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A wide variety of resource allocation problems operate under resource constraints that are managed by a central arbitrator,
with agents who evaluate and communicate preferences over these resources. We formulate this broad class of problems as
Distributed Evaluation, Centralized Allocation (DECA) problems and propose methods to learn fair and efficient policies in
centralized resource allocation. Our methods are applied to learning long-term fairness in a novel and general framework for
fairness in multi-agent systems. We show three different methods based on Double Deep Q-Learning: (1) A joint weighted
optimization of fairness and utility, (2) a split optimization, learning two separate Q-estimators for utility and fairness, and (3)
an online policy perturbation to guide existing black-box utility functions toward fair solutions. Our methods outperform
existing fair MARL approaches on multiple resource allocation domains, even when evaluated using diverse fairness functions,
and allow for flexible online trade-offs between utility and fairness.
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1 INTRODUCTION

Fairness is increasingly critical in multi-agent systems that make consequential decisions under resource con-
straints, where maximizing total system utility can lead to unfair outcomes. Yet most MARL approaches assume
agents can act independently, optimizing only for system-wide utility [9, 22, 27]. This overlooks many real-world
settings where actions must be coordinated to enforce global constraints like limited resources, rendering existing
methods inapplicable and fairness difficult to enforce. We address this gap by studying fairness in a distinct
paradigm: Distributed Evaluation, Centralized Allocation (DECA).

DECA captures a broad class of problems where agents compute local utility estimates, but do not independently
execute actions. Instead, a central allocator makes final decisions over which actions are taken, subject to global
constraints. This is common in systems like ridesharing [23] and distributing social resources [11], where
agent preferences are considered but resource constraints must be centrally enforced. While prior work has
proposed domain-tailored solutions, we present a general framework for learning efficient policies in DECA
settings. Importantly, DECA differs from the well-known Centralized Training with Decentralized Execution
(CTDE) paradigm. While CTDE governs how agents learn, DECA describes how decisions are executed: agent
policies evaluate candidate actions locally (Distributed Evaluation, DE), but a central module aggregates these
evaluations and selects actions under resource constraints (Centralized Allocation, CA). MARL methods designed
for decentralized execution struggle in this setting, motivating new approaches tailored to DECA.

Fairness in DECA-based decision-making is critical, as algorithmic biases can lead to disparities and decreased
trust in automated systems [16]. Beyond ethical considerations, fair resource allocation may also be desirable from
the perspective of the central controller. Standard DECA solutions rely on estimating agent utilities and solving a
constrained optimization to compute the best action for each agent. To incorporate fairness, we enable agents to
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learn long-term fairness effects of their actions, combining this with utility estimates to compute allocations. We

introduce three strategies:

¢ Joint Optimization (JO): A scalarized multi-objective learning approach that jointly optimizes for fairness
and utility.

o Split Optimization (SO): A method that learns separate fairness and utility estimators, enabling online
trade-off adjustments for fairness and utility.

o Fair-Only Optimization (FO): A fairness-focused approach that modifies an existing black-box utility function
to incorporate fairness considerations.

To evaluate our methods, we develop a suite of DECA-specific environments by adapting fairness-aware MARL
benchmarks. These new environments preserve the key coordination and fairness challenges of the originals
while implementing the centralized allocation and constrained resources. We also adapt state-of-the-art MARL
algorithms for fairness [9, 27] to operate in the DECA setting, showing how these approaches fail to work well in
the face of centralized constraints. Our framework also accommodates a variety of fairness metrics, including
variance, a-fairness, maximin fairness, and generalized Gini functions (GGFs), without requiring structural
changes. Our primary results focus on variance, with additional results with other metrics included in the
appendix.

This work addresses a critical gap in the literature by proposing DECAF, a unified framework for fairness in
DECA problems, which encompass a wide range of multi-agent decision-making scenarios. Through our proposed
optimization strategies (JO, SO, and FO), we offer a flexible framework for balancing fairness and efficiency in
real time. Furthermore, we present the first general approach for integrating fairness into multi-agent resource
allocation using Q-learning, paving the way for future advancements in fair Al decision-making.

The main contributions of this paper are as follows:

(1) We formalize and introduce Distributed Evaluation, Centralized Allocation (DECA), a unifying framework
for multi-agent multi-time resource allocation problems that generalizes a common structure across many
different problems.

(2) We introduce DECAF, a general framework for learning fair policies in multi-agent resource allocation
problems under the DECA paradigm.

(3) We propose three novel algorithms (JO, SO, FO) that enable agents to learn Q-functions balancing fairness
and efficiency, accommodating various fairness metrics.

(4) We develop a suite of environments that mirror popular fairness-aware multi-agent RL benchmarks,
demonstrating the effectiveness of our methods in achieving superior fairness-utility trade-offs compared
to baselines.

2 RELATED WORK

While DECA has not been formalized in prior work, it has seen application in many domains. From optimizing
passenger-driver matches in ridesharing [18, 23] to efficient allocation of homelessness resources [10, 11],
many real-world applications follow this general structure. It is also analogous to the predict-then-optimize
(P+0O) approach [4, 26], where a predictive model estimates unknown parameters that are subsequently used
in optimization. However, unlike P+O, which may not specifically address resource allocation or multi-agent
systems, DECA explicitly focuses on these complexities. This distinction is crucial as it allows us to restrict the
problem space and tailor our research towards enhancing fairness within multi-agent resource allocation.
Significant research has addressed algorithmic bias, where ML models, such as those used in hiring decisions
[19], can exhibit harmful biases. We refer readers to an extensive survey by Mehrabi et al. [16] for a review of
recent work. These studies typically focus on debiasing the outputs of predictive models to meet fairness criteria
such as equalized odds [7] or demographic parity [3]. However, our work diverges from this approach. Instead of
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correcting biases in predictions, we aim to develop algorithms that inherently promote fair decision-making via
the actions they optimize.

Our focus is on learning fair policies in multi-agent RL with resource constraints. Prior work has explored
fairness in RL broadly [5], but a few methods are especially relevant. FEN [9] uses a hierarchical network to
optimize the coefficient of variation, learning when agents should act greedily or fairly. However, it lacks resource
constraints and requires inter-agent communication. Other works model fairness as multi-objective optimization,
treating each agent’s utility as a separate objective and optimizing a social welfare function [24, 27]. These require
learning over the full joint action space [24] or use decentralized policy gradients [27], which limits applicability
under global constraints. SI [13] addresses fairness in rideshare-matching via fairness-aware post-processing of
black-box utilities, but is myopic and domain-specific, and GIFF [15] extends this approach to other domains and
metrics. Kumar [12] presents a cohesive theoretical and empirical foundation for this line of work.

The DECA approach allows us to consider global constraints while allocating resources, opening up the scope
for better global solutions, which none of the prior approaches allow. The distributed evaluation allows each
agent to only learn a local value function, which reduces the complexity when compared to learning a joint policy.
Further, our SO and FO approaches allow changing the trade-offs between utility and fairness post-training,
which provides additional flexibility that previous approaches lack.

3 PROBLEM FORMULATION

In the context of Distributed Evaluation, Centralized Allocation (DECA), our primary goal is to integrate fairness
into the decision-making process of resource allocation in multi-agent systems. Formally, we seek to maximize a
combined measure of system utility and fairness, represented as:

max (1 — B)Ur + pFr (1)

where Ur denotes the total utility at time T and ¥ represents the fairness measure, weighted by S.
In this section, we describe the DECA optimization framework and how it can be used for resource allocation.
In the next section, we will describe DECAF, our solution to learn to improve fairness in this framework.

3.1 Distributed Evaluation, Centralized Allocation (DECA)

We model DECA as a constrained multi-agent Markov decision process (CMMDP) [2] with partial observability,
defined by the tuple:

M=K(a,S,0,{A;},T,Ry.y.c) (2)

where « is the set of agents, S is the global state space, and O : S — []; O; maps states to agent observations.
Each agent i has action space A;, and T : SX []; A; XS — [0, 1] defines joint transitions. The reward function R,, :
Sx [1; A; — R" returns a vector of agent utilities, and y is the discount factor. The resource map c : | J; A; — RX
gives per-action consumption across K resource types.

