes
conflicting, fairness notions; spatio-temporal views complement global metrics and help lo-
calize disparities (Chapter 5). We also audited real-world systems, finding consistent per-
formance gaps in next-location prediction across geography and demographics (Chapter 11)
and identified the existence of prefix bias in reward models used in RLHF finetuning (Chap-
ter 12).

Post-processing mechanisms with controllable trade-offs. Within DECA, we pro-
posed Simple Incentives (SI) to nudge allocations at deployment-time using small, tar-
geted adjustments derived from historical disparities; SI improves worst-group outcomes and
driver income floors in ridesharing, and extends to homelessness prevention (Chapter 6, 7).
We generalized SI with GIFF, which decomposes the impact of actions into fairness gains
and a counterfactual advantage correction, enabling expressive interpolation between utility
and diverse fairness functions without retraining (Chapter 8).

In-processing learning of long-term fairness. We showed that learning fairness across
infinite/long horizons becomes tractable by past-discounting accumulated utilities, bound-
ing the augmented state and improving learnability (Chapter 9). Building on this, DECAF
learns fair-efficient behavior under centralized feasibility, cleanly decoupling fairness from
utility and enabling interpretable “split” objectives and learning with black-box utility func-
tions (Chapter 10).
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Pre-processing interventions on data. We audited next-location prediction and found
consistent performance gaps across geography and demographics. A simple, model-agnostic
fairness-guided incremental sampling strategy rebalanced data collection and reduced
disparities with minimal accuracy loss (Chapter 11).

Auditing bias in modern AI systems. Finally, we audited RLHF reward models and
identified prefix bias—systematic sensitivity to demographic cues—showing that dataset
construction, more than architecture choice, drives bias; data augmentation mitigates these
effects while preserving accuracy (Chapter 12). Reward models are increasingly being used to
guide LLM-based agentic assistants with ever-increasing autonomy, and that will eventually
influence and be embedded in systems that allocate resources over time. These results con-
nect classical allocation fairness with contemporary LLM-driven pipelines that increasingly
influence sequential decision systems.

13.2 Lessons Learned on Fairness in Sequential Alloca-
tion

Through the various threads of research in this dissertation, several overarching lessons
emerge about fairness in sequential allocation systems:

1) Fairness is temporal—and cumulative. Single-step parity is insufficient: systems
can look fair at each instant yet accrue inequity over time. Modeling accumulated payoff Z
(Chapter 2) and optimizing fairness over these histories is essential.

2) Feasibility must be fairness-aware. When a central allocator enforces hard con-
straints, fairness must be embedded where decisions are made. DECA permits exactly this:
adjust the objective (SI/GIFF), shape learned value estimates (DECAF), or alter the data
that informs them (FGIS).
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3) Controllability is a feature, not a bug. Stakeholders need dials, not dictates. The
methods here expose monotone, interpretable parameters (e.g., SI weights, GIFF’s β, δ,
DECAF’s split models) that let practitioners trade off efficiency and equity online, and
reason about the costs of fairness.

4) Visualization is not optional. When fairness has many plausible definitions, visual
and spatio-temporal tools help stakeholders articulate the “which fairness for whom” question
and discover localized disparities that aggregates miss (Chapters 3, 5).

5) Bias propagates through the stack. From data sampling to reward modeling, up-
stream choices steer downstream allocations. Pre-, in-, and post-processing levers are com-
plementary, not competing.

These lessons also lead us directly to practical guidance for practitioners and researchers
designing fairness-aware DECA systems:

1. Measure trajectories, not snapshots. Maintain payoff vectors Z and track dispar-
ity over rolling windows or with past-discounting.

2. Intervene where you can. If retraining is costly, start with post-processing
(SI/GIFF). If you control training, integrate fairness in learning (DECAF). If data
collection is ongoing, rebalance sampling.

3. Expose explicit dials. Prefer mechanisms with direct parameters that stakeholders
can tune and audit.

4. Visualize when you can. Provide visual representations and summaries of fairness
metrics, helping stakeholders understand trade-offs and localize disparities.

13.3 Limitations

In the words of statistician George E.P. Box, all models are wrong, but some are useful. The
methods developed in this dissertation make simplifying assumptions and have limitations
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that, while useful in many settings, may not hold universally. This is important to acknowl-
edge so that future work can build on and extend these foundations. Here we outline some
key limitations of the work presented:

• Assumptions about agents. We largely assume truthful or externally validated util-
ities. Strategic behavior and incentive compatibility were not primary foci; integrating
mechanism design with DECA remains open.