In a DECA problem, illustrated by Figure 1, agents independently evaluate actions based on their local
observations (DE), while a central controller aggregates these evaluations and optimizes resource allocation
subject to constraints (CA). Agent actions include the null action and may have other effects apart from allocation
of resources (e.g., moving in an environment), but only actions which consume resources are constrained.

3.2 Optimization Framework

The distributed evaluation (DE) step involves agents learning to predict the utilities of observation-action pairs
using approaches such as Deep Q-learning [8, 17]. The utility estimates are computed using partially-observable
post-decision states, which are estimated locally, ignoring other agents’ actions due to the infeasibility of exploring
the joint state space.
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Fig. 1. An outline of the DECA pipeline. Each agent evaluates its available actions in a decentralized manner (DE), and the
ILP finds the best joint action A using these evaluations and resource constraints (CA).

The central allocation (CA) step solves an integer linear program (ILP) that combines predicted utilities with
resource constraints. Let x;(a) € {0, 1} be a binary decision variable that indicates whether agent i is assigned
action a € A;. Let R € RX denote the vector of available resources, with R, representing the quantity of resource
type k € {1,2,...,K}. Let c(a) € RK denote the resource consumption vector for action a, where c(a)x is the
amount of resource k consumed by action a. The objective of the ILP is to select one action per agent that
maximizes the total predicted utility Q(o;, a), subject to resource constraints. The optimization problem is defined
as:

max > > xi(a) Q(0na) 3)

xi(a)e{01} ica acA;

subject to Z xi(a)=1, Viea (4)
acA;
Z Z xi(a) -c(a)y < Re, Vke{l,... K} (5)
i€a acA;

The first constraint ensures that exactly one action is selected for each agent. The second constraint ensures
that the total resource consumption across all selected actions does not exceed the available amount of any
resource. This ILP defines the central allocation mechanism, while the predicted Q-values Q(o;, a) are learned
by each agent, enabling distributed evaluation. This offers benefits over completely distributed approaches by
encapsulating resource constraints, and over completely centralized approaches by reducing the complexity of
the learning objective. This setup is seen in many resource allocation problems [1, 10, 23].

4 DECAF: FAIRNESS IN DECAS

In this section, we describe DECAF, our framework for incorporating fairness into DECA problems using Q-
Learning. Specifically, we detail how we can specify and learn the fairness objective in Eq. 1 through the use of
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decomposed fairness rewards, and a modified Q-Learning algorithm to learn from these rewards using centralized
training.

4.1 Fairness Reward

Previous work has considered learning to optimize a single social welfare function (SWF) that captures the
notions of fairness and utility together, like the Coefficient of Variation used by FEN [9] or a-fairness and the
Generalized Gini Function (GGF) used by SOTO [27]. With DECAF, we try to learn a class of objectives that trade
off between system utility and fairness, characterized by a trade-off variable § (Eq. 1), with the aim of enabling
flexible trade-offs between the two.

Let Z = {z;};cq denote the vector of accumulated agent utilities (averaged or total). We interpret this utility as
‘accumulated wealth, and look to make allocations that can result in a fairer distribution of this wealth. Let Z}
represent the distribution of agent utility metrics at time ¢ following policy . Then, we define a fairness function
F:R"™ — R as a mapping of vector Z to a real value, and our fairness objective is maximizing 7 = F(Z]_;).
Most popular SWFs and fairness functions can be cast into this form.

To realize this objective in DECAF, we compute a potential-based fairness reward based on the allocation made
at each timestep. Let A’ = {ﬂf }ice denote the action allocation at time ¢, where each ﬂf is the action assigned
to agent i as a result of solving the ILP. The fairness reward Ry (s;, A’) is a vector-valued signal that reflects how
the selected allocation impacts system fairness. Specifically, it is computed as the per-step change in the fairness
function:

AF|A" = Fr = F (6)
=F(Zi1) - F(Zy) (7)

A naive way to decompose this reward is to evenly divide it among agents. This is commonly done in collaborative
multi-agent RL when agents are optimizing a shared goal.

AF|A"
Rp(sy, A') = [ ] (8)
n lEa
Alternatively, specialized decompositions can be designed to give a more informative signal to each agent. For
example, if variance is used as the fairness function (¥; = —var(Z;)):
AF| A" = —var(Z;y,) + var(Z;) 9)
1 _oy2 1 -
==Y @ = zn) - (2 - 2) (10)
n ica n ica
Voo e b 2
Re(s, A) = |—= (2" = Zp1) "+ = (2} — 2¢) (11)
n n ica

Observe that this reward only depends on the agent’s own metric value and the average metric. Thus, each
iteration, apart from the local observation, each agent only needs to be communicated information about the
average utility of all agents to reliably predict this value. This could be done by the central agent, or by message
passing between the agents.

For the main experiments of this paper, we use variance as our fairness function, with the reward function
in Eq. 11 as the fair reward. However, our methods are not limited to using variance. We also provide reward
decompositions and experiments with other fairness functions including a-fair, GGF, and maximin functions in
the appendix, showing the generality of our approach.
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Fig. 2. lllustration of our three DECAF methods to learn fairness. Each subfigure shows how the values propagate for a
single agent. The red lines and text denote the actual reward to the learning model, which is used to update weights using
TD learning. (a) Joint Optimization learns to predict a single combined value. (b) Split Optimization learns two separate
estimators for utility and fairness, and combines their output. (c) Fair-Only assumes a black-box utility model U*, and learns

a fairness estimator only, combining their outputs to make deci

4.2 DECAF Problem Formulation

sions.

With the fairness machinery in place, we define the DECAF problem D as the tuple:

D =

(a, 7, 0, {Ai}icas T, Ru, v, ¢ F, B, Ry),

(12)

where (a, O, {A;}, T, Ry, y, c) are as in DECA, S/ is the fairness augmented state space including information from
the accumulated utility vector Z; = {z!};e, (e.g. the current average utility or the entire vector Z;), F : R" - R is
a fairness function evaluated over the accumulated utility vector Z; = {z!};eq, f € [0, 1] is a trade-off parameter,

and Ry : S/ x []; A; > R" is a decomposed fairness reward satisfying:

D U[Rp(se, AY], = F(Zyws) ~F(Zy) 2 AF|A".

ica

(13)

At each time ¢, agents locally predict per-action scores Qr(0;, a) that combine utility and fairness estimates.
The centralized allocator then solves the fairness-aware ILP:

max xi(a ona
xi(a)e{0,1} ;‘;i i(a) Qr(0s, )
s.t. Z xi(a) =1
acA;
DY wl@ e < Re
i€a acA;

Viea

Vk e {1,...,K}

(14)

(15)

(16)

where R € RX is the available resource vector and c(a) € RX is the per-action consumption. As in DECA, actions

include a null action to ensure feasibility; only resource-consuming actions are constrained by (16).
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Qr (o0, a) is the key workhorse in DECAF, and understanding how to learn it is the focus of the next section. We
present three approaches to learn Qy that differ in how they estimate and combine utility and fairness. All three
approaches use the same ILP formulation above to compute allocations, differing only in how Qy is learned.!

4.3  Algorithms

Given the fair reward Ry described above, our approach targets the DE step to improve fairness, by changing the
Q-values used in the ILP (Eq. 14) to also account for fairness. We do this modifying Q to be an estimator of the
combined fair-efficient objective, with a weight § € [0, 1] used to regulate relative value of fairness and utility.
We use experience replay with centralized training to learn the Q-function, where an experience 7 =
(0, A, 1y, Iy, o’) stores a joint transition across all agents, with utility rewards r, and fair rewards ry. Let 0
denote the parameters of the Q-function. Given a replay buffer D, we want to minimize the loss function
Jo =EB.-pL(8(1)), where §(7) is the Bellman error of the transition 7, and L is the MSE loss. We propose three
approaches for integrating fairness, illustrated in Figure 2.2
¢ Joint Optimization (JO): A single estimator optimizes a weighted combination of fairness and utility.

8(r) = (1= P)ry + fry +yQp(0") — Qg(0, A) (17)

e Split Optimization (SO): Separate estimators for fairness (Fy(+)) and utility (Up(+)) allow dynamic adjustment
of their trade-off during policy execution.

8/ (r) = 17 +yFy(0') — Fy(0, A) (18)
8“(r) =1y +yUy(o’) — Ug(0, A) (19)
Q(0, A) = (1= P)Up(0, A) + pFy(0, A) (20)

e Fair-Only Optimization (FO): A fairness estimator (Fy(-)) adjusts a pre-existing utility function U*(-) to
incorporate fairness, useful when utility functions are provided externally.

8 (1) = 1p(s,a) + yFy(0') = Fo(0, A) (21)
Q(0,A) = (1= B)U" (0, A) + pF(0, A) (22)

Our learning algorithm is based on Double Deep Q-Learning [8], which uses a target network to stabilize
updates. The key differentiating factor is in how the target values are computed. When learning from an experience,
we compute the optimal action A* in the successor state by solving the ILP (Eq. 14) using the online Q-network,
and then compute the Q-value of the selected actions using the target network. The models are updated using
the rewards (stored in the experience) obtained after the ILP allocation of the previous state, as shown in the red
text and arrows in Figure 2. For SO and FO, we package the utility and fairness estimators into the Q-function,
and compute the optimal successor action using both. Then, we independently update each estimator using the
TD error of their respective objectives. We provide the pseudocode for the learning algorithms in the appendix.
For FO, we skip training the utility estimator. SO and FO offer the additional benefits of interpretability, as
during execution, we are able to discern how much of the decision was based on the utility gain and fairness
improvement respectively.

SO also provides some useful properties described below.

Theorem 1. Given perfect estimates for utility and fairness, increasing § always improves the one-step fairness
gain for SO with y = 0.

n the rest of the paper, we omit the subscript in Q £, denoting it as Q.
2Unless stated, we use bold terms to denote vectors, and overload Q-functions to also operate on vectors to compute a vector of outputs.
Further, we use Q(0) as a shorthand for computing Q-values for all possible actions for each observation in o.
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Proof Sketch: We show this using the property of the ILP. The only way another action is selected when f is
increased is if the objective value of that action is higher. Since f > 0, comparing the objective value of two
allocations shows us that for ' > f, this only happens when the fairness gain for the new action is higher. O

Theorem 2. For a large enough f, the fairest allocation will be selected with perfect utility and fairness estimators
for SO withy = 0.

Proof Sketch: Since the fairest allocation has the largest fairness gain, we show that there exists a 7 such that
the fairness gain’s contribution to the objective outweighs any utility loss, making it the optimal allocation. O

We also provide the corollaries to these theorems for improving utility as f is reduced in the appendix, along
with full proofs for these theorems. These properties also empirically hold when y # 0, as our experiments
demonstrate. This adaptability is a major strength of SO: It allows a degree of flexibility that other methods do
not possess. Specifically, SO allows users to vary the trade-off weight f during runtime, and the behavior can be
expected to be monotonic in the direction of change. For y = 0, Theorem 1 and its corollary guarantee that the
space of selected allocations is Pareto-efficient with changing § at each time step.

Jo SO FO A FEN_ILP A FEN_Mask X SOTO_ILP_alpha_fair SOTO_ILP_ggf X SOTO_Mask_alpha_fair SOTO_Mask_ggf
BiasedDM JobAlloc Job Plant Matthew
100 100 _ . ™
X 150 =
80
Zz 80 Z 80 2z Z
E; o | 5 560 5 100 N
5 § 60 § a0 g 5 \
2 40 A 2 2 2 50 " 2100
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Fig. 3. Change in system utility and fairness as f is increased, with f = 0 at the top left § = 1 at the bottom-right. For
all domains, we can see that split and joint optimization perform similarly, while learning only fairness can sometimes be
slightly worse. All our methods Pareto-dominate SOTO and FEN. Each point depicts the average performance over five
different models trained at that f§ value, and the lines show the Pareto front for each method.

5 EXPERIMENTAL SETUP

We conduct experiments for maximizing the objective in Eq. 1, where the system utility is the sum of all agent
utilities at the end of an episode, and the fairness is measured as the negative of the variance of agent resources at
the end of the episode. We perform experiments for a variety of f values, repeating each configuration five times
for each of our three settings: Joint Optimization (JO), Split Optimization (SO) and Fair-Only Optimization
(FO). We were unable to use off-the-shelf multi-agent RL libraries because of their lack of support for constrained
central decision making. Thus, we implemented versions of the learning algorithm (DDQN with e-greedy TD(0)
learning), as described in Section 4. The network architecture has two hidden layers of dimension 20, and output
of dimension 1. The utility model used for FO is randomly selected from the JO models trained with § = 0. We
included features indicating the relative advantage of each agent as a signal for fairness, in addition to the features
describing the local observation of each agent.’

3The code for our environments and experiments can be found at https://github.com/YODA-Lab/Fairness-in-Distributed-Evaluation-

Centralized-Allocation
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5.1 Environments

To evaluate our methods, we created new DECA environments of varying difficulty, based on existing fair MARL
benchmarks [9]. We reformulate them as resource allocation problems, adding explicit resource constraints
and creating action spaces corresponding to resources. Detailed environment descriptions are provided in the
supplement. From simplest to most complex, we have the following:

e BiasedDM: This simple environment models an explicit bias in decision-making. Five agents compete for a
single resource per timestep, where utility to the decision-maker increases with agent index (0.2 X i for agent
i). Optimal utility is achieved by always allocating resources to agent 5. Fairness is assessed based on resource
distribution over time.

¢ JobAlloc: This environment introduces basic coordination. Four agents directly compete to occupy an ex-
clusive ‘job’, with actions limited to occupying or leaving it. The job can only be claimed if it is unoccupied.
While a greedy agent can monopolize it, fairness requires agents to sometimes give up the job so others can
benefit—making collaboration essential. This domain’s challenge is overcoming the single-step suboptimality
when no agent occupies the job.

e Job: This environment extends JobAlloc to a grid-based world. Four agents operate on a discretized grid with a
fixed square containing a job. Agents receive rewards for occupying the job’s location. Grid locations act as
constraints, with only one agent allowed per location. Agents move in cardinal directions and communicate
directional preferences to the decision-maker, who assigns final moves.

o Plant: This environment increases complexity by requiring agents to collect different combinations of resources
to complete tasks, introducing combinatorial dependencies. Five agents operate on a discretized grid containing
eight resources of three types. Agents must collect specific resource combinations to construct a ‘unit’ and
earn rewards. Requirements vary in difficulty across agents. The decision-maker assigns resources based on
agents’ preferences, ensuring exclusivity. Agents deterministically move toward assigned resources.

e Matthew: This environment showcases the Matthew effect [6, 21], where the rich get richer. Ten agents
move on a continuous unit grid with three resources available at a time. Consuming resources grants agents
speed and size boosts, allowing faster access to future resources. Some agents start with inherent advantages.
Actions involve assigning resources to agents, preventing others from accessing them, or taking a null action
to move randomly. Agents provide utility estimates for each action, and the decision-maker allocates resources,
ensuring no two agents share the same resource. Agents always move in straight lines toward their targets
and are unable to target new resources while moving to collect a previously allocated resource.

It is important to note that while these environments have been designed to appear similar at a high-level as
the versions used in the baselines [9, 27], they are completely different under the hood, incorporating agent and
resource constraints and modifying the action spaces to align with the resource allocation tasks.