• Indivisible Resources. We design for indivisible goods; extensions to mixed divis-
ible/indivisible settings or continuous actions may require new methods. However,
many real-world resources (e.g., rides, housing units) are inherently indivisible.

• Allocator scale and latency. Central ILPs (or combinatorial solvers) can be large;
while domain structure often admits fast solutions, worst-case complexity and real-time
constraints may require specialized decompositions or learned heuristics.

• Metric choice and pluralism. Multiple fairness notions can be reasonable. Al-
though our methods support controllable trade-offs and visualization, selecting metrics
and validating them with affected communities is nontrivial and context-dependent.

• Stochastic, sparse-reward regimes. GIFF/SI rely on current Q-values and accu-
mulated utilities; in highly stochastic environments with delayed rewards, additional
trajectory credit assignment or milestone shaping may be needed.

• External validity of audits. The ERCOT and mobility studies rely on available
observational data with known limitations; causal identification and richer covariates
would strengthen claims about mechanisms.

13.4 Future Work

There is a lot that has been studied, and a lot still to study. The scientific endeavor doesn’t
end at one discovery, it is reinvigorated by it. Answers are the source of more questions, and
the biggest folly would be to stop asking.

It is on that note that we conclude this thesis: as an incomplete journey that has taught us
a few things, but raised many more questions for future travelers to tackle.
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Below we outline concrete research directions that build directly on our DECA lens and the
contributions summarized in Chapter 13.

13.4.1 Strategic Agents and Incentive-Compatible DECA

Our analyses assumed truthful or externally validated utilities. A natural next step is to
integrate strategic behavior into DECA: agents may misreport utilities, withhold participa-
tion, or game fairness mechanisms. This calls for mechanism-design extensions that ensure
incentive compatibility and individual rationality while preserving centralized feasibility.
Promising directions include audit-based mechanisms that check whether agents actually
attain the long-term valuation claimed, or tax-based allocation, discouraging over-reported
utilities. Giving each agent a fixed budget to distribute among available actions may also
lead to desirable properties, as would peer-to-peer verification of bids. A key challenge is to
obtain tractable equilibrium notions and robustness to collusion.

13.4.2 Explanations for Fair Resource Allocations

Fairness interventions are only useful if stakeholders understand them. Building on our vi-
sualization results, we propose an explanation layer for DECA allocations: counterfactual
and contrastive rationales (“why this agent and not that one?”), recourse-style guidance
(“what would change the decision next round?”), and spatio-temporal narratives over payoff
trajectories Z. Technically, this suggests dual-variable or shadow-price–based explanations
from relaxations, Shapley-style attributions over fairness gains (GIFF), and user-facing dash-
boards that link scalar metrics to localized patterns. For end-users, this would entail building
systems that communicate the decisions made by the allocator, the trade-offs involved, and
the implications of different fairness settings.
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13.4.3 End-to-End Learning of Allocations (Policy Gradients in
DECA)

We showed Q-learning–based approaches that decouple valuation from allocation. An open
question is how to learn end-to-end with policy gradients when the allocator, not the agents,
selects the action. Potential approaches include: (i) differentiable surrogate allocators via
continuous relaxations and straight-through estimators, (ii) bilevel optimization with implicit
differentiation through LP/ILP relaxations, (iii) perturbation-based and REINFORCE-style
gradients over combinatorial choices, and (iv) structured policies that parameterize allocator
heuristics with learnable components while maintaining feasibility.

13.4.4 Scalable Allocator Design with Guarantees

Central ILPs can be a bottleneck at scale. We seek anytime, structure-exploiting allocators
that retain optimality certificates or tight bounds. Directions include: region-based solvers
operating on dense neighborhoods in the agent-resource interaction graph; learned warm-
starts and cut selection for MILPs; and hybrid systems that fall back to certified solvers when
learned surrogates detect distribution shift. The goal is predictable latency with quantifiable
suboptimality. Bargaining schemes (below) may also help by breaking a large problem into
smaller, iterative steps.