5.2 Baselines

As noted in our Related Work section, FEN [9] and SOTO [27] are the most relevant approaches that generalize to

multiple domains; we thus include them as baselines in our experiments. However, both assume settings where

agents act independently without resource constraints. To adapt them to the DECA framework, we evaluate two

strategies for making constrained decisions using their per-agent policies:

o Policy-as-Q (‘_ILP’ suffix): We interpret action probabilities from a learned policy 7 as proxy Q-values
Q(oi, a) = n(0;, a) and input them into the ILP (Eq. 14) for centralized allocation.

e Masked Sequential (‘_Mask’ suffix): Agents select actions sequentially in a randomized order at each
timestep. Each agent samples from its policy, with infeasible actions masked out based on remaining resource
availability. The randomized agent order is used to mitigate ordering bias.
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Table 1. Evaluation of all models on multiple metrics for each environment. For JO, SO, and FO, the values in the bracket
denote the f§ value selected based on the model that maximizes 0.1-U - 0.9-var(Z). The selected S value is indicated in
brackets. The values in bold are the best in each row.

Environment Metric JO(p) SO(p) FO(p) FEN  SOTO(a-Fair) SOTO(GGF)
a-Fair -8.09(1) -83(0.999)  -8.19(0.9995)  -8.15 -8.15 -8.15
GGF 0.35(1) 0.3(0.999) 0.33(0.9995) 0.33 0.33 0.33
BiasedDM  Maximin 0.16(1) 0.12(0.999)  0.15(0.9995) 0.15 0.15 0.15
System Utility ~ 5831(1)  63.65(0.999)  63.38(0.9995)  59.95 60.22 60.24
Variance -0.0007(1) -0.0033(0.999) -0.0022(0.9995) -0.0014 -0.0015 -0.0015
a-Fair 12.71(0.2) 12.69(0.2) 12.71(0.2) -35.31 -7.39 1.06
GGF 43.11(0.2) 43.41(0.2) 43.8(0.2) 12.59 19.5 29.62
JobAlloc Maximin 21.79(0.2) 22.21(0.2) 22.71(0.2) 0 3.49 10.62
System Utility ~ 96.28(0.2) 95.81(0.2) 96(0.2) 99.89 94.42 90.92
Variance -4.44(0.2) -2.54(0.2) -1.48(0.2)  -1839.76 -923.46 -421.93
a-Fair 10.97(0.2)  12.07(0.2) 10.77(0.2) -35.89 -55.21 5.03
GGF 37.12(02)  37.88(0.2) 26.65(0.2) 11.87 0 22.17
Job Maximin 16.99(0.2)  18.13(0.2) 13.13(0.2) 0 0 4.9
System Utility ~ 88.43(0.2)  88.63(0.2) 61.68(0.2) 94.88 0 80.57
Variance -25.14(0.2)  -13.38(0.2) -459(0.2)  -1683.49 0 -242.3
a-Fair 15(0.8) 14.77(0.8) 14.54(0.8) -35.48 -20.75 -20.62
GGF 35.67(0.8) 34.63(0.8) 33.45(0.8) 1.4 10.28 10.89
Plant Maximin 16.61(0.8) 15.98(0.8) 15.74(0.8) 0 3.62 4.08
System Utility 101.72(0.8) 99.38(0.8) 94.89(0.8) 13.31 42.57 43.84
Variance -6.34(0.8) -6.75(0.8) -4.99(0.8) -41.64 -54.29 -49.91
a-Fair 20.03(0.2) 23.4(0.5) 20.71(0.5) -29.04 12.45 12.64
GGF 14.41(0.2) 19(0.5) 11.92(0.5) 1.73 4.6 4.67
Matthew  Maximin 3.64(0.2) 8.86(0.5) 5.09(0.5) 0.36 1.66 1.69
System Utility ~ 140(0.2) 108.1(0.5) 85.5(0.5) 47.39 42.77 43.02
Variance -26.95(0.2)  -1.28(0.5) -5.17(0.5) -45.9 -3.33 -3.32

We add the extra features that SOTO requires (only for SOTO), and train SOTO with both the a-fair and GGF
objective described in their paper [27]. We implement shared weights across agents.

6 RESULTS

Figure 3 shows the performance of all three DECAF methods (JO, SO, FO) on the five domains discussed above. For
each method, we varied the hyperparameter 8 controlling the fairness-utility trade-off (Eqs. 17, 20, 22), starting
with = 0 (top-left) and increasing to f = 1 (bottom-right). As mentioned in Section 4, we present results where
we optimize for variance as the fairness function here. Additional results on learning with different fairness
functions are included in the supplement.

6.1 Efficacy of the Fairness-Utility Optimization

For all domains, all three methods are able to learn expressive policies which lie at various points close to the
Pareto front. This shows that the optimization allows the model to trade off utility and fairness to show diverse
behaviors as required by the user. This also confirms that the fairness reward proposed for minimizing variance
is a good signal.
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Fig. 4. Generalization analysis on the Matthew environment. (a) and (b) show the generalization of SO and FO models
trained on firqin and tested on fiess. Brighter colors indicate better outcomes for utility (top) and variance (bottom). (c)
Approximated Pareto fronts using sparse f;rqin evaluated on other f values for the Matthew domain. Top: SO. Bottom: FO

6.2 Comparison Against Baselines

In DECA, centralized allocation under resource constraints makes the mapping from decentralized evaluations to
realized outcomes: the ILP allocator can induce transitions that are not generated by any single decentralized
on-policy behavior. On-policy methods like PPO rely on assumptions of on-policy transitions from decentralized
policies (e.g., PPO-style baselines we adapt) and therefore degrade in DECA, particularly in complex domains
requiring coordinated long-horizon strategies. This motivates and validates our use of off-policy value-based
learning (Double DQN variants) in the DECA setting.

Although we adapt FEN and SOTO to operate in the DECA setting, their underlying learning algorithms
assume on-policy transitions from decentralized policies. The introduction of resource constraints fundamentally
alters the environment dynamics, breaking this assumption. As a result, their performance degrades—especially
in complex domains like Matthew and Plant, where coordinated, long-term strategies are necessary. In simpler
settings, where greedy decisions align with utilitarian outcomes, these methods can still recover reasonable
policies. However, even when optimizing social welfare functions like GGF or a-fairness, they struggle to find
high-performing strategies under constraints.

Among the adapted baseline variants, the masked versions outperform their ILP counterparts, as ILP-based
selection produces trajectories that violate the assumptions of policy gradient methods. However, masking also
limits coordination and suffers from order sensitivity. In contrast, DECAF handles global constraints and large,
combinatorial action spaces more naturally, giving it a clear advantage in the DECA setting. As shown in Figure 3,
DECAF consistently Pareto-dominates both FEN and SOTO across all domains, with SOTO_Mask (GGF) being the
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most competitive baseline. Table 1 presents results for selected § values of JO, SO, and FO for each environment,
showing DECAF’s advantage across multiple metrics, even when trained on variance only.

6.3 Generalization Using Split Optimization (SO)

Figure 4a shows detailed results for the Matthew environment, when using SO. We evaluate each model trained
on a particular f;,4i, on all other f;.s;. This allows us to see how well the trained fairness and utility models
generalize when the operating f is changed. Note that for all these models, f is not provided as a feature to the
Q-function.

The diagonal elements show the behavior when training and testing is done on the same f value. From the
plots for system utility (Figure 4a (top)) and variance (Figure 4a (bottom)), we can see that as f;.s; increases,
variance improves, and as f3;.s; decreases, utility improves. This is the expected behavior, and the major advantage
of SO over JO. With JO, the model only predicts a single value, so we are unable to change the trade-off weight
during evaluation, and we require a unique model for each f that we want the model to work for. However,
with SO, selecting just a few spread out § values can allow us to extrapolate between them, providing online
adaptability. This shows that SO has the flexibility to function well at operating points away from the B:qin that
it is trained for.

Figure 4c (top) shows how well a few selected models can generalize to the Pareto front. We pick f;,4in values
evenly spaced across the search space, and evaluate the model on all f;.s;, picking the closest S;r4in in order of
the search space. We can see that the approximated Pareto front closely matches the actual Pareto front, even
with just 3 models, further demonstrating the strength of SO. These observations hold for other domains as well,
and the results are included in the supplement.

6.4 Effectiveness of Fair-Only Optimization (FO)

Like SO, FO is also able to generalize well when different f;.s; are used to evaluate the learned models (Figure 4b).
Because the utility model is fixed, all models achieve high utility as f;.s; — 0 (Figure 4b (top)). Further, all models
also improve fairness as f;.s grows larger (Figure 4b (bottom)). The behavior change from utility-oriented to
fairness-oriented is much sharper in FO when compared to SO. Looking at Figure 4c (bottom), we can again see
that even FO has the ability to generalize from only a few models to cover the entire Pareto front. Despite being
Pareto-dominated by SO and JO at intermediate  values in some domains, FO has the advantage of reliability:
A trusted black-box utility model can be used in conjunction with a possibly smaller fairness model, with the
guarantee to behave optimally as f;.s; is reduced. When such a model is available, FO is the best choice, given its
competent performance and lower computational load.

6.5 Comparison of DECAF Methods

In our results, JO and SO generally exhibit similar performance characteristics, suggesting that simultaneous
evolution of utility and fairness estimates is beneficial. FO is also very competetive, but in complicated environ-
ments (e.g., Matthew), it falls below the Pareto front. This underperformance is likely due to out-of-distribution
transitions for the fixed utility model, which are more problematic in FO when a large fairness weight S is used,
causing a larger shift in the state distribution and resulting in degraded utility estimates. We expect this to be a
bigger issue in more complicated environments, or with poor black-box utility functions.

For practitioners, we recommend using SO when possible, as it provides the strongest intersection of flexibility
and capability. Whenever a fixed desired tradeoff is known, JO is the best method, sacrificing flexibility for
reduced computational cost. When the utility function is a black box (e.g. human preferences), FO is the optimal
choice to improve fairness and enable flexible tradeoffs.
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6.6 On the Importance of Past Discounting and Warm Starts

We also highlight two departures from prior work in our implementation of DECAF for learning fairness: (1) We
discount the agent metrics Z over the past, which has been shown in recent work to improve ability to learn
fairness [14], and (2) we implement warm starts for initializing Z instead of initializing at 0. The past discounts
are necessary to account for the time dependence of various normalized fairness metrics, like the Gini coefficient
and coeflicient of variation, or the variance over normalized agent metrics. In these cases, actions taken early on
can cause larger changes to the fairness metric while actions taken after a sufficient history has been established
have an imperceptible effect. This is undesirable in long-horizon settings, but can be remedied by past discounts,
effectively ‘forgetting’ events that happened far in the past. The warm starts function to counteract the other
pitfall in some fairness metrics: The zero vector is perfectly fair, and any changes can incur a large fairness penalty.
Adding randomized warm starts helps in preventing the algorithm from converging to this trivial solution. In
practice, we keep the warm start values small, so that the past discounts effectively scale them down to zero over
the course of an episode.

7 LIMITATIONS

Our work assumes a fully cooperative setting, where agents are self-interested, but still report truthful utilities,
and the decision-maker is motivated by social welfare. In the presence of strategic agents, our approach might
not yield the same results.

Our approach centers on an ILP optimization by the central decision-maker, which may not always be tractable.
However, many resource allocation problems allow LP relaxations, and with certain assumptions, polynomial-
time allocation algorithms like the Hungarian algorithm can be used instead. Additionally, message-passing and
network based methods may also be used to arrive at a global solution in the absence of a central authority. We
do not explore these avenues in our paper.

Our experiments use handcrafted domains based on prior work, which may not capture the full complexity of
real-world systems. However, we show how existing approaches fail in all but the simplest tasks, while DECAF is
able to generate strong fairness-efficiency tradeoffs even in complicated environments like Plant and Matthew.

8 CONCLUSIONS AND FUTURE WORK

In this work, we formalized the DECA class for resource allocation problems, and introduced DECAF, a framework
for learning fair-efficient behavior in DECA problems. DECAF is among the first approaches to optimize fair
resource allocation under resource constraints, supporting diverse problem settings by decoupling fairness and
utility metrics. Split and Fair-Only optimizations enable online trade-offs between utility and fairness without
retraining, enhancing interpretability. Our results demonstrate the flexibility and effectiveness of DECAF across
various scenarios, while overcoming limitations of decentralized MARL approaches that rely on policy gradients.
Our framework currently relies on Q-Learning, as deriving a policy gradient approach for DECA problems is
challenging due to the dynamic state-action space and the indirect relationship between agent ‘policies’ and
actions resulting from constrained action selection. Addressing this challenge is a promising direction for future
research. Additionally, our fairness decomposition is modular; approaches like VDN [25] or QMIX [20] could
be integrated to improve credit assignment for the fair reward, further strengthening our framework. Overall,
DECAF provides a principled and practical foundation for fairness-aware multi-agent learning in constrained
decision settings, and opens several promising avenues for future work.

9 GENERATIVE Al USAGE STATEMENT

ChatGPT (GPT-40 and GPT 5) was used in the preparation of this manuscript for the purpose of grammatical and
style editing.
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A THEORETICAL RESULTS
B

For this section, we use an alternate notation, replacing g with = 1-p to make the equations easier to read,
such that:

(1-pU + pF U +nF

This does not affect the allocation made by the ILP, as it only scales all Q-values by 1/(1 — ). This would
only be undefined when f = 1, but we avoid that condition in our proofs. As § — 1,5 — oo, and for any ' > S,
n’ > n. Note that in the theorem statements, we replace § with 7, but the proofs are equivalent.

The following results hold for any fairness function used in the DECAF formulation.

Proposition 1. As 1jses; — 0, all fair-only models behave in a utility-maximizing manner.

We state this without proof. It is easy to follow how this holds, as at = 0, the fairness model does not play
any role in the decision making.

Theorem 1. Given perfect estimates for utility and fairness, increasing  always improves the one-step fairness gain
for SO withy = 0.

Proor. We assume that the utility and fairness estimators are converged, i.e., the estimates of fairness and
utility are correct. For the following discussion, assume the environment has evolved over some time ¢ and is at a
state s;. We consider what changes when we change n at this state. Variables used henceforth are conditioned on
s¢, wherever reasonable. We make the conditioning on s; implicit and do not notate it, to make it easier to read.

With y = 0, the optimal utility and fairness estimates equal the one-step return, i.e. the change in utility and
fairness because of the resulting joint action. Note that these values are not known to the agents prior to the
allocation as they depend on the joint actions of all agents, so computing these estimates is not trivial.

Let Upor (A) and Fior (A) be defined as follows, given an allocation A:

Upor (A) = Z U(A;) (23)
Ftot(ﬂ) = Z F(ﬂi) (24)

We remind the reader that A; refers to the action assigned to agent i in the allocation A.
Let Z, represent the agent metrics at time ¢. Further, let A represent the optimal allocation from the ILP with
n as the trade-off weight. Since A* is optimal, it follows that for all other possible allocations Ay:

Utot (A*) + nF;0t (A") 2 Usor (Ao) + NFr0t (Ay) (25)
Utat(ﬂ*) - Utat(ﬂa) > U(Ftot(ﬂo) - Ftot(ﬂ*)) (26)

We are interested in finding what happens to the allocation when we increase 5. For 5’ > n, note that the left
side of Eq. 26 remains the same. Since utility estimates are not affected by changing 1, any other allocation A,
can only be selected over A* if the following condition holds:

Utor (A*) + 1" Frot (A*) < Uror (Ao) + 1’ Fror (Ay) (27)
Utor (A*) = Uror (Ao) < 1 (Frot(Ao) = Fror (AY)) (28)
Combining Eqs.26 and 28, we get the following:
N(Frot(Ao) = Frot (A")) < 1 (Fror(Ao) = Fror (A”)) (29)
Frot (A) (0" = 1) < Fror(Ao) (0" — 1) (30)

Since n > 0 and n” > 7, Eq. 30 can only be true if F;o; (Ap) > Fror(Aop).
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Thus, any allocation A, that is optimal (and thus selected by the ILP) for ’ > 7 is guaranteed to have equal or
better fairness than the allocation A* at 5. m|

We also state the corollary to Theorem 1.

Corollary 1. Given perfect estimates for utility and fairness, decreasing n always improves the one-step utility gain
for SO withy = 0.

The proof follows a similar structure to Theorem 1.