13.4.5 Iterative and Bargaining-Based DECA

Many deployments involve negotiation among stakeholders. Iterative schemes—e.g.,
competetive bidding over contested resource, or Nash bargaining over fairness–utility
splits—could complement one-shot allocation. Pairing such schemes with strategic agents
(above) suggests new equilibria where fairness emerges from negotiated transfers under fea-
sibility.
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13.4.6 Extending DECAF: Advanced MARL in the DECA Setting

DECAF demonstrated learning with past-discounted fairness using Q-networks to estimate
long-term utility and fairness. Next steps include: integrating value-decomposition (VD-
N/QMIX) or transformer critics for better credit assignment of fair rewards; distributional
and risk-sensitive RL to stabilize learning under sparse/stochastic rewards; offline/Batch
DECA for safety-critical domains; and policy-gradient variants once differentiable allocators
are in place. A central question remains: how to assign credit for trajectory-level fairness
signals across agents when the joint action is centrally chosen. Currently this is achieved
by a hand-designed decomposition, but to strongly support arbitrary fairness functions, we
may need to learn this decomposition.

13.4.7 Benchmarks for DECA

To catalyze progress, we advocate a public benchmark suite for DECA with standardized
simulators, datasets, and metrics: (i) ridesharing/matching under zone-level constraints; (ii)
homelessness prevention with intervention budgets; (iii) power/load allocation under grid
constraints; (iv) satellite/task scheduling with visibility windows; and (v) mobility predic-
tion–driven allocation loops. Each task should include reference allocators (ILP/heuristics),
fairness dials, payoff-trajectory logging, and leaderboards that report paired efficiency–fair-
ness curves (e.g., area under Pareto frontier).

13.5 Ethics Statement

This thesis studies fairness in sequential allocation under centralized feasibility constraints.
Because the methods developed here can influence who receives scarce resources, the work
has been guided by a simple stance: fairness must be examined over time, feasibility must
not be a substitute for justice, and any improvement claimed by a metric should be legible
to—and discussable with—the people affected. The contributions are research artifacts, not
deployment prescriptions, and they are intended to inform responsible design rather than to
automate policy choices.
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Two commitments shape this stance. First, fairness is treated as a property of evolving
outcomes, not just of isolated decisions. Detecting and mitigating disparities requires looking
beyond aggregate performance to patterns that can persist or compound. Second, centralized
feasibility is necessary but insufficient. Capacity, eligibility, or safety constraints are real;
yet they can also mask or rationalize harmful allocations if taken as the sole objective.
Throughout, the goal is to design methods that make these tensions visible and adjustable
rather than hidden inside an optimizer.

The work necessarily relies on data and models that are imperfect. Observational studies
are limited by coverage, measurement error, and proxy variables; simulation studies abstract
away factors that matter in practice. De-identification reduces but does not eliminate privacy
risk. For these reasons, results should be interpreted as evidence about mechanisms and
trade-offs under stated assumptions, not as guarantees that a particular policy will be fair in
a particular jurisdiction or program. Any real-world use should be preceded by engagement
with practitioners and affected communities, careful validation against local constraints, and
consideration of harms that may not surface in benchmark metrics.

Some domains considered here warrant special care. In social-service contexts such as home-
lessness prevention, matching and prioritization are intertwined with eligibility, safety, con-
sent and timing. The experiments in this thesis illustrate how fairness-aware post-processing
might behave if value estimates are accurate; they do not claim readiness for deployment.
In modern language-model pipelines, the analysis of reward-model bias shows that seem-
ingly minor prompt changes can correlate with and lead to demographic bias. This finding
supports auditing the entire training pipeline—data, reward model, and policy—rather than
focusing only on end models, and it underscores the need to expand coverage beyond the
specific attributes studied.

Algorithmic interventions can shift who benefits. Improving equity for worse-served groups
may reduce utility for better-served groups, and, in some settings, may alter operational risk
or cost. These are normative choices that require accountability. If methods like SI, GIFF,
or DECAF are used outside the lab, they should be introduced gradually, with conservative
settings, transparent reporting of fairness–utility trade-offs, and clear procedures for appeal,
recourse, and rollback when harms are detected. Explanations and visual analyses should
accompany scalar metrics so that stakeholders can interrogate where and for whom changes
occur.
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Finally, there are limits to what this thesis addresses. It assumes truthful or externally
validated utilities and does not solve incentive compatibility; it does not claim causal iden-
tification for the observational analyses; and it does not guarantee real-time scalability for
all allocator designs. These are open problems identified in Section 13.4. Within these
bounds, the intended use of the methods is as decision support for accountable human in-
stitutions. They should complement, not replace, professional judgment, legal protections,
and community governance.
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