While we only prove the behavior for y = 0, our empirical results show that we can expect similar behavior for
long-horizon estimates. For any state, we will select actions that improve fairness in the long run starting from
that state as 5 is increased.

We also show the following useful property:

Theorem 2. For a large enough n, the fairest allocation will be selected with perfect utility and fairness estimators
for SO withy = 0.

ProoF. Let Ay denote the allocation with the largest fairness gain:

Ay = argmax Fror (A)
A

For simplicity, let us assume no two allocations have the same F;,;(A). For any other allocation A,, we have:
Frot (Af) > Fror(Ao) (31)

Then, Ay will be optimal and selected by the ILP if the following condition holds:
Utot (Af) + NpFrot (Af) 2 Uror (Ap) + npFror(Ao) (32)

Utot(ﬂo) = Utot (ﬂf)
r= Ftot(ﬂf) - Ftot(ﬂo)
We can compute an upper bound for 1y by considering the range of values that Uy,; and Fo; can take. Let

Unax = max g Utot(ﬂ)a and Frqx = max A, A+Ar Fiot (ﬂ)
Then, we have the following:

n (33)

Utot (ﬂo) = Utor (ﬂf)

> 34
" Ftat(‘ﬂf) = Fror(Ap) (4
< Umax — Utot(ﬂf) (35)
Ftot(ﬂf) - Ftot(ﬂo)
Unax — Uror (A
< max tot( f) _ ’7? (36)
Ftot(ﬂf) — Fnax
Eq. 36 gives us an upper bound for 7. Thus, for all > ry}bi, Ay will be the optimal allocation. ]

Corollary 2. For a small enough n, the most utilitarian allocation will be selected with perfect utility and fairness
estimators for SO withy = 0.

The proof follows a similar structure to the proof for the previous theorem.
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Algorithm 1 DECAF Algorithm

: Initialize: agent network Qy, target network Qg

: Initialize: € (exploration rate)

. Initialize: replay buffer D

: for episode = 1 to N,ps do

Decay € according to decay schedule

RunEpisode(Qy, €, T, env, D)

if episode % k == 0 then > Run validation with e = 0
RunEpisode(Qg, 0, oo, env, D) > Save validation objective

end if

if episode % 7 == 0 then
Qo < Qo > Update target weights

end if

: end for

: Load model with best validation objective value

: Run 50 validation episodes using RunEpisode(Qy, 0, oo, env, D)

: Save validation results

R AR A

R e o

Algorithm 2 RunEpisode (Executes a single episode )

1: function RUNEPISODE(Qy, €, T, env, D)
2 Reset environment, get initial observation o
3 for t = 1 to Nyeps do
4 Sample a random number r € [0, 1]
5: if r < ¢ then
6 Q; = Qrandom > Random Q-values for exploration
7 else
8 Q: = Qg(0os) > Q-values from the agent
9 end if
10: Use ILP to compute optimal action a,:
11: a; = solve_ILP(Q;, env.constraints)
12 Take step in environment:
13: (Ry,, Ryp, 0441) = env.step(a,)
14: Store transition (o, az, Ry,s, Ry,s, 0441) in replay buffer O
15: if t%T == 0 then
16: update(Qo, Qp, D, env)
17: end if
18: end for

19: end function

B LEARNING ALGORITHM

Algorithm 1 shows the overall training loop used for our experiments, with Algorithm 2 showing how each
episode is executed. We decay epsilon to 0.05 over half of the total number of episodes. T, k, 7 decide how
frequently we learn, validate and update the target model respectively. Algorithm 3 and Algorithm 4 detail how
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Algorithm 3 Update for Joint Optimization

1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:

function UpDATE(Qy, Qp', D, env)
Sample a mini-batch of n experiences from replay buffer O
for each experience (o, A, 1y, Iy, o’) in the mini-batch do
Compute Q-values for the successor observation Qg(0’)
Solve ILP to get the optimal allocation A* for the next observation o’
A* = solve_ILP(Qg(0’), env.constraints)
Compute Q-values for A* using the target network:
Qo (o', A”)
Compute the target for the TD update:
target = (1 — B)ry + frg +yQep (o', A*)
Compute the TD loss:
loss = (Qp(0, A) — target)?
Perform gradient descent on the TD loss to update Qg
end for
end function

Algorithm 4 Update for Split Optimization

1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:

function UpDATE(Qy, Qp', D, env)
Sample a mini-batch of n experiences from replay buffer D
Unpack Qy into Uy and Fy
Unpack Qg into Uy and Fyr
for each experience (0, A, 1y, Iy, o’) in the mini-batch do
Compute the combined Q-values for the successor observation:
Q0(0") = (1= HUp(0') + BFy (o)
Solve ILP to get the optimal action A* for the next observation o’:
A* = solve_ILP(Qy(0’), env.constraints)
for model in {U, F} do
if model is U then
Set My = Uy, Mg = Ugr,and r =1,
else
Set My = Fyg, Mpr = Fpr,and r = re
end if
Compute the target for the TD update:
target = r + yMy (o', A*)
Compute the TD loss:
loss = (Mp(0, A) — target)?
Perform gradient descent on the TD loss to update My
end for
end for
end function

the update step is performed for joint and split models. The update for FO is identical to SO, except omitting the
update for the utility model.
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Fig. 5. lllustration of all five environments

B.1 Model Architecture and Training

All our models use a learning rate of 0.0003 with the Adam optimizer. For all environments except BiasedDM, we
train for 1000 episodes, and run validation every 50 steps for model selection. For BiasedDM, we train for 200
episodes, and validate every 20 episodes.

The neural network architecture for all models is the same, with two fully connected hidden layers, of dimension
20, with ReLU activations. The output (1-dimensional) does not have any activation function. We implement our
networks using pytorch.

We use a replay buffer of size 250000, where one experience is a joint transition across all agents. During
training, we sample experiences from the replay buffer, and for each experience, we evaluate actions for all agents
using the current online network, solving the ILP to get the best joint action. Then, we score the post-decision
state for each agent using the target network, and compute the MSE loss between the target value and value
estimates of the selected action from the online network.

We ran all our main experiments on a university compute cluster, with each experiment running on a single
CPU node with 12GB RAM. Experiment runtime varied with environment choice. Training a single model with
one f value took between 30 minutes (BiasedDM) and 2 hours (Matthew). Evaluation, as for the generalization
experiments, was performed on a 2019 MacBook Pro, where one episode took 2-5 seconds to run, and we bootstrap
over 5 runs and report the average performance.

C ENVIRONMENT DETAILS

Here, we provide further details about the environments for reproducibility. It is important to note that while
these environments have been designed to have similar high-level as the versions used in the baselines [9, 27],
they are completely different under the hood, incorporating agent and resource constraints and modifying the
action spaces to align with the resource allocation tasks. The training code and environment implementations
are included in the supplement attachment.

C.1 JobAlloc

JobAlloc focuses on coordination under exclusivity. A single job (resource) is available, and four agents must
learn to take turns occupying it to ensure fair access. A greedy strategy allows one agent to monopolize the
job, but a fair outcome requires agents to sometimes relinquish the job so others can benefit, which involves
temporary self-sacrifice.

Action dynamics: At each timestep, all agents evaluate two actions: attempting to occupy the job or forfeiting
it. However, only one agent may occupy it at a time, and a transition can only happen if no agent is on the job at
the beginning of the timestep. This means successful transfer requires coordination: the current occupant must
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vacate, so that another agent may attempt to claim it at the next time step. This constraint introduces a “gap step”
where no one receives a reward, making fair transitions more costly and difficult.
There are 4 agents, and one episode lasts 100 steps.

C.2 Job

Job builds on JobAlloc by introducing a spatial grid, where agents must navigate toward a fixed job location. The
job remains in the center of the grid, and only one agent can occupy it at a time. A fair outcome requires agents
to not only reach the job but also time their arrivals to avoid collisions and take turns accessing the reward. This
emulates the Job environment in Jiang and Lu [9] with added constraints.

Action dynamics: Each agent occupies a position on a 7 X 7 grid and can move in the four cardinal directions or
remain still. The job location is fixed at the center. Agents independently score their movement preferences each
timestep, and the centralized decision-maker resolves conflicts and determines the final set of moves. Movement
is constrained—agents cannot leave the grid or move into an occupied location—so timing and coordination are
essential to sharing the job fairly.

There are 4 agents on the grid, and one episode for this environment lasts 100 steps. Agents are able to observe
nearby grid cells in a 3 X 3 area centered on the agent.

C.3 Plant

Plant is a multi-resource, multi-goal environment where five agents must collect combinations of three resource
types to construct units and earn rewards. Each agent has a unique requirement profile—some easier than
others—leading to natural inequality in unit completion rates. A fair allocation in this environment involves
compensating for these differences to balance agent-level success over time.

Action dynamics: 5 agents operate on an 8 X 8 grid containing eight randomly placed resources of three
types. Each agent submits preferences for which resource to pursue, and a centralized decision-maker allocates
resources to avoid conflict. Agents move deterministically toward assigned resources. When an agent collects the
needed combination of resources, they build a unit and receive a reward. Each agent has a requirement of a set of
resources it must collect so that it can construct this unit. The requirements are:

{(2,1,0),(1,0,1),(1,0,0),(1,3,0),(0,1,2) }

For example, agent 1 requires two resources of type 1 and one resource of type 2 following which it can get a
reward. Some agents are given easier requirements to fulfill, which creates a bias in the number of units agents
produce. The resources and agent locations are randomly initialized at the beginning of each episode. The differing
resource requirements add a combinatorial challenge to both planning and fairness. An action corresponds to an
agent ‘claiming’ a resource, with other agents unable to pursue resources already allocated to other agents. Upon
collection of a resource, another resource of the same type appears in a random location on the map.

There are 5 agents, and one episode for this environment lasts 200 steps. Agents are able to observe nearby
grid cells in a 5 X 5 area centered on the agent.

C.4  Matthew

Matthew is designed to showcase the Matthew effect: early advantages amplify over time, leading to persistent
inequality. Ten agents compete for three resources per timestep on a continuous 2D plane. Agent speeds grow
proportionally to their size, and a size ceiling exists to prevent agents from growing too large for the environment
bounds. Agent and resource positions are 2-D coordinates in [0, 1]. At the beginning of each episode, agent and
resource positions are randomly initialized. To show the Matthew effect, 4 agents are initialized to have a larger
initial size than other agents, making them more likely to secure early rewards—which further increase their
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speed and size. Fairness here means interrupting this compounding feedback loop to ensure long-term balance in
access and growth.

Action dynamics: At each step, agents estimate the utility of pursuing each available resource. The centralized
decision-maker assigns which agent gets to pursue which resources. Once a resource is assigned, the agent
moves in a straight line toward it and cannot switch targets mid-motion. Unassigned agents perform a null action
resulting in random movement. Agents receive a unit reward when they collect a resource, in addition to a small
increase in size and speed. Resources allocated to agents are reserved, and other agents cannot pick them up. A
new resource only spawns when an agent reaches its allocated resource, not when it is allocated. The dynamics
encourage cumulative advantage, as resource collection leads to further growth, making early interventions
crucial to promoting fairness.

There are 10 agents, and one episode for this environment lasts 200 steps.

C.5 BiasedDM

BiasedDM is a minimal environment that isolates the trade-off between fairness and utility. In each timestep, a
single resource is available, and the decision-maker must choose which agent among five will receive it. The
twist is that the decision-maker’s utility is biased: higher-indexed agents yield more utility. A fair policy in this
setting must avoid allocating all resources to the most “valuable” agent and instead distribute allocations more
evenly over time.

Action dynamics: At each step, agents communicate utilities for getting the resource or not getting it, and the
decision-maker selects one of the five agents to receive the resource. Because the optimal (utility-maximizing)
strategy is to always choose the same agent, fairness requires intentional deviation from that utilitarian solution
to give other agents a share of the resource. This could entail the advantaged agent learning to have a smaller
difference in its valuation of getting versus not getting the resource, allowing the decision-maker to hand it to
another agent.

There are 5 agents, and one episode for this environment lasts 100 steps. In other environments, fairness is
computed as the variance over the accumulated rewards for each agent. In this environment, however, fairness
is computed over the resource rate, which is the fraction of steps in which an agent received the resource
(z; € [0,1]).

Num. resources

Zi (37)

time
This also results in much smaller variances, thus our hyperparameter search for this domain explores the

higher range of  values more.

D LEARNING WITH OTHER FAIRNESS FUNCTIONS

As mentioned in the main text, we are not restricted to using variance and the given decomposition. We show
here results for three more functions: a-fairness, GGF, and maximin.

1. a-fairness. The a-fair function can be stated as:
zl-@ 1
- a#F
Fo(Z)= ) {1 (38)
sz \logzi a=1

With « = 1, this is equivalent to proportional fairness or log Nash Welfare, both popular notions of fairness,
while at & = 0 it represents the utilitarian objective. In our experiments, we use & = 1.
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Fig. 6. Results training DECAF with a-fairness, GGF and maximin fairness functions. The lines show the Pareto fronts for

each model type.

2. Generalized Gini Function (GGF). Given a sequence of positive, fixed, strictly decreasing weights w, the
GGF function can be stated as:

Gw(Z) = Z w,~zl.T

ica

(39)

Here, z! represents the vector obtained by sorting the Z vector. This function can also represent a diverse set of
SWFs including utilitarian and maximin fairness. In our experiments, we use decreasing negative powers of 2 as

the weights (ie. w = [1,271,272, ... 27 (»=D]),

For both of the above objectives, we use the equal decomposition, where the fairness reward is computed as an
equal division of the change in the metric value across all agents.

Rf(st’ ﬂt) =

AF| A
n

(40)

ica

3. Maximin Fairness. This function captures the worst off utility of any agent:

Fymr(Z) = min(Z)

(41)
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Fig. 7. Effect of changing f on variance (top row) and utility (bottom row) for all three methods on all five environments. The
shaded area shows the 1-o error bar. We observe that the performance of FO has large variation for intermediate f values.

This is a hard objective to learn, as the maximin objective changes only when the worst-off agent is improved.
We decompose this reward by combining the global signal with the per-agent contribution towards improving
the minimum. Intuitively, each agent receives a reward for a joint action that improves the minimum, but the
agents that were at the minimum (and improved) receive a larger reward.

min(Z’) — min(Z)

rf’l- = " (42)
z, —z; ifz; = min(Z)

rri=rpitd ! 43

£ I 0 otherwise (43)
Z,—z; ifz) =min(Z")

rei=rpitq ! 44

fi= 0 otherwise (44)

I'fi
Rp; = = (min(Z') — min(Z)) (45)
2Tt

D.1 DECAF Results with Other Fairness Metrics

Figure 6 shows the results of our approaches when using different fairness functions, with the decompositions as
described above. In general, we observe our methods offer a good range of trade-offs in all environments, often
Pareto-dominating SOTO and FEN. We describe some additional details about these results in this section.

In almost all environments, it is possible to get significant fairness improvement starting from the utilitarian
model. The only exception is the Plant environment for a-fair and GGF, where the utilitarian solution is almost
optimal for fairness as well. In Job and JobAlloc, SOTO masked models are competitive, especially for the a-fair
fairness function, while some DECAF models are not as performant. This may suggest the existence of a more
informative decomposition for this function which can lead to better learning. In BiasedDM, SOTO and FEN
face a significant disadvantage, as they can not contend with the misaligned fairness signal. Thus, they can
either know the system utility, or the payoffs on which fairness is based. In the prior case, the learned fair policy
performs poorly for both utility and fairness, as it tries to equalize the accumulated value from the decision
maker’s perspective, or, as in the latter case (selected for the results shown), only looks at the resource distribution
and has no idea of the utility to the decision maker.
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Fig. 8. Approximate Pareto fronts for Split Optimization and Fair-Only Optimization models for variance across different
environments. The top row represents SO models, while the bottom row represents FO models.

a-fair and GGF could also be decomposed to compute per-agent contributions, but since the metrics treat
all agents indepependently, the interaction between agent utilities is harder to learn, especially for the Job and
JobAlloc environment, where being fair requires a globally suboptimal decision in terms of utility. In other
environments, the pressure for fairness is better captured in the ILP optimization, by the valuations of other
agents that could benefit more from getting certain resources.

D.2 On the Importance of Past Discounting and Warm Starts

We also highlight two departures from prior work in our implementation of DECAF for learning fairness: (1)
We discount the agent metrics Z over the past, and (2) we implement warm starts for initializing Z instead of
initializing at 0. The past discounts are necessary to account for the time dependence of various normalized
fairness metrics, like the Gini coefficient and coefficient of variation, or the variance over normalized agent
metrics. In these cases, actions taken early on can cause larger changes to the fairness metric while actions taken
after a sufficient history has been established have an imperceptible effect. This is undesirable in long-horizon
settings, but can be remedied by past discounts, effectively ‘forgetting’ events that happened far in the past. The
warm starts function to counteract the other pitfall in some fairness metrics: The zero vector is perfectly fair,
and any changes can incur a large fairness penalty. Adding randomized warm starts helps in preventing the
algorithm from converging to this trivial solution. In practice, we keep the warm start values small, so that the
past discounts effectively scale them down to zero over the course of an episode.

D.2.1  Past Discounts and Warm Starts. Past discounts and warm starts significantly helped in improving the
stability of learning in our experiments, especially with variance as the fairness function. Small initial perturbations
(that are smoothed out over time using past discounts) help in exploration of different states, as well as in avoiding
the cold start problem where any action would lead to a worse state and hence agents learn to avoid taking
beneficial actions. For variance, we used warm starts based on the size of the maximum rewards possible in
an episode in each environment. For BiasedDM, the warm starts are used to create an initial ‘resource rate’ by
normalizing based on the number of total warm start resources, as this environment uses resource rates as the
payoff vector Z .
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Table 2. Warm start (w) and past discount (yp) values for different environments and fairness functions used for DECAF.

Matthew | Plant | Job | JobAlloc | BiasedDM
PR 0 0 0 0 0
Yo 1 1 1 1 1
GGE w 0.1 0.1 0.1 0.1 0.1
Yo 1 1 1 1 1
Maximin |— > ! & & 2
Yp 0.995 0.995 | 0.995 0.995 0.999
Variance > 1 5 > 2
Yp 0.995 0.995 | 0.995 0.995 0.999

For a-fair, we used a = 1 for the experiments, and hence we avoided using warm starts for this metric, as the
log function is sensitive to small perturbations especially with near-zero utilities. For GGF, we used a warm start
of 0.1 for each environment. For both of these functions, we used no past discounting, as the metrics are additive
functions over agent utilities, so any past discounting would cause negative fairness gains. For maximin, we used
the same past discounting and warm start values as variance. The warm start and past discount values for all
environments are given in Table 2.

Given a warm start value of w, we compute an initial distribution of pseudo-resources by uniformly sampling
from a region of width w/4 centered around w. For additive utilities, we use past discounts to decay the
accumulated payoffs in Z before adding the current time-step’s reward. If y, is the past discount factor, and R;; is
the resource value allocated to agent i at time ¢, then we compute:

2 =y,zi + Ry

For averaged rewards (as in BiasedDM), where the payoff z; = #resources/#timesteps, we compute the discount
by reweighting both the numerator and denominator. Note that this can be easily extended to act as a ‘resource
rate’ where the denominator is the number of potential resources the agent could have received, instead of the
time.

2= %
res; = ypres; + Ry
t; = )/pti +1
r+1 _ Tesi

1 tl

E FEN AND SOTO IMPLEMENTATION DETAILS

For FEN and SOTO, we use 5 times the number of training steps as used for DECAF, to allow the PPO based
approaches sufficient trajectories to learn from, and to better match the experiments in the respective papers.
We do not use past discounts and warm starts. For BiasedDM, we chose the reward vector to be the number of
resources each agent received (1 for each agent), instead of the biased utility to the decision-maker (0.2 - i for
agent i). Since our fairness metrics operate on the vector of resources as well, and since FEN and SOTO aim
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Fig. 9. Comparisons of selected DECAF models against the three baselines, scaled to fit on the same axes. We omit results
for ILP versions of FEN and SOTO due to their poor performance. We selected DECAF models (trained on variance) that
maximized 0.1U — 0.9var(Z). The numbers in brackets denote the selected f value for our models.

to learn fairness, this was the obvious choice. We also ran experiments where the reward vector was based on
the decision-maker’s biased utility, and found the solutions to be poor for both utility and fairness based on
resources, so we omit them in our results. However, the greedy self-oriented model in SOTO was trained using
the decision-maker’s reward.

We used FEN without gossip, where the agent is directly communicated the distribution information, without
need for inter-agent communication rounds. This is expected to be the stronger version of FEN. For all models,
we used the same features from the DECA environments, containing the agent’s relative advantage as a feature.
In addition to this, SOTO also required the entire payoff distribution Z and information about nearby neighbors
for the tiered team-oriented network.

The Job environment uses a shaping reward for the distance to the job as a scaled penalty. For the Job
environment for SOTO, we reduced the weight of the shaping reward to 0.01 to minimize its effect on the
optimization. We found this to be the best setting for learning in this environment. The ILP version of SOTO was
not able to learn at all in this setting, even when we completely removed the shaping reward. Again, the inability
to use shaping rewards is a significant handicap for methods like SOTO, since they optimize fairness over the
rewards. Our methods explicitly decouple learning utility and fairness, so they are more expressive, and able to
learn better especially at intermediate values of .
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Fig. 10. Evaluation of Split Optimization (left) and Fair-Only Optimization (right) models trained on Str4in (for variance)
and evaluated on fies; across different environments. Brighter colors indicate better outcomes.

F EXTENDED RESULTS FOR VARIANCE

Here we provide additional results for our methods, including providing confidence intervals for our main results,
additional results for generalization, and more comparison to baselines.
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F.1 Confidence Intervals for Results

We provide confidence intervals for system utility and fairness separately as we vary f, as plotting this on a
Pareto plot (as in the main results) would be hard to read (Figure 7). An interesting thing to note here is that we
see a phase lag between when variance starts to reduce, and when utility starts to drop. This shows there is a
range of solutions where fairness can be improved without significantly harming the utility.

F.2 Approximating the Pareto Front

We also show generalization results by generating approximate Pareto fronts for all methods (Figure 8) based on
a limited set of f;,4;, models, showing that the SO and FO methods generalize very well even without training
for all intermediate f values. One interesting thing to note here is that FO falls under the Pareto front with
intermediate f values, showing how a tuned utility model also helps in guiding agents towards better decisions.

F.3 Comparison of Selected Models

Figure 9 shows the performance of selected DECAF models trained on variance when evaluated on different
metrics on all environments, compared to the baselines. We can see DECAF models perform much better on
all metrics. For BiasedDM, all methods were able to converge to approximately the same fairest policy, so the
differences in the figure are small. The variance for SO might appear large, but we point out that this variance is
scaled 10000 times, and the actual values are all very close to zero.

F.4 Generalization Heatmaps

We also provide the generalization results for varying fyes; for both Split (Figure 10a) and Fair Only (Figure 10b)
models for all environments. We note that the general trends noted in the main experimental results hold, with
each model able to improve fairness as fyes; is increased. Further, in all cases, FO maximizes utility at Ses; = 0,
and has a sharper transition between utility-maximizing and fairness-maximizing behavior.

G POTENTIAL SOCIAL IMPACT

This paper presents a general formulation for improving fairness in multi-agent resource allocation with a cen-
tralized arbitrator. Care should be taken when deploying our algorithms to real systems with human stakeholders,
as the selection of fairness criteria can strongly affect resource allocation dynamics in ways that may not favor
all stakeholders. For example, better-off stakeholders may lose some of their utility. The fairness function should
be selected keeping the interests of all parties in mind. Mis-specified objectives can lead to undesirable and unfair
outcomes.
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